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PREFACE 

The theory that forms the subject of this book had its beginning with Art, in’s 
extension in 1927 of Wedderburn’s structure theory of algebras to rings satisfying 
the chain conditions. Since then the theory has been considerably extended 
and simplified. The only exposition of the subject in book form that has ap- 
peared to date is Deuring’s Algebren published in the Ergebnisse series in 1935. 
Much progress has been made since then and this perhaps justifies a new exposi- 
tion of the subject. 

The present account is almost complete^ self-contained. That this has been 
possible in a book dealing with results of the significance of Wedderbum’s theo- 
rems, the Albert-Brauer-Noether theory of simple algebras and the arithmetic 
ideal theory is another demonstration of one of the most remarkable charac- 
teristics of modem algebra, namely, the simplicity of its logical structure. 

Roughly speaking our subject falls into three parts: structure theory, repre- 
sentation theory and arithmetic ideal theory. The first of these is an out- 
growth of the structure theory of algebras. It was motivated originally by the 
desire to discover and to classify “hypercomplex” extensions of the field of real 
numbers. The most important names connected with this phase of the de- 
velopment of the theory are those of Molien, Dedekind, Frobenius and Cartan. 
The structure theory for algebras over a general field dates from the publication 
of W edderbum’s thesis in 1907; the extension to rings, from Artin’s paper in 
1927. The theory of representations was originally concerned with the prob- 
lem of representing a group by matrices. This was extended to rings and was 
formulated as a theory of modules by Emmy Noether. The study of modules 
also forms an important part of the arithmetic ideal theory. This part of the 
theory of rings had its origin in Dedekind’s ideal theory of algebraic number 
fields and more immediately in Emmy Noether’s axiomatic foundation of this 
theory. 

Throughout this book we have placed particular emphasis on the study of 
rings of endomorphisms. By using the regular representations the theory of 
abstract rings is obtained as a special case of the more concrete theory of endo- 
morphisms. Moreover, the theory of modules, and hence representation theory, 
may be regarded as the study of a set of rings of endomorphisms all of which are 
homomorphic images of a fixed ring o. Chapter 1 lays the foundations of the 
theory of endomorphisms of a group. The concepts and results developed here 
are fundamental in all the subsequent work. Chapter 2 deals with vector spaces 
and contains some material that, at any rate in the commutative case, might 
have been assumed as known. For the sake of completeness this has been 
included. Chapter 3 is concerned with the arithmetic of non-commutative 
principal ideal domains. Much of this chapter can be regarded as a special 
case of the general arithmetic ideal theory developed in Chapter 6. The 
methods of Chapter 3 are, however, of a much more elementary character and 
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this fact may be of interest to the student of geometry, since the results of this 
chapter have many applications in that field. A reader who is primarily in- 
terested in structure theory or in representation theory may omit Chapter 3 
with the exception of 3. Chapter 4 is devoted to the development of these 
theories and to some applications to the problem of representation of groups by 
projective transformations and to the Galois theory of division rings. In 
Chapter 5 we take up the study of algebras. In the first part of this chapter we 
consider the theory of simple algebras over a general field. The second part 
is concerned with the theory of characteristic and minimum polynomials of an 
algebra and the trace criterion for separability of an algebra. 

In recent years there has been a considerable interest in the study of rings that 
do not satisfy the chain conditions but instead are restricted by topological or 
metric conditions. We mention von Neumann and Murray's investigation of 
rings of transformations in Hilbert space, von Neumann's theory of regular rings 
and Gelfand’s theory of normed rings. There are many important applications 
of these theories to analysis. Because of the conditions that we have imposed 
on the rings considered in this work, our discussion is not directly applicable to 
these problems in topological algebra. It may be hoped, however, that the 
methods and results of the purely algebraic theory will point the way for further 
development of the topological algebraic theory. 

This book was begun during the academic year 1940-1941 when I was a visit- 
ing lecturer at Johns Hopkins University. It served as a basis of a course given 
there and it gained materially from the careful reading and criticism of Dr. 
Irving Cohen who at that time was one of the auditors of my lectures. My 
thanks are due to him and also to Professors Albert, Schilling and Hurewicz 
for their encouragement and for many helpful suggestions. 

N. Jacobson'. 

Chapel HiU, N. C., 

March 7, 1943 . 



CHAPTER 1 

GROUPS AND ENDOMORPHISMS 

1. Rings of endomorphisms. With any commutative group 2)2 we may 
associate a ring (5(2)2), the ring of endomorphisms (homomorphisms of 2)2 into 
itself) of 2)2. On the other hand, as we shall see, any ring with an identity may 
be obtained as a subring of the ring of endomorphisms of its additive group. 
Because of this fact, we may use the theory of rings of endomorp hisms to obtain 
the theory of abstract rings. This method of studying rings is one of the most 
important ones that we shall use in this book. It will therefore be well to begin 
our discussion with a brief survey of that part of the theory of groups and endo- 
morphisms that will be required later. 

Our primary concern in the sequel is with commutative groups. However, 
since most of the results of this chapter are valid for an arbitrary group 2)2, we 
shall not assume at the outset that 2)2 is commutative. Nevertheless, we shall 
find it convenient to use the additive notation in 2)2: The group operation will 
be denoted as +, the identity element as 0, the inverse of a as —a y etc. 

Consider the collection 2: (2)2) of single-valued transformations of 2)2 into 
itself, i.e. onto a subset of 2)2. As always for transformations, we regard A — B 
if the images xA and xB are identical for all x in 2)2. Now we shall turn X into 
an algebraic system by introducing into it two fundamental operations. First, 
if A and B are in X, the sum A + B is defined as the transformation whose 
effect on any x in 2)2 is obtained by adding the images xA and xB. In other 
terms 


x(A + B) = xA + xB. . 

The product AB is the resultant of A and B: 

x(AB ) = (xA)B. 1 

The following facts concerning the algebraic system X are readily verified: 

1) X is a group relative to +. The identity element of this group is the 
transformation 0 that is defined by the equation xO = 0. The negative of A, 
—A, is given by the defining equation x(— A) = —xA. 

2) X is a semi-group with an identity relative to multiplication, i.e. (AB)C = 
A(BC) and the identity element of X is the identity transformation 1 (xl = x), 

3) The distributive law 

A(B + C) = AB + AC 

holds. 

The system X is therefore very nearly a ring. It fails to be one since the 

1 This equation justifies our notation xA. For by using it, the order of writing cor- 
responds to the order of performance of the transformations. 
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relations A + B = B + A and (B + C)A = BA + CA are not universally 
valid. We may satisfy the first of these conditions if we suppose that 902 is 
commutative, but even in this case, the second condition fails. 

Example . Let 902 be the cyclic group of order 2 with elements 0, 1 where 
1 + 1=0. X contains four elements 


0 = 






where, in general. 


■CD 


denotes the transformation 0 — > a, 1 — > b. 


addition and multiplication tables in X are, respectively, 
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Since 0+ 0, it is clear that the second distributive law does not hold. 

We consider next the subset @(902) of X consisting of the endomorphisms of 902 
(an arbitrary group). We recall the definition: A transformation A of a group 
is an endomorphism if it is a homomorphism of the group into itself, that is, 


(x + y)A = xA + yA. 


It is clear that @ is closed relative to the multiplication defined in X. More- 
over, if B and C are arbitrary elements of X and A is in @, then 


(. B + C)A = BA + CA. 


From our point of view the system @ is not particularly interesting when 902 is 
an arbitrary group, for then @ need not be closed relative to the addition that 
we defined in X. However, the situation is quite different when 902 is commu- 
tative. In this case it is readily seen that if A and B are in G, then A + B~ 
B + A, 0 and —A all belong to @. Since the associative and distributive laws 
for multiplication hold, @ is a ring. This is the fundamental 

Theorem 1. If 902 is a commutative group, then the set @(902) of endomorphisms 
of 902 is a nng relative to the operations A + B and AB that are defined by the 
equations x{A + E) = xA + xB , x(AB) = {xA)B. 

Examples . 1) Let 902 be the group of rational integers under ordinary addi- 
tion. Since 902 is a cyclic group with 1 as a generator, any endomorphism A 

* s 

is determined by its effect on 1 . For if 1A = a and x = 1 + - * • + 1 , then 
xA = xa the ordinary product of the integers x and a. Since (—x)A = —xA, 
this equation holds also for negative x’s and since OA = 0 = Oa, it holds for 0. 
Thus any endomorphism A of 902 is a transformation that multiplies the element 



HiyGS OF EXDOMORPHISMS 


3 


x of 99? by a fixed element; a The element a is uniquely determined by A, and 
it is clear that every integer a arises from so^re endomorphism in this way. 
Hence 6 is in (1 — 1) correspondence with 3D?. If A — > a and B — ► b in our 
correspondence, then x(A + B) = xA -+- xB = xa + xb = x(a + b ) and simi- 
larly x(AB) = x (ab). Hence A B — * a 6 and AB — > a&, i.e. G is isomorphic 
to the ring of rational integers 3)?. 

2) As a generalization of 1) we let 93? be a direct sum of n infinite cyclic 
groups. If 6i , — , e n are generators of $?, any endomorphism A is completely 
determined by the images e z A = f t . On the ether hand, we may choose ele- 
ments /* arbitrarily in 93? and define (2e 1 z t )A = Zf,x t , x t integers. Then A is 
an endomorphism. If 

e t A = e&u + • • - + e n a n i , (i = 1, • • - , n), 

a XJ rational integers, then the correspondence A — > (a tJ ) is (1 — 1) between G 
and the ring of n X n matrices with rational integral elements. If B — » (b %J ) 7 
we may verify that A + B — > (a %3 ) + (b tJ ) and AB — ► (b ZJ )(a tJ ). Hence the 
correspondence is an anti-isomorphism between G and the ring of rational 
integral matrices. 2 It may be remarked that the associative and distributive 
laws for these matrices may be deduced by means of our correspondence from 
the associative and distributive laws for endomorphisms. 

3) If 90? is a direct sum of cyclic groups of order m, a similar discussion 
shows that the ring of endomorphisms of 93i is anti-isomorphic to the ring of 
matrices with elements in the ring of rational integers reduced modulo m. 

We return to the consideration of an arbitrary" group 93?. Let ©(93?) be the 
set of (1 — 1) transformations of 2)? onto itself. It is clear that if A is in ®(3D?), 
then the inverse transformation A -1 is defined. It follows that ®(9K) is a group 
under multiplication. 

Now if A is an endomorphism, A -1 is also an endomorphism. Hence the 
intersection 21(93?) = @(93?) A ®(93?) is also a group under multiplication. The 
elements of this group, the (I — 1) endomorphisms of 3D? onto itself, are the 
automorphisms of 3)?. Of particular interest among these transformations are 
the inner automorphisms. If s e 3D?, then the inner automorphism corresponding 
to 8 is the transformation S defined by the equation xS = — 8 + x + 8. If 
A is an arbitrary automorphism, then a^A^SA) = — 8 A x '+ sA , i.e. A~*SA 
is the inner automorphism associated with the element sA. This shows that 
the totality of inner automorphisms constitutes an invariant subgroup of the 
complete group of automorphisms. 

We recall that in any ring with an identity, an element u is a unit if it has both 
a left and a right inverse relative to the identity. It follows immediately that 
these two inverses are equal and that no other element in the ring can satisfy 
either of the equations ux = 1 or xu = 1. As usual we denote the inverse of 

2 If we use the correspondence A — > (a w )*, the transposed matrix of (o u ), we obtain 
an isomorphism. However, in a similar situation that will be encountered later, it is 
impossible to effect this passage from an anti-isomorphism to an isomorphism. For this 
reason we prefer to emphasize the correspondence A — » (a w ). 
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u by vT 1 . It may be proved directly that the set of units of any ring is a group 
relative to the multiplication defined in the ring. Now consider anycommuta- 
tive group 9ft, its ring of endomorphisms Q and its group of automorphisms 31. 
Since the (1 — 1) transformations of a set are the only ones that possess two- 
sided inverses, it is evident that 31 is the group of units of @. As an application 
of this fact, we see that the group of automorphisms of the direct sum 9ft of n 
infini te cyclic groups is isomorphic to the extended unimodular group of n X n 
rational integral matrices having determinants +1 or —1. For we have seen 
that the ring of endomorphisms of 9ft is isomorphic to the ring of n X n rational 
integral matrices, and by using the multiplicative property of determinants, we 
see that the units of the latter ring are the matrices of determinants ±1. 

2. Groups relative to a set of endomorphisms. In many algebraic problems 
we are interested in studying a group 9ft relative to a fixed set of endomorphisms 
ft acting in 9ft. We fix our attention on the subgroups, called Sl-sitbgroups 
(allowable), which are transformed into themselves by every endomorphism 
belonging to ft. Although, in our applications, 9 ft will usually be an infinite 
group, the following examples indicate that this point of view is fruitful even in 
the study of finite groups. 

Examples. 1) ft is vacuous. All subgroups are allowable. 2) ft consists 
of the inner automorphisms. Here the fi-subgroups are the invariant sub- 
groups. 3) ft is the complete set of automorphisms. The Q-subgroups are 
the characteristic subgroups of 9ft. 

We suppose now that 9ft and ft are fixed. If 91i and 912 are ft-subgroups, 
evidently the intersection 9li A 91 2 is also an O-subgroup. The join (91 x , 912), 
defined as the smallest subgroup containing 9li and 91s , may be characterized as 
the set of finite sums of elements in 91i and 91 2 . It follows that (91 x , 9fe) is an 
Q-subgroup. If 91i is invariant, (9li , 9l 2 ) = 91i + 91 2 = 9l 2 + 9!i where 91 x + 91 2 
denotes the set of elements'*! + Xt , *, in 91, . 

If 91 is an ft-subgroup, the endomorphism a of ft induces in 91 an endomorphism 
which we shall also denote as a. Of course, distinct mappings a and 0 in 9ft 
may coincide when regarded as mappings in 91. We note that if a& = y « ft 
or a + fJ = 5 eft, then these relations hold also for the induced transformations 
in 91. 

Now suppose that 91 and $ are ft-subgroups and that $ is invariant in 91. 
We consider the difference group consisting of the cosets $ + Vt V in 91. If 
a eft, a determines a transformation in 91 — 95 in the following way. If 91 + y 
is an arbitrary coset, then the coset + ya does not depend on the choice of the 
representative y and so it is uniquely determined by the coset 91 + y and by 
the endomorphism a. Hence the correspondence 95 + 2/-*95 + yaisa single- 
valued transformation. Again, we denote this transformation in 91 — 9$ by a, 
i.e. (95 + y)a — 95 + V a - It is clear that a is an endomorphism in 91 — 95. 
As in the case of subgroups, aP = y or a + P = Sin^l implies the same relation 
for the induced transformations in 91 — 95- We may repeat these processes, 
forming difference groups of difference groups, subgroups of difference groups. 
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etc. In this way a whole hierarchy ft of groups is generated in which the 
original endomorphisms a induce uniquely defined endomorphisms. We shall 
call the members of ft, 2-groups. 

Let 92 and 91 be any two 12-groups. A mapping A of 92 into the whole of 92: 
Is an 2-homomorphism if it is an ordinary homomorphism and oA = Aa for all 
cl in 2. Then 92 and 92 are 2-homomorphic . 3 If A is (1 — 1), it is an 2-iso - 
morphism and then 92 and 92 are 2-isomorphic. If 92 92, we use the term 12- 

endomorphism for 12-homomorphism and if 92 = 92, we use the term 2-automorph- 
ism for 12-isomorphism. 

3. The isomorphism theorems. Let 92 and 9$ be 12-groups, 9$ invar iant in 92. 
It is well known that the correspondence x — >93 + x is a homomorphism A 
between 92 and 92 — 93- Since (93 + x)a = *$ + xa, Aa = aA and A is an 
12-homomorphism. Now suppose that 92 and 92 are two 12-groups and that 
x — > x = xA is an 12-homomorphism between them. If 93 is the set of elements 
of 92 sent into 0, we know that 93 is an invariant subgroup of 92 and that the 
correspondence 93 + x — > x = xA is an isomorphism between (92 — 93) and 92. 
Since (ya)A = ( yA)a = 0a = 0 if y e 93, 93 is an 12-subgroup and since (93 + x)a= 
(93 + xa) — » (xa)A = (xA)a, the isomorphism is an 12-isomorphism between 
92 — $ and 92. This proves the fundamental theorem on 12-homomorphisms: 

Theorem 2. If 92 and 9$ are 2-croups and $ is invariant in 92, then 92 and 
92—9$ are 2-homomorphic . Conversely if 92 is 2-homomorphic to an 2-group 
92 and 9$ is the set of elements mapped intoQ by the hornomorphism, 9$ is an in- 
variant 2-subgroup of 92 and 92—95 and 92 are 2-isomorphic . 

If A is an 12-homomorphism between 92 and 92 and 92 is an 12-subgroup of 92, 
then its image 92A is an 12-subgroup of 92. If 92 is invariant in 92, 92A isinvariant 
in 92A = 92. On the other hand, if is an 12-subgroup of 92 and 92 is the set of 
elements y of 92 such that yA € 5ft, then 92 is an 12-subgroup of 92 containing 9$, 
the set of elements mapped into 0 by the homomorphism. Again, the invariance 
of jft implies that of 92. If 92 is an 12-subgroup containing 9$, any element of 92 
mapped into an element of 92A is in 92. For if xA = yA for x in 92 and y in 92, 
(x — y)A = 0 and x — y c 93. Hence x — (x — y) + y e 92. These results 
may be stated as follows : 

Theorem 3. Let 92 be 2-homomorphic to 92 under the 2-homomorphism A and 
let 93 be the set of elements mapped into 0 by A. Then the correspondence 91 — ► 
92A = 92 is (1 — 1) between the 2-subgroups 92 containing 9$ and the 2-subgroups 
of 92. The group 92 is invariant in 92 if and only if 9? is invariant in 92. 

3 If 9)2* (t = 1, 2) is a group and Q, a fixed set of endomorphisms, we may define and 902* 
to be (2 X , 12 2 ) -homomorphic if there is a single-valued mapping Xi — » Xi of 90h into the whole 
of 90 2* and a single-valued mapping an —*■ a* of Qi into the whole of 12> such that x\ + yi —*■ 
x« H- yi , — * xzat if xi — ► x* , yi — > y% and on — > « 2 . This differs from the definition of 

12-homomorphism, for in the latter the mapping between the transformations is completely 
determined by the original group 902. The concept of 12-homomorphism is the important 
one for our purposes. 
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Now let fR be an invariant 12-subgroup of 91. If we apply the 12-homomorphism 
between 91 and 91 — after that between 31 and 91, we obtain an 12-homo- 
morphism between 91 and 91 — 5R. The elements mapped into 0 of 91 — $ 
are those in 91. Hence we have the 

First Isomorphism Theorem. Suppose that 91 is Q-homomorphic to 91, and 
let $ be an invariant Q-svbgroup of 91 and 31 the totality of elements mapped into 31. 
Then 91 — 91 and 91 — $ are Q-isomorphic. 

Evidently this implies the' 

Corollary. If 9? is an Q-subgroup of 91 containing the invariant Q-subgroup 
3$ of 91 and (31 — 50) is invariant in (91 — 50), then 9 1 is invariant in 31 and 91 — 91 
is Q -isomorphic to (91 — 50) — (91 — 50). 

Suppose that 91i , 91s , 2J?i are 12-groups; 91, g 5Dli and 91 2 invariant in 501i . 
Then the smallest subgroup containing 91i and 912 is 91 = 91i + 9h = 9?2 + 91i . 
The group 91s is invariant in 91 and the cosets in the difference group 91 — 91s 
have the form 91s + , £i in 91j . It follows that the correspondence Xi —* 

91s + xi is an 12-homomorphism between 91i and 91 — 91s . Since the elements 
mapped into 0 are those of 91i A 91 2 , we have the 

Second Isomorphism Theorem. If 91i , 91s , 501i are S2- groups , 91, ^ 9Ki 
and 91s is invariant in 501i , then 1) 91i + 91 2 = 91s + 91i , 2) 91j A 91 2 is invariant 
in 91j and 3) (9h + 9? 2 ) — 91 2 is Q-isomorphic to 91j — (91i A 91sX 

4. The Jordan-Holder-Schreier theorem. A chain of 12-groups 9Ki 2: $0l s 
£ ■ * * ^ 501,+i = 0 is a normal senes for 9Jli if each 501,- is invariant in 501_j . 
The difference groups 501,_i — 501, are called the factors of the series while a second 
chain is a refinement of the first if it contains all of the 331 , . We shall call two 
normal series equivalent if there is a (1 — 1) correspondence between their factors 
such that the paired factors are 12-isomorphic. 

Theorem 4 (Schreier) . Any two normal series for 501i have equivalent refinements. 

Let 501i is — ^ 9H*+i = 0 and 501i = 91i 2; • - • 2; 3l t +i = 0 be the two nor- 
mal series. Define 501i, == 501,+i + (991, A 91,) forj = 1, • • • , t 1 and i = 
1, • • • , s, = 0. Then 331,, t +i = 33l,+i,i and (5D?i =) 501u S S 33lu ^ 

501*i ^ ^ 9Rs( ^ S 501„, t ^ 0. Similarly, set 91,, = 91 J+ i + (91, A 331,) 

for * = 1, •••,* + 1 and j = 1, • • • , t, 9l»+i.i = 0 and obtain 91, = 91,+i.j 
and (91i =) 91 u S ••• S 91 ls S 91*i ^ ^ 91s, S ^ 91,., £ 0. Thus in 

each chain we have st + 1 terms. We may pair 501,, — 501,, ,+i with 91,, — 
91, -,^-i to obtain the theorem as a consequence of the following 

Lemma (Zassenhaus). Let 91 T , 5)?i , 91* , 5ft* , 501i be Q-groups where 91, 2§ 501j , 
fit', ^ 91, and 91< is invariant in 91,- . Then 91i + (91i A 91s) is invariant in 9lL+ 
(91i A 91s), 91s 4- (fill A fill) is invariant in 91* + (91* A 91i) and the corresponding 
difference groups are Oisomorphic. 

By the Second Isomorphism Theorem, 9ls A 9l( = (91 2 A 91i) A 9l[ is invariant 
in9li A 91* and (9li A 91s) - (9if A 91s) and (9ll + (91i A 91*)) - 9l( areft-iso- 
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morphic., Similarly, 5fti A 92 2 is invariant in Sfti A Sft 2 and hence {%t[ A 5ft 2 ) + 
(92i A 92 2 ) is invariant. In the homomorphism between 5fti A 5ft 2 and (5ft* + 
Gfti A 5ft 2 )) — 9h , the group ((5fti A %) ■+- (5fti A 5ft 2 )) is mapped into (@fli A %) 
+ (9h A 9? 2 ) + 9ti) — 92i = ((9?i A 9J 2 ) + — 92i . Hence by the above 

corollary (5fti A 9t 2 ) + 5ftJ is invariant in (5fti A 5ft 2 ) + 5ft( and (5fti + (% A 5ft 2 )) - 
(9ti + (9ti A 9? 2 )) and (92i A 92 2 ) — ((%. A 9? 2 ) + (5fti A 9? 2 )) are 12-isomorphic. 
By symmetry (5fti A 5ft 2 ) - ((5fti A 5ft 2 ) + (5ft! A 91*)) and (5ft 2 + (Sfti A $ft 2 )) - 
(9t 2 + (Sft 2 A 5fti)) are O-isomorphic. Comparing the second members of these 
isomorphic pairs, we obtain the lemma. 

6. Chain conditions. If 91 is an 12-group, we shall at various times assume 
one or both of the following finiteness conditions: 

Descending chain condition. If 5ft = 5fti > 5ft 2 > • • • where 5ft t is an invariant 
O-subgroup of 5ft*_i , then the sequence has only a finite number of terms. 

Ascending chain condition . If 5ft = 5fti > - - • > 91* = 5$ > 0 is a normal 
series for 5ft, then any chain of O-subgroups 0 < < % < • - * all of which are 

invariant in 5$ is finite. 

Of course both chain conditions hold if 91 is of finite order. On the other 
hand, we shall see that these conditions may be used in place of the assumption 
of finiteness of order to obtain extensions of some of the classical theorems on 
finite groups to infinite 12-groups. The following examples prove the inde- 
pendence of the two chain conditions. 

Examples. 1) The additive group of integers. This group satisfies the 
ascending chain condition but not the descending chain condition. This is also 
true for the direct sum of a finite number of infinite cyclic groups (Cf. Chanter 
3, 3). 

2) The direct sum 9ft of an infinite number of cyclic groups of order a prime p* 
Let xi , X 2 , • • * be a basis for 9ft and let A be the endomorphism determined by 
the equations x x A = 0, x^A = x,_i . Then 9ft satisfies the descending chain 
condition relative to 12 = {A} but not the ascending chain condition. Another 
example of this type is furnished by the commutative group with generators 
xi , x 2 , • - • satisfying the relations px 1 = 0, pxi = x 4 _l . Here we take 12 to 
be vacuous. 

It should be noted that if 91 is commutative, the ascending chain condition 
assumes the simpler form that any chain 0 < < % < * * • of 12-subgroups of 

5ft is finite in length. If either chain condition holds for an (arbitrary) 5ft, then 
it holds also for any invariant 12-subgroup 5f$ and for any difference group 92 — 5JJ. 
If both chain conditions hold, 5ft has a composition series , i.e. a normal series 
yi = > . . . > 5ft* > 0 that has no proper refinements. Thus a normal 

series is a composition series if 5ft»_i > 5ft; and 5ft*_i — 5ft; is Si-irreducible in the 
sense that it has no proper invariant 12-subgroups. To prove our assertion 
let 5ft 7 be a proper invariant 12-subgroup, If 5ft — 5ft 7 is reducible, there is an 
5ft 77 invariant in 5ft such that 5ft > 5ft 77 > 5ft 7 > 0. Continuing in this way we 

4 Note that this group relative to the vacuous set of endomorphisms satisfies neither 
chain condition. 
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obtain, after a finite number of steps, an invariant 12-subgroup 92 2 of 92 = 92i 
such that 92i — 92 2 is 12-irreducible. If we repeat this process for 92 2 , we obtain 
an 9?3 , etc. Then we have a normal series 92i > 92 2 > - * - , and by the de- 
scending chain condition this breaks off after a finite number of steps, yielding a 
composition series for 9 2. 

If 12 is the set of inner automorphisms, a composition series for 92 is called a 
principal series and if 12 is the complete set of automorphisms, we have a charac- 
teristic series . The following extension of the Jordan-Holder theorem implies, 
in particular, the uniqueness (in the sense of isomorphism) of the factors of these 
series as well as of ordinary composition series (12 vacuous). 

Theorem 5. Any two composition series for an 12 -group 92 are equivalent 

This is an immediate consequence of Schreier’s theorem. 

Theorem 6. A necessary and sufficient condition that an Q-group have a com- 
position series is that it satisfy both chain conditions . 

The sufficiency of this condition has already been proved. Now suppose 
that 92 has a composition series of h terms. If 92 = 92i > 92 2 > • ■ • is a descend- 
ing chain of 12-subgroups, then there are at most li terms in this chain since 
92i > 92 2 > • • • > 92* > 0 is a normal chain and may be refined into a composi- 
tion series having h terms. A similar argument applies to ascending chains. 

If 92i > • - • > 92* > 0 is a composition series for 92i , then h is the length of 
the group 92i . Hence a group is 12-irreducible if and only if it has length one. 
If 92' is an invariant 12-subgroup of 92i , we may suppose that 92' is the term 92*+i 
in a composition series. Then 92*+i has length h — k. By the First Isomorph- 
ism Theorem, (92i — 92*+i) > • - • > (92* — 92*+i) > 0 is a composition series 
for 92i — 92*+i , and so the difference group has length k. 

An 12-endomorphism A of 92 is normal if it commutes with all the inner auto- 
morphisms of 92. Then for any a and x , —aA + x A + a>A = —a + xA + a. 
Thus aA — a + c(a) where c(a) is an element that commutes with every element 
of 92 A. If 93 is an invariant 12-subgroup, then S $A is invariant in 92 for any 
normal A. We note also that the product of normal endomorphisms is normal. 

If A is any 12-endomorphism, the set 3-4 of elements z such that zA = 0 is an 
12-subgroup. Evidently 0 g 3 a ^ 3a* ^ - * - . If 3-4* = 3 a*+ i, we have 
3 a* 4- i = 3 4*4-2 = - * - . Thus in the chain 0 ^ 3 a ^ 3a* ^ * - * we have either 
the sign < throughout or we have this sign for k (^ 0) terms and thereafter 
equality. Now suppose that 92A = 92 and 3 a ^ 0. Then 3 a* > 3a - For, 
each z in 3 a has the form xA for a suitable x and so zA = xA 2 = 0. Hence if 
3 a* = 3a , ^A = 0, i.e. every z = 0. Similarly we see that 0 < 3 a < 3a* < • - • . 
Hence 

Theorem 7. If 92 satisfies the ascending chain condition and if A is an endo- 
morphism such that 92A = 92, then 3a — 0. 

If A is a normal endomorphism, the chain 92 ^ 92A ^ 92A 2 ^ - * * is a nor- 
mal chain. We have either 92 > 92A > - - * or 92 > 92A > - - * > 92A* = 
92A* +1 = * • * . The first of these alternatives certainly holds if 3 a = 0 and 



DIRECT SUMS 


9 


$ft > 5ftA. For if 5ftA* = 5ftA* +1 , r tA i+1 = yA k for any x and a suitable y- 
Hence (xA h - yA**)A = 0 and xA* = ^A*” 1 , i.e. SftA**" 1 = 5ftA\ Thus we have 

Theorem 8. If 5ft satisfies the descending chain condition and if A is a normal 
^endomorphism such that £ A = 0, then 5ft = §ftA. 

If we combine the two preceding theorems, we obtain 

Theorem 9. If 91 satisfies both chain conditions and if A is a normal Qrendo- 
morphism , then either A is an automorphism or 5ftA < 5ft and £ A 9 * 0. 

Assume again the ascending chain condition. Then 0 < £ A < * • • < £ A k = 
£ A k+x = - • - for a finite k. It follows that £ A k A 5 ftA* = 0. For if w is in this 
intersection, w = xA k and wA k = 0. Hence xA 2k = 0 and since £ A k = £ A *k, 
xA k = w = 0. Since 5ftA fc+1 ^ 9lA k , A induces an {Endomorphism in 5|J = 5 JtA k 
and since there are no elements z in 5($ other than 0 such that zA = 0, A is an 
isomorphism between 5)} and 5($A. Hence if D is any transformation in 5)$ such 
that DA — 0, then D = 0. Evidently A induces a nilpotent endomorphism 
( A k = 0) in £ A k . 

If A is normal and 5ft satisfies the descending chain condition, we have 5ft > 

• • - > 5ftA z = 5ftA z+1 = • • • . If x is any element of 5ft, xA l = yA 21 for a suit- 
able y and so x = yA 1 + (—yA 1 + x) = (x — yA 1 ) + yA 1 e9lA l + £ A t = 
£ a i +91A 1 . The transformation induced by A in £ A i is nilpotent. If D is 
any transformation in 5ftA z such that AD = 0, where A is the induced endo- 
morphism in 5ftA z , then D = 0. 

If both chain conditions hold, the integers k and l of the last two paragraphs 
are equal. For SftA* A £ A k = 0 and hence the only element of 5ftA* mapped into 
0 by A is 0. It follows that 5ftA* = 9lA i+1 so that l ^ k. On the other hand, 
5ftA z = (5ftA z )A implies that 5ftA z A £ a = 0. Thus if yA l+1 = (yA l )A = 0, 
yA 1 = 0; hence 3^ I+1 = 3* 1 and k ^ l. Hence we have proved the important 

Lemma (Fitting). Suppose that both chain conditions hold for 5ft and that A 
is a normal it-endomorphism . Then for a suitable k we have 5ft = 5ftA* + <8^* > 
5ftA* A £ a * = 0 where A is nilpotent in £ A k and an automorphism in 5ftA fc . 

Remark . We need not suppose that A is an {Endomorphism in the above 
discussion. Instead let 12 contain the inner automorphisms and let A satisfy 
the condition that Ait = 12A, i.e. for each a in it there is an a! and an a” in it 
such that Aa. — a'A, aA — Aa". Since it contains the inner automorphisms, 
{2-subgroups are invariant. The groups 5ftA and £a are {2-subgroups and one 
may carry over the above arguments without change. However, we shall 
sketch a more direct proof of the final result. Consider the chains 5ft > 5ftA ^ — 
and 0 ^ £ A ^ • • • . The terms of these chains are {2-subgroups and so by 
the chain conditions there is an integer m such that 9lA m = 5ftA w+1 = — and 
£ A ™ = £ A m+i = - . Set A m = B. Then 5ftB = 5ft B 2 , 3b = 3b* and hence 

by the chain conditions 5ftB A 3b = 0. If x is any element of 5ft, xB* = yB for 
a suitable y and so x = yB + (—yB + x) e 5W B + £ B - 

6. Direct sums. In the remainder of this chapter we consider an {2-group 5ft 
for which the endomorphisms in it induce all of the inner automorphisms of 5ft. 
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We shall also suppose that 9 1 satisfies both chain conditions. As we have seen, 
the first assumption implies that every O-subgroup is invariant and that O- 
endomorphisms are normal. The ascending chain condition may be stated in 
the simpler form: Every ascending chain 0 < Sti < St 2 • * • terminates after a 
finite number of terms. 

We say that St is a direct sum of the O-subgroups St* , i = 1, • - • , k if 

St = Sti + •• • + St* 
and 


9?* A (Sti + • • * + i + 9t,+i + • • • + St&) = 0 

for all i. The decomposition is proper if all- St* 0. If no proper decomposi- 
tion exists other than St = St, St is indecomposable. We use the notation St = 
Sti © • - • © St* for a direct sum. Since the 9?, are invariant, St* + St, = St, + St* 
and we may equally well write St = Sir © * * - © St*' for any permutation 
1', • - • , h' of 1, - ■ • , h. If a e St* and b e St, , j ^ i, then the commutator 
—a — 6 + a + 6 c St, A St/ = 0. Hence a + b = b + a and any element of 
St, commutes with any in Sty . 

A necessary and sufficient condition that St = Sti © • • • © Si* , where the 
St* are 12-subgroups, is that every x in St be expressible in one and only one way 
intheform^i + • • - +x k ,;c*inSt* . This implies directly thatif St = Sti © 

© Si* , then Sti = Sti + - • - + St^ = Sti © — © St^ and if St* = Stfc l +i + • - • 
+ Si*!-!-*, , — , Sti = St* l+ .. +* l _ 1 +i + * - * + St * 1+ ... + jfc t , then St = Sti © • • ■ 
© Sti . Conversely, if St = Sti © - - • © Stz and Sti = Sti ® - — © St*, , • - • , 
Sti = Stjfc 1 +...-f*,_ 1 +i © — © St* 1+ ...+* z , then St = Sti © — © St* , h = 

Jci + • • • + hi . 

If St = Sti © St 2 , the Second Isomorphism Theorem implies that St 2 is 12- 
isomorphic to St — Sti . Evidently the length of St = length Sti + length St* . 
If Sti and St* are 12-subgroups of St such that St = Sti + St 2 , and St 3 = Sti A St 2 , 
then St — St 3 = (Sti — St 3 ) © (St 2 — St 3 ). It follows that 

length St + length (Sti A St 2 ) = length Sti + length Si 2 . 

We may, of course, replace St by Sti + St 2 and obtain this relation for arbitrary 
12-subgroups of St. 

If St = Sti © - • ■ © St* so that we have, for every x 7 x = + ■ • • + x h , 

Xi in St* , then we define the mapping E % by xE t = x % . Since the expression for 
x is unique, E % is single valued. If y = yi + • • - + Vh , x + y = {x x + y{) + 
- - - + (p'h + Vh). Hence (x + y)E % = xE t + yE t . If a e 12, xa = Xia. + 
* • * + x n ot so that aEf = E t a. The E t are therefore 12-endomorphisms. Evi- 
dently the following relations hold: 

(1) El = E t y EiEj = 0 if i j* j, Ei + ■ - • + Eh = 1. 

We note also that + Ej = E, + 2?* and that any partial sum E tl + ••• + E in , 
iic distinct, is an endomorphism. 

An 12-endomorphism E that is idempotent (E 2 = E) will be called a projection . 
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The Ei determined by the direct decomposition are of this type. Now suppose, 
conversely, that the Ei are arbitrary projections that satisfy (1). Then SftF* = 5ft, 
are 12-subgroups such that 5ft = 5fti © • - • © 5ft* and the Ei are the projections 
determined by this decomposition. Furthermore if E is any projection and 
£b is the set of elements z such that zE = 0, then by Fitting’s lemma, or directly, 
we have 9? = WE © £ E . Hence there is a projection E r such that E + E r = 
E r + E = 1, EE' = E'E = 0. We shall call an idempotent element E of any 
ring primitive if it is impossible to write E = E f + E" where E' and E" are 
idempotent elements 5*0 of the ring and E'E" — E"E' = 0. Thus 5ft is in- 
decomposable if and only if 1 is a primitive projection. 

By Fitting’s lemma we have 

Theorem 10. Let 5 ft be an tt-group for which 12 contains all the inner auto- 
morphisms of 5ft and both chain conditions hold. If 5ft is indecomposable , then 
any ^-endomorphism is either nilpotent or an automorphism . 

7. The Krull-Schmidt theorems. Suppose that 5ft is decomposable so that 
5ft = 5ft x © 5ft 2 , 5ft, 5* 0. If 5fti is decomposable, 5fti = 5ft u © 5fti2 and 5ft = 5ft u © 
5fti2 © 5ft 2 - Thus 5ft > 5fti > 5ftn 5* 0 and continuing in this way, we obtain an 
indecomposable 5fti...i such that 5ft = Sfti. i © 5fti . We simplify the notation and 
write 5ft = 5fti © 5fti where 5fti is indecomposable and 5*0. If 5fti is decomposable, 
we have 5fti = 5ft 2 © 5ft 2 where 5ft 2 is indecomposable and 5*0. Then 5ft = 5fti © 
5ft 2 © 5ft 2 . This process yields a descending chain 5fti > 5ft 2 > • • • . Hence 
it breaks off and we obtain 5ft = 5fti © - • • © 5ft* where the 5ft, are indecomposable 
and 5*0. 

Now suppose that 5ft = © • • • © 5p* is a second decomposition where the 

12-subgroups 5 ($/ are indecomposable and 5*0. Let E t and F, be the projections 
determined by the two decompositions. Since any sum E H + • • • + E tiL , 
i m distinct, is an endomorphism, this is true also for AE H + - ■ • + AE in = 
A(E ix + • • • + Ei n ) and E^A + * * - + Ei n A = (E tl + — + EiJA for 
any endomorphism A . If we apply the endomorphism FJE X to 5fti , we obtain 
an endomorphism in this group and we have FiE x + * * - + FJE X = E x as the 
identity in 5fti . We wish to show that at least one of the F fE x is an automorphism 
in 5fti . This will follow from the following lemma. 

Lemma. Let 5ft be an Q-group for which 12 contains all the inner automorphisms 
of 5ft and both chain conditions hold . If 5ft is indecomposable and A and B are 
Q -endomorphisms such that A + B = 1, then either A or B is an automorphism . 

Since A + B — 1 and A and B are endomorphisms, A 1 + AB = A 2 + BA 
and hence AB = BA . If neither A nor B is an automorphism, both are nil- 
potent. Then 1 = (A + B) m is a sum of terms of the type A r B* 
where r + s = m. If m is sufficiently large, we have either A r = 0 or B* 0, 
and so we obtain the contradiction 1 = 0. 

We apply this to F ± Ei = A and FJEt + • • - + FkEi = B acting in Sfti . If 
FiFi is not an automorphism, then B is and hence B 1 exists. It follows that 
F%E\B~ X '+•••+ FtExBT 1 = 1. Either FJSJBT 1 is an automorphism or 
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FzEiBT 1 + - * ■ + FkEiIT 1 is. If we continue in this way, we obtain the result 
that for some j, F jEiB ^CT 1 — CT l is an automorphism where B *, C~ 1 y — 
are automorphisms. It follows that FjE x is an automorphism in ft . For 
simplicity we write j — 1. 

Consider the O-homomorphism F x between 92i and SShFx ^ ft . Since Fi2?i 
is an automorphism, Fi is an isomorphism. Now 92iFi is an 12-subgroup of 
ft , as is also ft , the subset of ft of elements z such that zE x = 0. If y is any 
element of ft , yE x = wFiEi for some w in % . Hence y = (y — wFi) + wF x 
where y — wF x is in ft . Since ft A SSlJFi = 0, this contradicts the indecom- 
posability of ft unless ft = 0 and 92iFi = ft . Thus 92iFi = ft and hence F x 
is an isomorphism between 92i and ft , and E x is an isomorphism between ft 

and 92i . We assert that J?i = 2?iFi + E* + b E h is an O-endomorphism. 

This is a consequence of the following general remark: Suppose that 
92 = ft © • • • ©9 lh and that 92' = 92( © • • • © 92* is an 12-subgroup of 92. If 
A t is an 12-homomorphism between 92, and 9 l x , then Z?iAi + * * - + 22*A* is an 
12-endomorphism in 9?. Our result follows by noting that ft A (9 + * * - + 
ft) = Osothaift * ft + ft + -- - + 92* = ft © ft © ••• © ft. Since 
zH x = 0 implies that z = 0, H x is an automorphism, i.e. 92' = 92. 

Now suppose that we have already obtained a pairing between ft and 92, 
for i = 1, • - • , r such that E x is an 12-isomorphism between ft and 92, and F, 
is one between ft and ft . Suppose also that 92 = ft © * « - © ft © ft+i © 

• • * © 92* , and H r = EJF x + ••• + E r F r + E r + 1 + - • • + Eh is an auto- 
morphism. Since the inner automojphisms of a difference group are induced 
by inner automorphism of the group, 92 = 92 — (ft + * * * + ft) satisfies our 
conditions. We have 


92 = 92 r+ i © • • • © ft = ft+i © • * - © ft 

where ft = (ft + - ; • + ft + ft) - (ft + — + ft), (ft + •• * + 

ft + ft) ~ (ft + * • • + ft) are 12-isomorphic to ft and ft respectively. By 
the above discussion we may pair ft +i with, say, ft+i so that the corresponding 
projections E r +i , F t +i are isomorphisms between ft +1 and 92 r+x . We also 
have the equation 92 = ft 4+ © ft +2 © • - - © ft . If x e (ft + - - - + ft+i) A 
(92, + 2 + • ' * + ft), the coset x = z + (ft + • * • + ft) « ft+i A (ft+2 + 

* - • + ft). Hence x = 0 and x € ft + - - • + ft . Since (ft + - • - + ft) A 
(ft+i + — + ft) = 0, x = 0. Thus 

ft + + ft+l + 92r+l + + ft = ft © © ft+l © 92r+2 © — © ft - 

Hence H r +i = E X F % + — + E r +iF r + 1 + E r + 1 4* — + F* is an endomorphism. 
Since F r +i is an isomorphism between ft+i and ft+i , z r +iF r +i j* 0 if z r +i j* 0 
is in 92,4-1 . Hence zH r +i = 0 only if z = 0; H r +i is an automorphism and 92 = 
ft © * • • © ft+i © 92r+2 © • * - © ft . This proves the following theorems. 

Theorem 11 (KruU-Schmidt) . Let 92 be an 12 -group such that 12 contains all 
the inner automorphisms and both chain conditions hold . Suppose that 92 = ft © 

• - • © ft = ft © • • - © ft are two decompositions of 92 as direct sums of in- 
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decomposable groups 5*0. Then h = k and there is an Si-automorphism H and a 
suitable ordering of the ty’s such that 92 J? = % and 91 = % © — * ® % ® 
92 r +i © — © 92& . 

Theorem 11' (KmU-Schmidt, second formulation). Under the above assump- 
tions let Ei , F j be sets of primitive projections 5*0 such that 

Ei + • - • + E h = 1, EiEi* > = 0 if i 5* i f 

Fi + ■ • • + Fk = 1, F JFy = 0 if §5* f. 

Then h — k, and we may order the F’s so that there exists an Q-aviomorphism H 
satisfying F% — R E%H and so that H r = E\Fi * * ■ -j- E r F r 4" E r + 1 ~j~ • * • 4* Ex 
is an U-automorphism. 

In both theorems we take H — EJP . i + • • • + E h F h . 

If 92 = 91' © 92" is any direct decomposition, there is a refinement of this 
decomposition to a direct sum of indecomposable groups. It follows that if the 
above are suitably ordered, then there is an 12-automorphism H such that 
9t'H = % © • • • © % and 92"ff = %+i © - • • © . 

8. Complete reducibility. If , as in the present situation, the 12-subgroups of 

91 are invariant, they constitute a modular lattice (Dedekind structure) 8 relative 
to the operations A and +. For Dedekind’s distributive law: 

92i A + 92 3 ) = 92 2 + 9?i A % if % ^ 9 h 

is valid. The concepts of reducibility and decomposability are lattice concepts. 
Similarly, we say that 92 is completely reducible if the lattice 8 is completely 
reducible, that is, if for every 92' in 9? there is an 92" such that 92 = 92' © 92". 
The element 92" is a complement of 92' relative to 92. 

If % € 8 and g let be a complement of relative to 92. From 

92 = $' + fy" and Dedekind’s law we have ^ + ( i p" A ?). Since A 

w r = o,(?a ro is a complement of relative to Thus any 12-subgroup 
$ of a completely reducible group 92 is completely reducible. If 92 = 92i > 
922 >• - * is an infinite descending chain of elements in 8, there exist elements 
92* 9 * 0 for i = 2,3, such that 92*_i = 92* © 92' . Then 

91i = 9l£ © 5Wi = • • • = $ © • • • © 91< © 91, 

and 9li < SH 2 © 91a < 9^2 © 91» © 9li < - - - is an infinite ascending chain. 

Hence, if the ascending chain condition holds for a completely reducible group 
then the descending chain condition holds. Now suppose that 0 < 9ti < 
9f 2 < - - - is an infinite ascending chain. Determine 9ti so that 91 = 9li © 9lJ 
and 9?! for t > 1 so that 91i_i = (9l(_i A 9?,) © 9l[ . Then 91,- 4- 91* ^ 9?!--i 

and ^ 9t_i . Hence 91 = 91< + 9l' . Since 9l' A (9l',_i A 91<) = 0, (91* A 

91,) A 9l(_i = 0 and since (9l!- A 91i) i£ 91<_x , it follows that 91^ A 91,- = 0 and 
91 = 91,- © 9li . This, together with the relation 91f_i > 9ll- , implies that 
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9ti > 9l 2 > - • * is an infinite descending chain. The descending chain con- 
dition therefore implies the ascending chain condition. 

Theorem 12. If 91 satisfies either chain condition and is completely reducible, 
then 91 = 9h ® • • • © 9lk where the 5ft» are irreducible . Conversely , %f9l — 9h 
- - ■ + 9lk where the 9h are irreducible , then 91 is completely reducible and satisfies 
both chain conditions. 

First suppose that % is completely reducible and that 9? = % © ■ • • © 9 ? h 
where the 9?* are indecomposable. If 91* is reducible, it contains an 9 0 
and 7 ^ 9U . Since 9t x ^ 91, it is completely reducible also. Hence 91* = 91* © 91" 
for a suitable 9l" 9 ^ 0 contrary to the indeeomposability of 91 z . Now let 91 = 
9ti + • • - + 91* , 91, irreducible, and let $1 be an ^-subgroup of 9?. Then 
$1 A 91* e 8 and by the irreducibility of 91, either % A 91, = 0 or $1 A 91* = 91* 
so that $1 91* . If the second condition holds for all i, $1 = 91. Otherwise 

let ii be an index such that 93i A 9l tl = 0. Then $2 = + 91 u = % © 91 H . 

If we use ^2 in place of , we obtain either $2 = 91, or there is an 91* 2 , i 2 ^ ii , 
such that 9 $ 2 A 91* 2 ^ 0. Then % = $2 + 91* 2 = ^2 © 91* 2 . Continuing in 
this way we finally reach a k such that 91 = $*+1 = © 9t tt = tyi ® 9l Xl © 

• • ■ © 91 tJb . Thus 91 Xl ® • - * © 91** is a complement of % relative to 91. Now 
if we begin with = 0, we obtain the decomposition 91 = 91 n © * • • © 91,* . 
Hence 


91 = (9t n © © 9l ik ) > (91*, © © 91**) > > 91** > 0 

is a composition series for 91 and by Theorem 6, both chain conditions hold. 

9. o-modules. We shall now introduce the concept of a module, which is of 
particular importance in the theory of representations. We define a representa- 
tion of an abstract ring 0 as a homomorphism between 0 and a subring of the 
ring of endomorphisms of a commutative group 9ft. We denote the endo- 
morphism corresponding to a in 0 by A. However, we shall find it more con- 
venient to denote the effect xA simply as xa and to regard this element as the 
“product 7 * of z in 9ft and a in 0 . The following conditions hold: 

(x + y)a = xa + ya 
(2) x(a + b) = xa + xb 

x(ab) = (xa)b 

for all x, y in 9ft and all a, ft in 0. Now we shall call a commutative group 9 ft 
an o-module if a product xa in 9ft is defined for each x in 9ft and each a in 0 such 
that (2) holds. Thus we have shown that the group 9ft in which a representation 
of 0 is defined may be regarded as an o-module. On the other hand, any 0- 
module defines a representation. For by the first of equations (2), the mapping 
x — * xa is an endomorphism in 9ft. By the second and third equations, the set D 
of these endomorphisms is closed under addition and multiplication. More- 
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over, we may deduce easily that xQ — 0 and that .rf— a) = —xa so that C con- 
tains the 0 endomorphism and the negative of any endomorphism in this set. 
Thus C is a ring. Xow by the second and third equations, the correspondence 
between a and the endomorphism x — > x a is a homomorphism between o and ©. 

Since the ring o has an existence independent of 2)1, theie is a natural way of 
comparing different o-modules. We define an o -homomorphism H between the 
o-module 2)1 and the o-module 21 as a homomoiphism between 2)1 and 21 such that 
(xa)H = (xH)a for all x in 2)1 and all a in o. If H is (1 — 1), we have an o -iso- 
morphism. In a similar fashion we define an o-endumorphism and an o-anto- 
morphism. If 31 is a subgroup oi an o-module, having the pioperty that ya e 31 
for all y in 31 and all a in o, 91 is a module relative to the product ya. Then 
91 is called a submodule of 2 H. We may set (x + 91)a = xa + 91 and observe 
that this function is single valued for the pairs x + 91 in 3)1 — 91 and a in o. 
The rules (2) hold and so 2)1 — 91 is a module, the difference module of 2)1 with 
respect to 91. The module 2)1 is reducible if it contains a proper o-submodule. 
Decomposability and complete reductibility are defined in a similar fashion 

We shall see later that the following representation is fundamental in the 
structure theory of rings. We consider o as a commutative group lelative 
to the addition defined in the ring o. Now we may turn this group into an 
o-module by taking xa to be the ring product of x and a. Then the equations 
(2) follow 7 from the distributive and associative laws. Hence the group o is an 
o-module. It follows that the correspondence between the ring element a and 
the endomorphism x — » xa is a representation. We shall denote the endo- 
morphism x — > xa by a, and we shall call this mapping the right multiplication 
determined by a. The representation a — > a r is the (right) regidar representation 
of o. If o has an identity 1, la r = 16 r implies that a = b; hence the regular 
representation is (1 — 1). The o-submodules relative to the regular representa- 
tion are the right ideals of o. 

The theorems that we have proved for 12-groups are all valid for o-modules. 
The modification in statement and proof is obvious. Foi example, if 2)1 is an 
o-module homomorphic to the o-module 91, then the set of elements mapped 
into 0 by the homomorphism is a submodule of 3)1 and 2)1 — $ and 9c are o- 
isomorphic. If o contains an identity, the following device enables us to reduce 
the theory of o-modules to that of 12-groups. If 2)1 and 91 are o-modules, we 
form the direct sum © = 2)1 © 91 © o and w T e define (x + y + b)a = xa -f- 
ya + ba for x in 2)1, y in 91 and a, 6 in o. In this way we obtain a ring of endo- 
morphisms © in © isomorphic to o. Now 2)1 and 91 are ©-subgroups and are 
©-homomorphic (C-isomorphic) if and only if they are o-homomorphic (o- 
isomorphic). 

Finally we may remark that certain problems regarding 12-groups may be 
reduced to questions on representations. This is done by replacing 12 by its 
enveloping ring © defined as the smallest subring of endomorphisms containing 
all the transformations in 12. Then © defines a representation of itself, or, more 
precisely, © defines a representation of the abstract ring o isomorphic to ©. 
The group 2ft in which the endomorphisms act is therefore an o-module. 
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10. Left-modules. Since we are primarily interested in non-commutative 
rings, the concept of an anti-homomorphism is almost as important as that of a 
homomorphism. We recall the definition: If o and o' are rings, an anti-homo- 
morphism, is a mapping x —* x' of o into the whole of o' such that 

(x + y)' = x' -f y' ( xyY - y'x'. 

If, in addition, the mapping is (1 — 1), then it is an anti-isomorphism and o 
and o' are anti-isomorphic. If we add the further condition that o = o', we have 
an anti-automorphism. For example, the correspondence between a matrix 
and its transpose is an anti-isomorphism in the ring of matrices with rational 
integral elements. 

Now if o is any ring, we may form a set o' whose elements x' are in (1 — 1) 
correspondence with those of o (x <-> x ') and then define x' + y' as (x + y)’ 
and x'y' as (yx)'. The resulting system is a ring anti-isomorphic to o, the 
mapping x — > x r being an anti-isomorphism. 

We may now formulate the duals of the concepts of representation and 
o-module. We define an anti-representation (inverse representation) of o as 
an anti-homomorphism a — * A' between o and a subring of the ring of endo- 
morphisms of a commutative group 3)1. In this case it is convenient to denote 
the value xA' of the function of x and a by ox. Then 

o(x + y) = ax + ay 
(3) (o + b)x = ax + bx 

(ab)x = a(bx). 

We are therefore led to define a left o -module 9ft as a commutative group for 
which there is defined a product of x in 2ft and a in o whose values ax, in 2ft, 
satisfy (3). Thus any anti-representation leads to a left o-module, and, con- 
versely, if a left o-module is given, the correspondence a — » A' where xA' = ax 
is an anti-representation. The definitions of isomorphism, submodule, etc. are 
similar to those for ordinary modules. As is to be expected, the “anti’-theory 
parallels the ordinary theory. We may in fact obtain a reduction to the drdinary 
theory by noting that any left o-module may be regarded as an o'-module where 
o' is anti-isomorphic to o. In many cases, however, we shall find it more con- 
venient to deal directly with left modules instead of carrying out this reduction. 

As before, the additive 'group of any ring o is a left o-module relative to the 
function whose values are the products ax, x in the additive group o and a in 
the ring o. We shall denote the mapping x — > ax by a t and shall call it the 
left multiplication determined by a. The anti-representation a — *■ a t is called 
the left regular representation. It is clear that the submodules of the left o- 
module o are the left ideals of o. 
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1. Definition. In this chapter we study a commutative group relative 
to a set of endomorphisms that forms a division ring (non-commutative field). 
The set S of ^endomorphisms of a group of this type is a matrix ring over a 
division ring anti-isomorphic to 4>. Our study is therefore equivalent to the 
study of matrix rings. One of the fundamental results of the structure theory 
of rings (obtained in Chapter 4) amounts to the statement that any simple 
ring satisfying certain finiteness conditions is a matrix ring over a division ring. 
By means of this theorem, we shall be able to elevate the present seemingly 
special discussion to an important place in the general theory. 

The exact assumptions that we make on 9? and on <f> are the following: 

1 . If a, p e&, then a + P and off c3>. 

2 . 0 and 1 

3. If a € 4>, then — a and if a 5 * 0, then a is an automorphism and oT 1 e 4 >. 
Thus the set # is a division subring, containing the identity endomorphism, of 
the ring of endomorphisms of We call 32 a vector space (linear space, linear 
set) over 4>. 

As we have remarked for commutative groups relative to an arbitrary ring of 
endomorphisms, any vector space 9 ? over may be regarded as a ^-module, 
where <p is the abstract ring isomorphic to 3>. The module product xl = x 
for all x in 9® and 1, the identity of <p. On the other hand, suppose that <p is an 
arbitrary division ring and that 992 is a ^-module in which xl = x for all x. Let 

denote the ring of endomorphisms x — > xa determined by the elements a. in <p. 
Then <f> is a homomorphic image 5*0 of the division ring ip. It follows that 
is isomorphic to <p. Hence $ is a division ring and since contains the identity 
mapping, <I> satisfies the assumptions 1—3. Thus we may also define a vector 
space as a ^-module such that <p is a division ring and xl — x for all x in the 
module. 

A ^-subgroup © of a vector space 92 over 4* is called a subspace of 92. We shall 
restrict our attention to vector spaces that are finite dimensional in the sense 
that 

4 . The ascending chain condition for subspaces holds. 

If £ is any vector (element) in 92, the set (x) of vectors of the form xa , a 
arbitrary in 4>, is a subspace. It is irreducible. For if x 0, and y 5 * 0 is in 
a subspace © of (x), then y = xy; hence xa — yy l a e © so that (x) = ©. Evi- 
dently the subspaces (x) are the only irreducible ones, since any subspace con- 
tains a subspace of this form. 

If © is a subspace 5*92, let yi be a vector not in ©. Then ©1 = © _+ (yd = 
© © (yd since (yi) is irreducible. If @1 5 * 92, we may find a y* not in @ 1 , and 

17 
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then @2 ss ©i + (y 2 ) — ©i © ( y 2 ) = © © (yi) © (y 2 ). Continuing in this wav, 
we obtain an increasing chain of subspaces = © © (yi) © • - • © (y x ). 
Hence, by the ascendmg chain condition, there is an integer r such that 3? = 
© © (yi) © * • - ® (y r ). If we set ©' = (yi) © • - • © (y r ), we obtain 9i = 
© © Hence 9t is completely reducible. If we begin with © = 0, we 
obtain a set of vectors x x , * - • , x n ^ 0 such that 9 t = (xi) © * * • © (x*). 1 
Every vector x has a unique representation as in<£; for x t % % is determined 

by x and x£ % = x t y t implies that £* = . The x’s constitute a fear's for 9? over 

By either the Jordan-Holder theorem or the Krull-Schmidt theorem their num- 
ber n, the dimensionality of over is an invariant. In the next section we 
shall obtain a direct proof of this fact. 

The invariance of dimensionality implies that isomorphic ^modules have the 
same dimensionality. Conversely, let 9?i and $R 2 be ^-modules having the same 
dimensionality and let , xi l) be a basis for 9J, . Then 2x, (1) a, — ► 2xf ; «, , 

a, in <p, is a ^isomorphism. 

l£<p is any division ring, we may construct a vector space of any dimensionality 
n over a ring of endomorphisms $ isomorphic to <p. For let 91 be the set of 
elements x =(&,••• , f»), f,- in <p. We define x = y = (m , • • • , ij») if f, = y, 
and 


x + y = (fi + 171 , - ' * , fa + 1J»), ora = (&<*, ■ ■ • , f„a) 

for a in v>. Then 91 is a ^-module in which xl = a:. Hence 9i is a vector space 
over 4>, the ring of endomorphisms x xa and $ is isomorphic to <p. If we set 
*1 ~ (1» 0, • • • , 0), • - • , x n — (0, • • • , 0, 1), we obtain 9? = (ari) © • - - © (#„). 
Hence 9? has a composition series and therefore 9i satisfies both chain conditions. 
The dimensionality of 9i is n. The possibility of constructing a vector space 
for any division ring insures the applicability of the results we shall derive for 
division rings of endomorphisms to arbitrary division rings. 

2. Change of basis. The vectors yi , • • • , y r of 91 over $ are linearly inde- 
pendent X © = (y iM 1- (y r ) = (yi) © • • • © (yd and the y t are 5* 0. 

An equivalent condition is that — 0 only if all the a* — 0. Now suppose 
that the y’s are linearly independent and that y, = 2a: ,/S,, are expressions for the 
y’s in terms of the basis Xi , , x n . If p is any element of then the vectors 

Vi, Vi + ViP, y», ,y r are linearly independent. For otherwise, y 2 + 
ihp « (yd + (&) + -•- + (y r ) and hence y 2 e (yd + (y 3 ) + ••• 4- (yd- We 
note also that © = (yd + (yt + Vip) + (yd + • • • + (yd- Let p ni i 0 and 
set p = ■ Then the expression for the vector yi n = y 2 + yip does 

1 If we assume the well ordering theorem, these facts may be established without naing 
the ascending chain condition. For let (yd be the set of vectors in SR where « ranges over 
a section of ordinal numbers. If © is a subspace, we define to be the smallest subspace 
containing ©and ally, with ft < «. Ify.#©., wesety K = x„ . Then the x’a are linearly 
independent and generate a complement of @. The above discussion shows that the 
ascending chain condition implies the descending chain condition. Now the complete 
reducibUity of 31 has the consequence that the ascending chain condition is implied by the 
descending chain condition. This may also be proved directly (Chapter 4, 13). 
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not involve x ni . Similarly, we may choose vectors y* 15 , ■■■ , y? 1 in (x x ) + 
— + (z^-i) + (x Bl +i) + • • • + ( x n ) such that t/i , y* 1 *, • • - , y'f’ are linearly 
independent and © = (y x ) + yl 1 * + ■■■ + y™. Now suppose that y™ = 
and that fi ^ 0. Then we set y\“^ = y^’ — yl 11 jSiV* VnVt for k — 
3, 4, — and note that yj. 2) 7 ^ 0 and that the expressions for these yl~‘ involve 
neither x ni nor x n . . Moreover, © = (y x ) © (yi n ) © (y®) © - - • © (y™). 
After a number of repetitions of this process, we obtain 2 = (y x ) © (yi 1 *) © 
• - ■ © (j/i r-1) ) where y, (,-1) = x„,y niI + £ ^T 3 . 5^ 0, y*, t 0, s = 1, • - * , i 

3^n s 

and the n % are distinct. The correspondence between y l and x nt clearly shows 
that r ^ n. If © = 9J, the y * s also form a basis for 9 1 and so, by symmetry, 
n ^ r. Thus the dimensionality is an invariant. 

By a slight extension of the above method we obtain a basis z 2 , * * * , z T for 
© such that z x = x nz e ntl + 5 ^ 0, t = 1, • • ■ , r. By multiplying 

3^n t 

these vectors by c»*x and then ai ranging them in proper order, we obtain finally 
a basis u 2 , • ■ • , u r for © such that u t = x ni + x jPj * and rix < n 2 < • - • . 

Mn t 

If @ = 9i, the invariance of dimensionality shows that r — ». Then the vectors 
u x are merely the original vectors x t . Suppose, conversely, that r = n, i.e. 
the y’s are linearly independent and their number is the dimensionalit}" of 9t. 
Then u x = x t and so the y’s as well as the x’s form a basis for 9t_ It should be 
remarked that the passage from the basis yi , * • * , y n to the basis = 
x x , • ■ • , u n = x n has been effected by a sequence of replacements of the fol- 
lowing types: 

I- y * y » for and y r -» y r + ?/ s p, 

II. y x — > t/t for tVr and y r — > y r cr, c 5 ^ 0. 

III. y* — > y* for i r,s and y r y, , y* y T . 

The last type is required to arrange the z’s in the right order. 

If X ! , • • - , x n and yi , - - - , y n are any two bases for 9t, we may suppose that 
y t = Xxjfijt and x, = 2ykctk 3 - These expressions are unique. Since 

y% = S y* a h ft* > ^ = 2 ^ a v j 

we have 

2 A* “ fc. » 2 = $** 

? * 

(&* , the Kronecker delta). Thus if we set B = (ft,), A = («»/), we obtain 
AB = 1 = 2L1 where 1 is the identity matrix in . the ring of n X ft matrices 
with elements in the division ring $. 2 

3 If 81 is a ring, &» denotes the set of elements 2e»,a», , a*,- in 81 where 2e,,o i7 = 'Le %i b %i 
if and only if a* j - • We set 2e t ;a«, -f 2e u 6ij * 4* &*i) and (2e*,a» 3 )(2et,&i,) = 

2 eij (2 The resulting system is a ring. The subset of elements Xe tx a is a subring 

v * 
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On the other hand, suppose that B = (ft,) is any matrix having a right inverse 
A (BA = 1). Set y % = 2£ 7 ft- t where Xi , * - • , x n is a basis for SR. Then 

^VkOLicj = Zz&kfXk, = - Xj . 

If the i/’s are not linearly independent, we may choose a subset 2ft , • * * , y r of 
them which are and such that © s (ift) + * * • + (y n ) =f (Vi) © * * • © (y r ), 
a proper decomposition. Since Xi , • • - , x n e ®, @ = SR, and we have a contra- 
diction to the invariance of the dimensionality. Hence the y’s are linearly 
independent and so they form a basis for SR, and AB = 1. 

Theorem 1. If $ is a division ring , then AB = 1 in <h R if and only if BA = 1. 

If the y’s do not form a basis, they are linearly dependent and hence 
hycti = 0, y* not all 0. If y t = , then 2ft ,7, = 0 so that the matrix 



satisfies BC = 0. Conversely, if C ^ 0 and BC = 0, then the vectors 2x,ft* 
are linearly dependent. Thus we have proved 

Theorem 2. If $ is a division ring , a matrix in <f>„ is a tmi£ and only if it is 
not a left zero divisor . 

Let be a division ring anti-isomorphic to $ and a — ► a' an anti-isomorphism 
between $ and <£'. Then (a t ,) = A — ► A* = (a* ), a* = is an anti-isomor- 
phism between <J> W and #1 . If AB = 1, then B*A * = 1 in <$' n and if CB = 0, 
then B*C* = 0. It follows from this that we may replace the word “left” 
by “right” in the above theorem. 

We saw that we could pass from the basis Jft , • • * , y n to Xi , • - - , x n by a 
sequence of replacements of the types I, II and III noted above. The matrices 
relating the new y’s to the old ones are respectively 



8 isomorphic to 8. We shall identify 8 with SL If SI has an identity 1, 8» contains ele- 
ments Bij = e tJ l such that 


and «u 4- • • • + e» % is an identity for 8» . Every element a in 8» may be written in one and 
only one way as 2e.-,-a., where e*,a», now denotes the product of e*, and a %s , a,, in 8. The 



THE RING OF LINEAR TRANSFORMATIONS 


21 


and are called elementary matrices. Now if {x,}, {y t \ and {z*} are three different 
bases for 9 1 and y 3 = 2 x t a X3 , z k = , then z k = 2x*7*& where C = (y,,) = 

A2?. Hence we have 


Theorem 3. Any unit in <£ n is a product of elementary matrices . 

As a matter of fact, the last type is superfluous. For if n = 2, we have 


C K DC DC D- 


and the modification for n > 2 is obvious. 


3. Vector spaces over different division rings. A type of vector space that 
occurs frequently in the theory of rings and algebras is obtained as follows. 
Let 21 be a ring with an identity and <p a division subring of 21 containing the 
identity. We have seen that the endomorphisms x — > xa\ for x in 21 and a in ip, 
form a division ring isomorphic to ip. Since 3>* contains the identity endo- 
morphism, we may regard 21 as a / vector space over In a similar manner, we 
maj- use the endomorphisms x — » ax s xa! and obtain a division ring 3>' of 
endomorphisms anti-isomorphic to <p. 

Now suppose that 9? is any vector space over and that 2 is a division sub- 
ring of 4>. We denote the set of endomorphisms f — * fa in <£, a in 2, by 2 also. 
Suppose first that the dimensionality is n and that (3>:2) = m. Then if 

Zi , • - • , x n is a basis lor 3i: over $ and is a basis for over 2, every 

vector in 9? has one and only one representation as 2x£ja i3 , a i3 in 2. Hence 
.the x£ 3 form a basis of mn elements for $R over 2. Conversely, if SR over 2 
is finite dimensional, it is evident that SR over $ is also finite dimensional since 
4> ^ 2. Furthermore if x is any vector p^O in 9f, the set xf, ? arbitrary in <£, 
is a subspace of $R over 2. If x& , • - • , xf w is a basis for this space, 
then ( 1 , • - • , f is a basis for $ over 2 and so $ is finite dimensional over 2. 
We have therefore proved 

Theorem 4. If X is a vector space of finite dimensionality over $ and 2 is a 
division subring of # such that $ over 2 is finite , then (9?: 2) = (9t :$)($: 2). 
Conversely , if 5R is any vector space over 4> and is finite over 2, a division subring 
of then <£ is finite over 2. 

The same result holds for 2', the set of endomorphisms f — ► a£. In the 
remainder of this chapter we consider a fixed vector space SR over a fixed division 
ring <£. 

4. The ring of linear transformations. A ^-endomorphism A of SR is called a 
linear transformation of SR over Now, in any ring, the totality of elements 
that commute with the elements of a fixed subset 4 of the ring form a subring. 


elements of 9 commute with the e tJ . Conversely, if © is any ring containing an identity 1 
and elements e tJ satisfying the above conditions and Se** = 1; and if © contains a subring £ 
such that 1) 1 « 8, 2) ae x , » e tJ a for all a in 21 and 3) every element of Sb may be written in 
one and only one way in the form 2 , then $3 = . 
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Hence the set of linear transformations is a subring 2 of the ring of endomor- 
phisms. 

If A is a linear transformation and Xi , • • • , x n is a basis for SR over <E>, A is 
completely determined by the images x t A of the x’s. For if x = 2x*£ a , we 
have xA = 2(x*A)£ x . On the other hand, we may choose n elements y x at 
random and verify that the mapping — > lZy£ x is a linear transformation A 
such that x z A = y t . In particular, for each a in $ there is a unique linear 
transformation a ' such that x l a r = x x a. Of course, a! depends on the choice 
of the basis as well as on a. The a n s form a subring <£' of 2 anti-isomorphic 
to the correspondence a — » a! being an anti-isomorphism. 

Now we may regard SR as a vector space over 3>'. Since every x may be 
written in one and only one way in the form 2x x | t , Xi , - - - , x n is a basis for SR 
over and so SR is n dimensional over < t> / . The endomorphisms a are linear 
transformations in SR over and since x t a = x z a\ a is the endomorphism 
associated with cl and the x’s in the same way that cl is associated with a and 
the x’s, i.e. (a')' = a. 

Let E x , denote the linear transformation of SR over $ such that x r E tJ = 5 ir Xj . 
Since x t {E xj ol) = x, (olE xj ), E tJ a' = a'2?,, , and 2? x y is also linear in SR over <£'. 
Now suppose that A is an arbitrary linear transformation in SR over $ and that 
x r A = . Then, as is readily verified, A and ZE tJ a tJ have the same 

effect on the x’s. Hence A = 'ZE tJ a [ J . Conversely, if A = '2E lj a tJ , A is in 2 
and x r A = 2xy* r 3 . It follows that every A in 2 may be represented in one and 
only one way in the form , a' in <£'. Since 

(1) E tJ Eki — 8jkE t i , = 1, 

2 = $» . 

By (1) we obtain 

(2) oL pq = 53 Ekp(EE tJ a[])E q k . 

& 

Hence if A = 2E t] a t j commutes with all the E ki , then a pq = 0 if p q and 
= A, i.e. A — a! e<£'. Thus <£' may be characterized as the set of elements 
of 2 commutative with all the E ZJ . We may also characterize <£' as the com- 
plete set of endomorphisms of SR commutative with all the endomorphisms a 
and all the E t3 , or, more simply, with all the endomorphisms XE %J a t j . For, 
the condition that A commute with $ is that A c 2. In a similar manner we see 
that 4> is the complete set of 2-endomorphisms of SR. In particular the center 3 
& of 2 is contained in <£. Since 6^2 and the elements of S commute with the 
E X j , 6 ^ It follows that S = $ A If $ is commutative, the trans- 
formation ol = a and, therefore, a' is independent of the choice of the basis. 
The field $ is then the center of 2. We return to the general case where $ is a 
division ring, and we shall use the specific form of 2 to obtain a number of 
important structuie theorems. 

a We use this term for the set of elements of a ring commutative with all the elements of 
the ring. 
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Theorem 5. The ring 8 is simple. 

We recall that a ring is simple if it has no proper two-sided ideals. Let 
39 0 be a two-sided ideal of 8 = <f>'„ . If 2 E x fi\j = B is an element p*0 in 

39, by (2) we obtain that p [, « 33. At least one of these, say p' Pi is ^0. It 
follows that 1 = fi'pqfi'pq e 58. Hence 39 = 8. 

Theorem 6. The ring 8 is a direct sum of irreducible right (left ) ideals. 

The set Eu£ consisting of the elements ^2 Ekfiik, is an irreducible right ideal. 

7 

For if 3 is a right ideal =^0 contained in EaS, let B — X) e Q where 

fiki 5^ 0. Then contains BEnfikT 1 = E kk and hence all the elements of I?**?. 
Evidently 8 = E u 2 © • - • © F„ n 8. 


5. Automorphisms -and anti-automorphisms of 8. Let F t] be n linear 
transformations such that 

(3) FijF u = SjkF t i , Fii + — + F„„ — 1. 

If y is a vector 5 ^ 0 , there is an F pp such that yF PP p*0. It follows that the 
vectors y t - yF pi form a basis for 3? over <f>. For if 2y^3, = 0, (2 yfii)F }p — 
Tl y(F p ,F JP ) = (yF pp )dj — 0 and hence p, = 0 for j = 1, - • - , «. Relative to 

t 

the y t , we have 

(4) VtF ij ~ yF pT F t j = h ir yF V j = 5 tr y 3 . 

If S is the linear transformation such that x t S = y x , S~ Y is defined by y l S~ l = x x . 
From (4) and the definition of the E ti we obtain that F XJ * = S~ x E i3 S, An im- 
portant application of this result is the following theorem. 

Theorem 7. Any automorphism of 8 has the form 2E %J ot[j — > ,S r 1 (2E % jO^ J )S 
where a ' — * a'* is an automorphism in <&'. 

Let G be an automorphism of 8 = . Then the transformations F %j = E xi 

satisfy (3) and hence there is an S in 8 such that E? f = S" 1 E tJ S . The mapping 
A — » SA G S~ 1 == A h is an automorphism in 8 such that E?j = E t} . Since 4>' is 
the complete set of elements commutative with the E zj , it follows that H in- 
duces an automorphism s in <t>' and hence (XE tj ai y) ff = 2L E X jd % ] . Then A G — 

ST\2E % fiL&&- 

Now let J be an anti-automorphism in 8. Since the transformations F %] = E S 1X 
satisfy (3), there exists an S in 8 such that = S~ 1 E XJ S. The correspondence 
A — > SA J S~ 1 = A k is an anti-automorphism sending E xj into E JX . It therefore 
induces an anti-automorphism t in#' and (2E tj a' t 3 ) J = S~ 1 (ZEj i a x t ] )S. 

Theorem 8. The ring 8 has an anti-automorphism if and only if 4> his an 
anti-automorphism . Moreover if 8 has an anti-automorphism J, (hen A J = 

S~ 1 ('2E 3X a x ])S where Sc 8 and a ' — » a'* is an anti-automorphism in 3>\ 4 


4 The ring4> has an anti-automorphism if and only if<3>' has. 
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If J is involutorial in the sense that J~ = 1, then E x / = Ei* = 
(S J S~ 1 )E tj S(S J r 1 . Hence S J = a'S, <r' in If <r' 5 ^ -1, S' + S = 
(<r r + 1 )S = T and (</ + 1) has an inverse in 3>'. Then (ZE X ja X] ) J = 
T-\ZE, t aJ)T where T J = T and aT = (<r' + l)a'V + 1) _1 . Thin, we may 
suppose at the start that A J = where S' = ±S, A K = ~ZE, x a x \ . Since 

A k * = S(SA J S~ 1 ) J S~ 1 = A, K is involutorial. Hence t is involutorial. We 
note finally that S J = = ±S implies that S K = j=S. 

Theorem 9. The ring 8 has an involutorial anti-automorphism if and only if 
$ has an involutorial anti-automorphism . If 8 has an involutorial anti-automor- 
phism J , then A J = ^(XE where a! — * a ft is an involutorial anti-auto- 

morphism in 4>', and S c 8 a/id satisfies the equations a tJ = <r 7 J . 

We consider now the special case of a commutative $ and we obtain as a corol- 
lary to the above theorems the following 

Theorem 10. If & is a field , then any automorphism in 3>„ that leaves the ele- 
ments of the center invariant is inner . anti-automorphism of & n leaving 

the dements of invariant has the form A — > *ST^4'& = A J , A' the transpose of A . 
The anti-automorphism J is involutorial if and only if S' — dhS. 

6. Commuting rings of endomorphisms. Suppose that n = rs and define 
8-1 

G a p = En r +«,*r+fi , a, ft = 1, • - r, 

/*=0 

r 

~ E( k — i) rArV • ( ^ — 1) r+7 j X = 1, • • • , S. 

7-1 

One readily verifies that 

(5) GafiGyt = 8p y Ga& , Gil + * ' • + Grr = 1, 

(6) H&Hpy = , flu + • * * + = 1, 

(7) GapH^ ^(*— l)r+ar,(X — l)r-H3 =: H K \G a fl . 

By (7) every element of 8 has the form XG a pB a p where B a p is a sum XlI,jfi ' K \ , 
0' in <£', and if XG a pB a p = 0, B a p = 0. It follows that (<f>') r = . Similarly, 

every element has one and only one expression of the type XH^C,* where C«x 
has the form ]£ GV/. 3 , y in $>' . If A = 2Z G a pB a f> , B a » = X) G>«A<3W . Hence 

7 

the condition that A commute with all G^ is that A — B aa = Bp & — XH K yfi[\ . 
Similarly, if A commutes with all H K \ it has the form XG a py a& . 

Now let $ r denote the ring of endomorphisms in 5R of the form XG a pP a p , 
P in 3>. A ^-endomorphism is a ^^-endomorphism which commutes with all the 
Gap . Hence it is an element of 8 commutative with all the G a p . It therefore 
belongs to , the set of endomorphisms of the form XH^[\ . Because of the 
symmetry, <£ r may be characterized as the set of ^-endomorphisms of SR. 

Now suppose that SR is any commutative group in which there is defined a 
ring of endomorphisms of the type $ r where $ is a division ring containing the 
identity endomorphism. Our assumptions are therefore that 1) there are r 2 
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endomorphisms G af} in $ r such that (5) holds, 2) G a $P — pG a p for any p in $ 
and 3) every endomorphism of $ r has a unique representation in the form 
'ZGappap . We suppose also that the ascending chain condition holds for $ r - 
subgroups. Since $ r S $ ^ 1, 5ft is a vector space over #, though it is not clear 
a priori that 5R is finite dimensional. 

Let x be an element 0 in 5) ft. Since 2(? aa = 1, there is a G S s such that 
xGs& 9 ^ 0. Set x a = xGia . Then these elements are linearly independent over 
If 5fti denotes the set of elements 'Zx a p a , p 6 $, Sfti is a $ r -subgroup. If 
5fti 7 * SR, let y be a vector not in 5ft i . 'As before, there is a G tt such that yG €f 
is not in 5fti and if x r+a = yG ta , the elements '2x r+a p a form a $ r -subgroup 5ft 2 
independent of 5fti in the sense that 5Ri A 5ft 2 = 0. If 5ft* + 5ft 2 ^ 5ft, we may 
repeat the process thereby obtaining a chain 5fti < 5Ri + Sft 2 < • * - . By the 
finiteness assumption this breaks off and we obtain 5ft = 5Ri © • - * © 5ft, . 
Hence 5ft has finite-dimensionality n — rs over 3>. 

Theorem 11. Let 5 R be a commutative group and <£ r a matrix ring of endo- 
morphisms in 5ft where $ is a division ring containing 1. 7/9? satisfies the ascending 
chain condition for $ r -subgroups, then it has finite dimensionality n = rs over 3> 
and 5R = 5Ri © - - - © 5R, where the 5ft,* are irreducible $> r - subgroups . 

The irreducibility of 5R, is seen as follows: If z is any vector in 5R, there is 
a f such that zG n , • - • , zG ir are independent over 3>. Hence the set zfr r = 5 ft,* 
for any z ^ 0 in 5ft,- . 

If we use the basis xl , • • • , x n determined above for 5R over $ and define the 

s — 1 

linear transformations E tj as before, we obtain G a $ = - For, G a p 

m-o 

i — i 

is linear in 91 over 4> and it has the same effect as E Mr + awM r+p on the x t - . Hence 

m— o 

we may apply the above discussion to obtain the following 

Theorem 12. Let # r he a matrix ring of endomorphisms in a commutative 
group 5ft such that the conditions of the preceding theorem hold . Then the ring of 
endomorphisms commutative with the given endomorphisms has the form 3>* where 
& is a division ring anti-isomorphic to <£. The original set of endomorphisms 3> r 
is the complete set commutative with those in 3>, . 

7. Isomorphism of matrix rings. Suppose now that we have a ring that 
may be regarded as a matrix ring $1 and as a^ where <£' and i r' are division 
rings containing the identity. Then we may suppose that is the ring of 
linear transformations of an n-dimensional vector space 5ft over 4>, $ anti-iso- 
morphic to 3>'. Let Gap , a, = 1, • • • , r, be the matrix units of itv - The 
endomorphisms ^G a $Pap, p in $, form a ring $ r and we have seen that the dimen- 
sionality of 5R over $ is rs = n. Hence r g n. By reversing the roles of 4>' 
and we obtain n ^ r and hence r = n. It follows that there is a linear 
transformation S such that = S~ l EijS, I?,-,- the matrix units for . Since 
the elements in Hr' may be characterized as the linear transformations com- 
muting with the Gij and those of as the linear transformations commuting 
with the Eh , we have = jSTVjS. 
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Theorem 13 . If = ^rl where and are division rings , then r = n, 

and are isomorphic , and tf&cre eansfe an /S in $ n such that = S^^'S and 

G tJ = ^EijS for the corresponding matrix units. 

8. Semi-linear transformations. We shall now discuss a type of trans- 
formation of a vector space, first considered by C. Segre, that forms a generali- 
zation of the concept of a linear transformation. Let S be an automorphism of 
the division ring $. Then a transformation T of St is called a semi-linear 
transformation of St over 4 > if 

(8) (x + y)T = xT + yT, (xa)T = (xT)a s 

for all x, y in St and all a in 4 >. If T ^ 0 , S is uniquely determined by T. For 
then there exists a vector u such that uT ^ 0 , and if S and S' are automorphisms 
of 4 ? for which (8) holds, then (uT)cf = (uT)a' for all a. Hence a = a' and 
S = /S'. We shall call S the automorphism of T. 

The condition olT = Ta 5 evidently implies’ that the endomorphism T com- 
mutes with the set of endomorphisms 4 >. If S = 1 , T, of course, commutes with 
the individual members of 4 > and T is a linear transformation. The commuta- 
tivity with implies that a semi-linear transformation transforms any subspace 
© of Si into another subspace. It is also clear that if ©i and ©2 are subspaces 
such that ©i S ©2 , then the image ©1 T S the image ©2 T. Since for any 
two subspaces ©1 , ©2 , ©1 + ©2 may be characterized as the smallest subspace 
containing ©1 and @2 , it follows that if T is a (1 — 1 ) semi-linear transformation, 
then (©1 + © 2 )!T = ©iT + ©2 T. In a similar manner (©1 A ©2)^ = ©1 T A 
©2 T. Thus any (1 — 1) semi-linear transformation of a vector space 3 ? induces 
a lattice isomorphism in the lattice of subspaces of 91 . For this reason the 
semi-linear transformations are on a par with linear transformations in pro- 
jective geometry. 

If T is an arbitrary semi-linear transformation, we let 91 == 91 (T) denote the 
space of vectors z such that zT — 0 and we suppose that z l7 - - • , z r is a basis for 
this space. We determine a subspace @ such that 9 J = 9 i © © and let y x , - - • , 
t/n-r be a basis for ©. Then it follows directly that y x T, - - * , y n - r T is a basis 
for dtT. Hence if w r e call the dimensionality of 9 IT the rank of T and the 
dimensionality of 91 the nullity of T, then we have the following extension of 
the well-known theorem on linear equations: 

rank T + nullity T = n. 

If Xi , * • • , x n is a basis for 9 ? over <$, we may write x*T = %XjT jx and call 
(ns) the matrix of T relative to this basis. The semi-linear transformation T 
is determined by its matrix and its automorphism since (Za\£*)T = Zzyr/^f . 
In terms of the coordinates (&,-*•,£») of the vector x, we may describe T as 
the transformation that sends (£1 , - - - , f n ) into (771 , * - - , 1 j n ) where rj x = 
2 . Now if (t»j) is an arbitrary matrix and S is any automorphism, then 

the equation (2x.£,)T = 2x/r ,*,*£? defines a semi-linear transformation with 
automorphism S and with matrix (r,y) relative to the basis x Xj • - • , x n . 

If y x , • • • , y n is a second basis for 9 1 over $ and y % = Za^ft,- , a simple com- 
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putation shows that the matrix of the semi-linear transformation T relative to 
this basis is G3) -1 (t) (8 s ) where (r) is its matrix relative to the x's. Hence the 
theory of semi-linear transformations corresponds to a theory of matrices with 
elements in a division ring in which two matrices (r) and (<r) are regarded as 
equivalent if there exists a matrix (0) such that (cr) = S, a fixed 

automorphism. 

Now suppose that F is a set of semi-linear transformations. If 3 is a proper 
subspace of 31 invariant under all the T in r, we may choose a basis ?ji 
for 9? such that z/i , * • • , y r is a basis for 3 (0 < r < n). Then the matrix of T 


relative to this basis is of the form 



■where (n) is a matrix of T in 3 and 


(r 2 ) is a matrix of T in the difference space 9t — 3. Conversely, if there exists 
a basis relative to which the matrices of F have this “reduced” form, then 9t 
is reducible when regarded as a group relative to Q = (F, $) the logical sum of 
F and <£. In view of the relation between the matrices of a semi-linear trans- 
formation, we may state this condition also in the following way: If (r) is the 
matrix of T relative to the basis Xi , - * • , x n and S is the automorphism of T, 

then there exists a matrix (£) independent of T such that 0 sy^OrJGS 8 ) = 

Now if 3t = 3t, > 3w~i > * * * > 3ti > 0 is a composition series for 3t relative 
to we choose a basis y t , ■ * • , y n of 3t over 3> such that yi , - - • , y ni is a basis 
for 9ti , t/m+i , • ■ • , 2/ Wl +n 2 is a basis for 9t 2 , etc. Then if (j3) is the matrix relat- 
ing the y’s to the x’s, the matrix of T relative to the y’s is 



(9) 


C 0T(r)(fi *) = 


Tl * 

T2 

[0 'r.J 


where (r t ) is a matrix of the semi-linear transformation induced by T in St* — 
SR,-i and the blocks below the “diagonal” consist of 0’s. The irreducibility of 
9t t — 3?^! amounts to the following matrix irreducibility: it is impossible to 
find a matrix (J5 t ) independent of T such that (fh) 1 (*"*)(#?) has the reduced 


form ( ‘ 1 ) . Conversely if (p) is any matrix for which (9) holds, where 

\ 0 w 

the (r,) are irreducible, then (p) arises from a composition series in the 


way indicated. . 

In a similar fashion we see that if Sft = 3ii © 


* - © 3i, where 3t» 5^ 0 is an 


Q-subgroup, there is a matrix (fi) such that 


C PPMflr ) = 


Tl 0 

T2 


o 
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for all T where, in this case, we have 0's on both sides of the diagonal, and 
where (r,*) is the matrix of the induced transformation T in 9 i*. 

We note the following combinatorial properties of the set of semi-linear 
transformations. If T x and T 2 are semi-linear transformations with auto- 
morphisms Si and S 2 , respectively, then T X T 2 is a semi-linear transformation 
with automorphism S X S 2 . If Si = S 2 = S, then T x + T 2 is a semi-linear 
transformation with automorphism 5 and if T\ is (1 — 1), 2T 1 is a semi-linear 
transformation with automorphism ST 1 . 

Now if (n) and (r 2 ) are the matrices, relative to the same basis, of T± and T 2 , 
then the matrix of T X T 2 is (r 2 ) (rf a ). Thus the matrix of T k is (t)(t s ) - - • (r 5 * l ). 
If T is (1 — 1), the matrix of T~ x is (r® -1 )” 1 . If T x and T 2 have the same 
automorphism, then the matrix of 2i + T 2 is (r x ) + (r 2 ). As a special case of 
these facts we note that the correspondence between a linear transformation T 
and its matrix (r) is an anti-automorphism between the ring of linear trans- 
formations 2 and the ring of matrices 4> n . Since is associated in an invariant 
manner with 2, this correspondence has certain advantages over the one noted 
previously between 2 and . 

As applications of our computations and of the results of the first chapter we 
note the following theorems on matrices in 4> n . 

Theorem 14. If (c,*) (i ~ 1, — , s) are matrices 5^0 m$ n such that 
(«») 2 = («*), («.)(«*) = 0 if i 7* j, 2(«i) = 1, 


then there exists a non-singular matrix (J$) in 4> n such that 


(10) 0»r(e,)03) = 


. 1«1 
IJ 
0 




«x 


■r 


This is obtained by using the (e t ) to define linear transformations E t such that 
E\ = Ei 9 * 0, EJE, = 0 if i^j, HE, = 1. 

Then 91 = 91®i © ■ * • © WIE, and so, relative to a suitable basis, we obtain the 
matrices (10) for Ei, E 2 , ••• . 

If T is. a semi-linear transformation, we may use the Remark following Fit- 
ting’s lemma to obtain a decomposition 91 = 91 © © where 91 and <3 are sub- 
spaces invariant under T and T is nilpotent in 91 and non -singular in This 
implies the following 


Theorem 15. If (r) is a matrix in and S is an automorphism in #, there 
exists a matrix (0) such that 

o»-w> - (; “) 

where ( v ) - • • (***) = 0/or sufficiently large k and ( a ) is a unit . 
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1, Definitions and examples. In studying a linear transformation or, more 
generally, a semi-linear transformation T with automorphism S, we are usually 
interested in the ring of transformations #[T] generated by T and the sc alar 
multiplications x — > xct. Evidently &[T] contains the transformations ccq -f- 
Tot ! + T- ai + — + r«. . On the other hand, (T k a){T l 0) = T i ~ l ot al 3 and 
hence the set of polynomials in T is closed under multiplication. It follows 
that 3 >[jT] coincides with the set of these polynomials. Xow, it is convenient to 
introduce a certain ring <£[£, S] of polynomials in an indeterminate L First, 
let <£ be the abstract division ring isomorpliic to the ring of endomorphisms 
in the vector space Sx. 1 Let <£[£, $] denote the set of polynomials 

<*0 + toil + t~QL2 + ' • ■ + t m <Xm 

where t is an indeterminate and the coefficients cl x are in 3>. We define ao + tei -f 
• - * = po + tpi + * - • + t m j 8m' if olo — po , = Pi , — , and we add 

polynomials according to the rule («o + ta± + — ) + (Po + tPi + — ) = 
(«o + Po) + t(pn + Pi) + — . Multiplication is defined by means of the dis- 
tributive law and 

(**<*)(**£) = t k+l a s ‘ jS- 

It is readily verified that $[/, S] is a ring. 

Now, with the polynomial ot 0 + ton + - * + t m oL m we may associate the endo- 
morphism « 0 + Ton + — + T m cL m e <3>[T]. Our correspondence is then a 
representation of 3>[£, jS] in 9i and is a 3>[£, jS]-module. 

If oi(i) = «o + — + t m oi m , oL m 0, the degree of et(t) is m. We also define 
the degree of 0 to be — qo and note that 

deg [«(*) + p(t)] = max (deg <x(t), deg p(t)), 

deg [a(t)p(t)] = deg a(t) + deg P(t). 

The second equation shows that <£[£, *S] has no zero-divisors, i.e. ^[£, jS] is a. domain 
of integrity. It shows also that the only units of this domain are the elements 
5^0 in Now let p(t) = 0 O + - - - + t m 'p ni ' with p m * j* 0 and m' g m. Then 

Oi(f) — pitpf 1 —™ (Pm') S7n m Otm — OLO + td\ + 4" tT 1 QJ m _l . 

Hence, if we continue this division process, we obtain polynomials y(t) and 
p(t) such that 

a(t) = P(t)y(t) + p(0 

1 It is not necessary for our purposes to make any distinction in notation between these 
two systems. 
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where deg pit) < deg $(t). Similarly, we may find a 71 (t) and a pi(t) such that 
a(t) = 71 (f)P(f) + Pi( 0 i deg pi(t) < deg / 3 (£). 

Now let 3 be a right ideal 5^0 in #[2, S]. We choose an element P(t) 9^ 0 in 3 
having least degree for the non-zero elements of 3 Then if a{t) is any element 
in 3 , a(t) = p(t)y(t) + p(t) where deg p(t) < deg 1 3(t) and since pit) = a(t) — 
Pit)y(t) € 3 ? p(t) = 0 because of the minimality of the degree of P(t). Thus 
ait) = Pit)yit) and 3 = £( 0 $[L Sit the ideal of right multiples of &(t). An 
ideal of this form will be called a principal right ideal. Similarly, every left 
ideal is principal in the sense that it has the form $[£, S]ffit). Now we shall call 
a domain of integrity 0 a principal ideal domain if every right ideal is a principal 
right ideal ao and every left ideal is a principal left ideal oa. Thus <£[Z, S] is an 
example of a domain of this type. One may verify that the following are other 
examples: 

1 ) The ring of integers. 

2 ) Any division ring. 

3 ) The subring of Hamilton’s quaternion algebra consisting of quaternions 
la 0 + ia 1 + jot , 2 + ka 3 where the a’s are either all rational integers or all halves 
of odd integers. 

4 ) The ring <£[/, '] of differential polynomials. Here the definition is similar 
to that of S] with the modification that the rule at = ta + a' replaces 
at = ta s and (a + ft)' = a! + i&fi) r = a/ 3 ' + cl ft. 

In this chapter we consider in some detail the theory of principal ideal do- 
mains. The principal applications that we note are to the theory of semi- 
linear transformations, obtained by specializing 0 to be $[t, S]. 

2 . Elementary properties. Let 0 be a principal ideal domain. If ao and 
60 are right ideals y£0 such that ao ^ &o, then 6 = ac, or a is a left factor of 6. 
If ao — 60, au = b and bv = a. Hence a = auo and a(l — uo) = 0 , no = 1. 
Similarly vu = 1 so that u and v are units in o. 2 Hence a and b are right asso- 
ciates. Similar remarks hold for left ideals. Throughout this chapter there is 
a complete parallelism between the theory of right ideals and that of left ideals. 
We shall therefore state the results for right ideals only. 

If aio ^ 020 ^ • is a chain of right ideals, the set theoretic sum of these 

ideals is a right ideal and hence has the form ao. Since a e a # 0 for a suitable 
N, ao = a N 0 = a N+ i 0 = ■ • • . Now suppose that «i0 ^ a^o ^ - - * is a de- 
scending chain and that all of the a,o contain a fixed element b 0 . Then 
b = ad) 1 , a t = a,_iCt_i and hence b = a l ^iic l ^ib l ) = a l ^b t -i . It follows that 
6.-1 = and 0&1 ^ 062 ^ - so that ob N = ob N+1 = - - ■ for N sufficiently 

large. Thus c N , c N+ \ , * * - are units, and a N 0 = a^ +1 o = • • - . We note next 
that the descending chain condition holds only if 0 is a division ring. For 
suppose that a is an element ?*0 in 0 and consider the chain ao ^ a*o ^ c • • . 
Let A; be an integer such that a k o = a fc+1 o. Then a k+1 = au where u is a unit; 
hence a = u is a unit. 


1 If 0 is any domain of integrity and uv = 1 in 0 , then (1 — vu)v = 0; hence vu — l also. 
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Theorem 1. The ascending chain' condition holds for right ideals of o. Any 
descending chain of nght ideals having an intersection p^O contains only a finite 
n umber of distinct ideals. If the descending chain condition holds without restric- 
tion , o is a division n.ig. 

Let a and b be elements p^O and consider the ideal ao + bo of elements ax + by 1 
x and y arbitrary in o. This is the smallest ideal containing ao and ho. Now 
let ao + bo = do. Then d = ap + bq is a highest common left factor of a and h, 
i.e. d is a left factor of a and b and any left factor of a and h is a left factor of d. 
The element d is determined to within a unit right factor. Any one of the deter- 
minations of d will be denoted by (a, b). Now write a = da x ,b = db 1 . Then 
a(l — pa^ = ddi — apa 1 — bqa x and similarly, h(l — qbi) = apb± . Since 
either p or q is p^O, this proves that the intersection ao A ho = mo 0. The 
element m is a least common right multiple of a and b in the obvious sense: m 
is a common right multiple of a and h and m is a right multiple of an}" common 
right multiple of a and h. We denote m by [a, h] and note that it is determined 
to within a unit right factor. 

Theorem 2. Any two elements a and h, ^0, have a highest common left factor 
(a, h) and a least common nght multiple [a, b] determined to within unit right factors. 

The existence of common right multiples p*0 enables us to use the ordinary 
construction of fractions to obtain a quotient division ring for o. For this 
purpose we consider the pail’s (a, h) with 6^0. Define (a, h) ~ (c, d) if, for 
m — bdi = dbi , we have ad x = cb x . This relation is symmetric, reflexive and 
transitive. Let a/b denote the set of pairs (c, d) (a, h). We define a/b + 
c/d = {ad x + cbi)/m. If c 0, let n = bc 2 — cb* and define (a/b)(c/d) = 
acz/db* . For c = 0 we set (a/b) (0/d) = 0/d. It is readily seen that these 
functions are single valued and that the sets a/b called (right) fractions form a 
division ring relative to these functions as addition and multiplication. The 
division ring $ contains a subring o whose elements a/1 are in isomorphic corre- 
spondence with the elements of o. Thus if we replace o by o, we may suppose 
that the domain o is a subring of a division ring. The element a/b = (a/1) (h/l) -1 
so that <£ is the smallest division subring of $ containing o. 

3. Finitely generated o-modules. We suppose that o is an arbitrary ring 
with an identity and that 2ft is an o-module in which xl — x for all x. We recall 
the defining properties of the product: 

(x + y)a = xa + ya 

x(a + b) = xa + xb 

x(ab) = (xa)b 

for all ar, y in 2K and all a, h in o. We say that 2ft is finitely generated if there 
exist n generators x x , - • - , x n in 2W such that every element in 2ft may be ex- 
pressed in the form Dz»a, , a, in o. If the ascending chain condition holds for 
the submodules of 3ft, it is readily seen that 2ft is finitely generated. 
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Now suppose that St is a submodule of 3ft and let 3* — $*Cft) denote the set 
of elements a x that occur as multipliers of elements of the form x t a x + x x+1 a i+1 + 
- - * + x n a n in St. Then 3* is a right ideal. Evidently if St ^ % a second sub- 
module, then 3fi0t) = On the other hand, it follows readily that if 

St ^ ^ and 3f*0O = 3*($) for i — 1, - • • , n, then St = This remark enables 
us to prove 

Theorem 3. If o is a ring that satisfies the ascending ( descending ) chain con- 
dition for right ideals , then any finitely generated o-module 2)t satisfies the ascending 
(< descending ) chain condition for submodules . 

For let 3Ki ^ 3 fta ^ - - - be an ascending chain of submodules and let -3t &) = 
3f,(3ftfc). Then ^* (1) ^ 3* (2) = " and hence there is an integer N such that 
S[ N) = & N+l) = - - - for all L This implies that 3ft* = WIn+i = - - - . The 
descending chain condition may be treated in a similar manner. 

If the elements of 3ft are expressible in one and only one way in the form 
SXt-a* , then 3ft is called el free module with the basis X\ , - • • , x n . An equivalent 
condition is that the x % be generators of 3ft and that 2x x d x — 0 only when all the 
di = 0. As in the case of division rings discussed in Chapter 2, we may con- 
struct, for any ring o, a free module having a prescribed number of base elements. 
The theorem on the invariance of the number of base elements is not, however, 
true without restriction on o. Thus it may be possible to choose elements 
yi , ■ * • , y m , m < n, in 3ft such that every x = Xy k b k for suitable b k in o. We 
shall now show that the invariance theorem holds under either one of the follow- 
ing assumptions: 

1) o is a subring of a division ring. 

2) The ascending chain condition holds for the right ideals of o. 

For suppose that 3ft has m < n generators y k = 2x t a tk . 3 Then each x x = 
Syjfe&jfct and hence x x = SXj-a . By the uniqueness assumption, Za jk bk% = 6# 
so that 


(a)(6) - 


an ••• oi* 0 ■ O' 


bn — bi m feim+i — 6i» 

d«l • • • a-mm 0 0 


bmi * • • b mm b mm+ 1 * • * b mn 

Otn+11 * * * Om+lm 0 • • • 0 


0 - 0 0 0 

L o»i ••• a nm 0 ••• 0, 


* ... 

0 ••• 0 0 0 
^ / 


= 1. 


Since (6)(a) y* 1, this is impossible when 1) holds, as is evident from Theorem 1, 
Chapter 2. We note next that the mapping 2x,« f — > 2y*a j is an o-endomorphism 
A such that 99L1 = 3ft. On the other hand > the set of elements mapped 
into 0 by A, includes x m+ i and so 3a 9* 0. This is excluded when 2) 

holds by Theorem 7, Chapter l. 4 


' By symmetry it suffices to consider this case. 

4 The last result is due to C. J. Everett. A fuller discussion of these questions is con- 
tained in his paper [3]. 
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Now let § be a free o-module with the basis e\ , — , e n and let 2 Ifl be any 
o-module with n generators xi , • * - , x n . The correspondence 2e,a, — > ‘2,x x a,i 
is an o-homomorphism between §* and 2)2. Hence SO? is isomorphic to gr — 92, 
92 the set of elements mapped into 0 by the homomorphism. We shall use this 
result later to obtain the structure of finitely generated o-modules for any 
principal ideal domain o. 

An o-module that is generated by a single element is called cyclic . If we regard 
o as a module relative to the ordinary multiplication xa, we see that o is a free 
cyclic module since a = la. A right ideal 3 of o is an o-submodule. 3 is cyclic 
if and only if it is principal, and 3 = ao is free if and oidy if a is not a left zero 
divisor. Now if 2)2 is any cyclic o-module and x is a generator of 9)1, the corre- 
spondence between a in o and xa in 9)2 is an o-homomorphism. Thus in this 
case 2)2 is isomorphic to the difference module o — -3 where 5 is the right ideal of 
elements b such that xb — 0. The ideal 3 is called the order of x. 

4. Cyclic o-modules. From now on o will denote a principal ideal domain. 
If 9)2 is an o-module and a: is an element of 9)2, we shall say that x has finite 
order if its order 3 ?* 0. Suppose that x and y have finite orders 3i and 3s . 
Then Sz = 3i A $2 ^ 0 and since (x + y)b = 0 for all b in 3 3 , the element 
x + y has finite order. Next if a is any element 5 * 0 in o, ao A 3i = 34 ^ 0 and 
if & is an element 5*0 in $ 4 , b = ac where c 5 * 0. Then (xa)c = xb — 0. Thus 
the totality of elements of finite order is a submodule of 2)2. 

We consider now a cyclic o-module 9)2 whose generator has finite order and 
hence, without loss of generality, we may suppose that 2)2 = o — ao, a 5 * 0. 
Any submodule of o — ao has the form bo — ao where bo ^ ao and hence a = be. 
The submodule &o — ao is cyclic since it is generated by the coset of the element 
b . Since the order of the coset b + ao is co, bo — ao is o-isomorphic to o — co. 
By the Second Isomorphism Theorem, (o — ao) — (bo — ao) is o-isomorphic to 
0 _ Thus with a factorization a = be of an element a^Owe may associate 
a chain ot o-modules o — ao bo — ao ^ ao — ao = 0 whose difference modules 
are lespectively o — bo and o — co, and conversely. 

We seek a condition on a and b, 5 * 0 , that o - ao and o - bo be o-isomorphic. 
Let l a be the coset containing the element 1 in o — ao. By an isomorphism this 
is mapped into a coset m, in o - bo. Then l a c corresponds to^c. Since 0— >0 
is an isomorphism, u^a = bo. If u is any element of Ub , ua = bv = m. Since 
It , the coset containing 1 in o — bo, has the form uic for a suitable c, we have 
uc = 1 + bq. Hence the highest common left factor (u, b) of u and b is 1. 
Since vai c bo only if a x = aci , m is the least common right multiple [u, b] of 
u and b. Following Ore, we shall say that a and b are right similar if there is a 
u in o such that (tt, b) = 1 and a = u~\u, b], or uao = wo A bo and uo + bo = 0. 
We have, therefore, shown that o - ao and o - bo are o-isomorphic only when 
a and b are right similar. The converse also holds, since, as is seen by retracing 
the above steps, l a c — ► w is an isomorphism. Now the condition m = va = 
bv = [u, b] implies that a and v have no common right factor, i.e. oa + ov = o, 
and (tt, b) = 1 implies that m is a least common left multiple of a and v. Thus 
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a and b are left similar in the obvious sense. Because of the equivalence of left 
and of right similarity we shall refer to this property simply as similarity . If 
we consider o as a left module relative to left multiplication, we obtain 

Theorem 4. The o modules o — ao and o — bo (a, b ^ 0) are isomorphic if 
and only if the left modules o — oa and o — o& are isomorphic. For either of these 
conditions to hold it is necessary and sufficient that a and b be similar 

We note that ua , and hence uav , are similar to a if u and v are units. If o is 
commutative and m = ua = bv, up + bq = 1 ; then a = aup + abq = b(vp + aq) 
so that 6 is a factor of a. Similarly a is a factor of b. Hence, in this case, a and 
b are similar if and only if they diffei by units. 

Let a be an element 0 and not a unit. Then o > ao > 0. Since the 
chain conditions hold, the o-module o — ao has a composition series. Such a 
series corresponds to a chain of ideals o — a 0 o > aiO > a^o > * • * > a n o = ao 
such that. (a x o — ao) — (a x+1 o — ao), and hence a t o — a x+1 o, is ii reducible. If 
a x _ 1 = a t b l+ 1 , a 0 = 1, then a t o — a 1+ iO is isomorphic to o — & x +i o. Hence 
a = bjh '"b n where the 6 X are irreducible in the sense that they are neither 0 
nor units and they have no proper factors. Conversely if a = bJ)o - • * fe» , 6, 
irreducible, we obtain a composition series o — ao > b x o — ao > &i& 2 o — ao > 

> 0. Thus we may apply the Jordan-Holder theorem to obtain the following 

Theorem 5. Any element a^O and not a unit may be written asbi - • • b n ,6, 
irreducible. If a — c x ■ - • c m where the c 5 are irreducible then m = n and the 
b’s and the c’s may be paired into similar pairs. 

The number n of irreducible factors 5, in a = bi - • • 6„ will be called the 
length of a. It is also the length of a composition seiies for o — ao. Let b be a 
second element ^ 0 and not a unit and suppose first that (a, 6) = 1. Then 
a _1 [a, b] = b' is similar to b. Hence length V = length 6. Now let (a, b) = d, 
a = dai, b = dbi . Then (a 2 , b x ) = 1 and length [ai , b x ] == length a Y + 
length arVi , 6J = length a Y + length b x . Since [a, b] = d[a x , b x ], length [a, b] = 
length d + length a x + length b x and length [a, b] + length d = length a x + 
length bi + 2 length d = length ab we have 

Theorem 6. If a, b are ^0 and not units , then length [a, b] + length (a, 6) = 
length ab. 

A proper direct decomposition of o — ao is associated with a set of ideals 
a t o such that o > a t o > ao, a x o + * ■ • + a n o = o and a, o A (a^ + • • • + 
a x _i 0 + a x+ iO + • - • + a n o) — ao. Thus the elements a t are proper factois of a, 
the highest common left factor (a x , • - - , a n ) = 1 and the least common right 
multiple [a* , (ai , • - • , a x _i , a x+1 , • • • , a n )] = a. If a = a x 6 x , a t o — ao 
is o-isomorphic to o — b % o. The condition that a x o — ao be indecomposable is 
that no proper divisors b [ , b" of 6 X exist such that [b ' t , b"] = 6 X and (b [ , b") = 
or that no proper divisors a [ , a” of a exist such that [a[ , a”] = a, (a[ , a”) = a x . 
This of course affords an interpretation of the Kmll-Schmidt theorem. A 
more usual interpretation is obtained by making use of the following general 
lattice theoretic argument. 
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Let 2ft be a group relative to a set 12 of endomorphisms containing the innei 
automorphisms and suppose that 2ft = 2fti © - - • ® 2ft n , i.e. 

1ft - a»i + • - - + 2»„ , 

( 1 ) 

a». a mi + - • • + ift »-i + ift^x + • • - + iftn} = o. 

Set ft* = Dii + * * * + 2ft*-i + Sftx-i-i + - * • + 2ft n . Then by lepeated applica- 
tion of Dedekind’s distributive law we obtain ( s fti A * - • A 9b-i A 9b+a A * * 
A 9b») = 2)b . Hence 

0 = 9b A — A 9? n , 

( 2 ) 

9?. + (9b A ••• A 9b_i A 9b+i A * • - A 9b) = 9ft. 


Conversely, if we have a set of 9b satisfying these conditions, we may define 
2ft* = (9b A • • ■ A 9b_i A 9b+i A • • • A 9b) and obtain 9b = 9fti + • * ■ + 
2ft*_i + 9ft l+ i + * * - + 2)i n and 9ft = 2)b © - * • © 9ft n - Thus we have a complete 
dualism between the two types of decompositions. We note also that 2ft — 9b 
is O-isomorphic to 9)b - Hence we have the following dual of the Krull-Schmidt 
theorem: 

Theorem 7. Let 9ft be an P-gro up such that 12 includes all the inner auto- 
morphisms and both chain conditions hold. Suppose that 9b , - - - , 9i n and 
9ti , ■ * - , 91'n' are two sets of Q-subgroups ^9 ft satisfying (2) and such that 2ft — 9b , 
9ft — 9b are indecomposable. Then n ~ n' and there is an P-automorphism H in 
9ft and a suitable ordering of the 91* such that 9 b# = 91* . In particular , 9ft — 
9b and 9ft — 9b are Q-isomorphic. 

We return now to o and shall call an element a indecomposable if a is neither 
0 nor a unit and o — no is indecomposable. The latter condition holds if and 
only if there are no pioper factors a' and a " of a such that a = [a', a"] and 
(a 7 , a") = 1 . If a has such a decomposition and a = a'b " = a"b', a is a least 
common left multiple of V and b " and these elements have no common right 
factors other than units. It follows that o — ao is indecomposable if and only 
if o — oa is indecomposable. The dual of the Krull-Schmidt theorem implies 

Theorem 8. An clement a ^ 0 and not a unit may be written as [ci , - • • , c n ] 
where the c t are indecomposable and {c x , [c x , ■ * * , c t - x , c i+1 , * • • , c n ]) = 1. If we 
have a second decomposition a = [di , • - - , d m ] of this type, then n = m and the 
c’s and the d’s may be paired into similar pairs . 

Polynomial domains . Let o be the polynomial domain $[£, S]. If a = 
t m + r l_1 ai + • * - + a m , nt > 0, and d is any element of the domain then 
d = aq + r where deg r < deg a. Hence in each coset of a$[t, S] there is an 
element of degree < m. As is readily seen, this element is uniquely determined. 
It follows that any coset of a<t>[b £] may be written in one and only one way in 
the form + {t}& + * * - + {f w_1 }&n where [t k ] is the coset containing t k 
and fi € $. Thus if we regard the $[b £]-module <£[£, S] — a$[t, S] as a ^-module, 
we see that its dimensionality is the degree of a. 
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As a consequence of this we obtain the result that similar polynomials have 
the same degree. The degrees of the irreducible polynomials that occur in a 
factorization of any a are therefore invariants of a. Suppose that a is similar 
to b 7 say a — b] with ( u , 6) = 1. If [u, b] — ua = bv, let 

u = bqi + Hi , v = g# + v x 

where deg u x < deg b and deg v x < deg a . Then 

b(qi — q<z)a = bv x — u x a. 

Unless qi = qz the degree of the left hand side is ^ deg a + deg b while the degree 
of the right hand side is < deg a + deg 6. Hence q x — q 2 and bv x = u x a. The 
pair by u x have no common left factors other than units and v x , a have no common 
right factors other than units. Hence a = u x l [u x , b] where deg u x < deg 6. 
For example, if & = f — ft } £ in <£, then we may take u x — a in 3> and t — ft = 
a<T\t — ft) = [a, t — 0] Hence the elements similar to t — ft are right asso- 
ciates of polynomials of the form <r _1 (Z — ft) or t — <r~ l ft(r s . 

Now let 4> = R{i, j), the quaternion algebra over a real closed field: The 
elements of # are a 0 + ia x + ja 2 + ija 5 where % = f = —1 and ij = —ji. 
Assume S — 1. If a(t) = o 0 + ta x + fc h + • ■ - + t m a m , a t i n 4>, we define 
a(t) = «o + td x + f <22 + — + t m d m where ocq + ia x + ja 2 + ijotz = «o — — 

— ijaz - One readily verifies that 

(3) a(t) + b(t) = ^£) +b ( 0 , ^(06(0 = 

and 

(4) a(0 + a(J), a(t)a(t) = a(£)a(0 

have coefficients in 12. Thus a(t)a(t) may be factored into linear factors in 
/?(!)[£]. Hence the irreducible factors of a(t) in $[t] are linear and the only 
irreducible polynomials in $[f] are the linear ones. As in the commutative case 
we may use the identity 

t k - r k = (t- r)(^ _1 + t k ~ 2 r -1 b r* -1 ) 

to prove that the remainder obtained by dividing a(t) = ao + ta x + • - - + t m a m 
on the left by t — r is cio + ra x + - • • + r m a m . Hence t — r is an exact .divisor 
of a(t) if and only if r is a left hand root of a(t) in the sense that oq + ra x + 

+ r m a m = 0. Thus we have proved that every polynomial of degree >0 has 
a left hand root, and, in a similar fashion, we see that these polynomials have 
right hand roots (ao + #i r + • • • + a m r m = 0). In this sense $ is algebraically 
closed. 

Next let $ = R(i)y where % = — 1 and R is a real closed field. Suppose that 
S is the automorphism ao + ia i-» ao — ia x . If a(t) = ao + ta x + • - * + t m a m , 
a% in $,Jsjn $[£, S], we define a(t) = do — ta x + t% — < 3 a 3 + * • • (or, t = —t, 

• = a % tf). Then (3) is valid and a(t)a(t) = a{t)a(t) = a(t 2 ), a polynomial in 

t 2 with coefficients in R. We may factor 01 (f) into factors of the form t 2 — a 
where a e$; and these are irreducible in $[J, 5 ] unless a — bb, i.e. unless a is real 
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and non-negative. Hence any a(t) has linear or quadratic factors and our result 
gives a special form to which every irreducible pohmomial is s imila r. 

5 . Two-sided ideals. Any two-sided ideal 3 has the form ao = o a'. It 
follows that a — ua\ a' — av and a = uav, a' = ua'v. Since ua e 3 , ua — au r 
and a = au'v, u'v = 1 . Hence v is a unit. Similaily, u is a unit and ao = oa, 
a'o = oa', i.e. any right generator is a left generator and vice versa. We shall 
denote generators of two-sided ideals by a*, These elements are 

characterized by the property that given any x there is an x r (x) such that 
xa* = a*x' (a*x = xa*). This shows, of course, that the correspondence x — > 
x r (x — » x) is (1 — 1 ) and hence it is an automorphism in o. 

If 3 i and 32 are two-sided ideals, then so are 3 i + 3 s > 3 i A 32 and the product 
3 i 3 s , defined as the set of sums , y% in 3 t - 5 If 3 i = n**>, 32 = &*o, then 
3 i 3 s = (a*o)(b*o) = a*(ob*)o = a*(b* o)o = a* 6 *o. Evidently 3 i A 3 s ^ 
3 i 32 - Now suppose that 32 ^ 3 i ^ 0 ; then a* = b*c and if x c o, there is an 
x r and an x such that xa* = a*x' and xb* = b*x. Hence b*xc = xa* = a*x' = 
b*cx' and xc = ex'. Since x is arbitral, c = c* generates a two-sided ideal 
c*o such that a*o = (b*o)(c*o). Evidently c*o ^ a* o. 

Lemma 1 . If 3 i an d 32 are two-sided ideals p^O, the condition that 32 ^ 3 x 
is 3 i = 3'23 3 where Sz is a two-sided ideal containing 3 i- 

By a maximal two-sided ideal p * 0 we shall mean a two-sided ideal p^o which 
is contained in no two-sided ideal p*o and p*p*o. In a similar fashion we define 
a maximal right ideal po. Thus po is maximal if and only if p is irreducible. 

Now let piO be a maximal two-sided ideal containing a*o p* 0 , 0. Such ideals 
exist since o — a*o satisfies the chain conditions. We have a*o = (pio)(a*o) 
wheie a*o p* a*o since p*o p* 0. If afo = 0, a * 0 = p* 0. Otherwise a*o = 
(p*o)(a*o) where 0 ^ a* 0 > a* 0. Continuing this process we obtain the fol- 
lowing 

Lemma 2. Any two-sided ideal a* 0 p* 0, p* 0 may be factored as (p*o)(p*o) - * ■ 
(j>t 0) where the p * 0 are maximal (or unfactorable) two-sided ideals . 

Suppose that p*o is maximal and contains (or is a divisor of) (a*o)(fe*o). 
If p*o ^ a*o, p * 0 + a*o = 0, and hence 6*0 = 06*0 = (p*o + a*o)b*b = 

( p*o)(b*o ) + (a*o)(b*o) ^ p* 0. 

Lemma 3. If p*o is maximal and is a divisor of (a*o) (b* 0 ), then p* 0 is a divisor 
of either a*o or of 6*0. 

Let p*o and q*o be maximal two-sided ideals. If p * 0 = g*o, evidently 
(p*o)(q*o) = (q*o) (p*o). Now suppose p*o p* q* o. The ideal (p*o A q* 0) ^ 
p*o so that (p*o A g*o) = (j>*o)(qto). Now 3*0 ^ (p*o)(qto) and since q*o $ 
p*o, q*o ^ qt 0. Hence (j>*o)(q*o) 2; (p*o A q*o). Since the reverse inequality- 
holds, (p*o)(g*o) = (p*o A q*o). By symmetry we have 

5 In general if 21 and 33 are subrings of a ring, 2133 is defined as the set of elements So6, 
a in SI and b in 33. The following rules hold: 21(23 (5) = (2123) Qt, 21(23 -f* (5) = 2123 -i- 2KS, 
(23 + S)2l = 2321 + <52L 
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Lemma 4. If p* o, q*o are maximal two-sided ideals, then (p*o) (q*o) ~ 
(g*o)(p*o). 

These lemmas yield, as in the commutative case. 

Theorem 9. The two-sided ideals of o form a commutative multiplicative sysictn . 
Any two-sided ideal p^O, has one and only one factorization as a product of 
maximal two sided ideals. 

It follows from this theorem that if a*o = (pfc)* 1 • * * (pfoY where p * 0 is 
maximal and pf 0 p^ pf 0 if 1 p£ j, then any two-sided ideal containing a * 0 has the 
form ( p*o) fl ••• (p*o) f * with f t ^ e x . Hence if a*o = (pro)' 1 (p 7 o) e " , 

b * 0 = (pfo) /2 * - • (pf o) /s where e t ^ 0 and f t ^ 0, then a*o + £>* 0 = 
(pfo)* 1 * * * (pf o) A * where h t = min (e, , / t ), and a*o A 6*0 = (pfo) ffl - • • (pfo)° 4 
where = max ( e x , f t ). If a*o + b * 0 = 0, a* 0 A 6*0 = (a*o)(6*o). Thus 
a necessary and sufficient condition that a*o = (p*o) c , p* 0 maximal, is that it be 
impossible to write a*o = (6*0 A c*o) wheie 6*0, c*o are proper divisors such 
that 6*0 + c * 0 = 0. 

Two-sided ideal in $[2, s]. Let a* = t n + 2 n-1 ai + - * * + ^ 0, 

generate a two-sided ideal in $[£, 5]. Then since t n ~ k generates a two-sided 
ideal, this is true also for t k + t k ~ l ai + • - • + . Hence we mav suppose that 

J: = n and a n 5^ 0. If J is any element in <t>, theie is a £' in <t>f£, S] such that 

£(t n + t n Y oti + — + a n ) = (t n + t n *ai + ' - * + a n )£' - 

Hence deg £' = 0, or £' is in $. Then £' = - If n 5* 0, f 6 * 8 " = £' so that 

£ s " = ci?£a n - Thus we see that if no power of S other than S° = 1 is an inner 
automoiphism, the only elements a* are t k a and the two-sided ideals are t k 0 = 
ot k , fc = 0, 1, 2, • - - . 

Now suppose that S r e $, r > 0, where $ is the group of inner automorphisms 
of 4>, and let S r be the least positive power having this property. Accordingly let 
£ r = *£m for all £ . Then if S n e j?, n is a multiple of r. If a* = t n + /"-ft + 

f 3 ft + * - * + ft , ft 7* 0, n > n 2 > - • - and £a* = a*£' w T here, of necessity, 

£' = ft^ft , then S n , £“*,-•• are inner. Hence a* = T r + t (m ~ 1)r yi + 
**• + 7m, 7« ^ 0 and 7»£' = for all £. Since ta * = a*/', 

t' = / and hence 7? = 7* . Conversely, the conditions 

/ r\ *-/ — (m— t)w ( 171 l) 8 

(5) 7*f = M 7» j 7. = 7» 

imply that xa* = a*#' for x = £ in $ and x = t. It follows that this holds for 
all a; in 4>[Z, 5]. The general form of a generator of a two-sided ideal is therefore 
t k a*y where a* is as indicated. 

6. Bounded ideals. A right ideal ao will be called bounded if it contains a 

two-sided ideal p^0. The join of all two-sided ideals contained in ao is then a 
two-sided ideal called the bound 3 = a*o = oa* of ao. If z c 3> xz e ao for any 
rc in 0 and hence z e the ideal of annihilators of the difference module 0 — ao. 

Hence if ao is bounded, £$' 9^ 0. Conversely if 3' ^ 0, 13' ^ ao, and ao is 
bounded with bound 3 ^ 3 ; - Thus 3 = 3'* This characterization of the 
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bound implies that if a and b are similar and ao is bounded, then bo is bounded 
and they have the same bounds. In paiticular if ao = a*o is a two-sided ideal, 
then ao = bo . 

A second characterization of boundedness and bounds is obtained a's follows: 
Let & be an element similai to some right factor of a and let 3' = Abo be the 
intersection of all bo of this type. Suppose that 3' ^0. If x is anv element 
of o, let (:r, a) = c, x = ex x , a = ea x so that (x x ,a x ) = 1. Let m x = [j:i , aj = 
x x a 2 = «i ^2 - Then a 2 is similar to the right divisor a x of a. Hence if d e 3', 
d = aod' and :rd — ex x a 2 d' = ea L x 2 d' = ar^d' € ao. This imphes that ao is bounded 
with bound 3 = S'- On the other hand, let ao be bounded with bound 3- 
Then if b is similar to a right factor of a, o — bo is o-i^omorphic to a submodule 
of o — ao and hence if d e3> d = Id e bo. Since bo is arbitrary, d e Abo = 3' 
and so 3 Hence 3 = 3'- 

Theorem 10. The following conditions are equivalent : 1) ao is bounded; 
2) there exist elements z ^ 0 such that xz e aofor all x; 3), Abo, the intersection of all 
bo where b is similar to a right factor of a, is ^0. If these conditions hold , the 
bound of ao is the set of elements z satisfying 2), or, the set Abo of 3). 

Corollary. If a and b are similar and ao is bounded , then bo is bounded and 
has the same bound as ao. 

Similar definitions hold for left ideals. Now if ao ^ a*o, consider oa and let 
oa + oa* = od. Then d = ka -f- la*. Since a* = aa x , we have da x = kaa x + 
la*a x = kaa x + la[a* = (ka + la[a)a x . Hence d = ua where u = k + la[ . 
Then od ^ oa and oa* = a*o g oa. Thus oa is bounded and its bound is the 
same as that of ao. 

Theorem 11. If ao is bounded with bound a*o = oa*, then oa is bounded and 
has the bound a*o. 

If ao and bo are bounded with bounds a*o and b*o respectively, then a*o A b*o 
is a two-sided ideal ^0. Hence ao A bo is bounded and evidently its bound is 
a* o A b*o. It follows also from the definition of the bound that if bo S ao, 
say a = be, and ao is bounded with bound a*o, then bo is bounded with bound 
b* o ^ a*o. Similarly oe, and hence co, is bounded with bound containing a*o. 
If we combine these two facts, we see that if ao — bedo is bounded, then eo is 
bounded and its bound contains a*o. 

Theorem 12. If ao — bedo is bounded with bound a* o, then co is bounded and 
has the bound c*o containing a* o. 

Now let p be irreducible. Then po is a maximal right ideal. Suppose that 
po S (a*o)(b*o). If po a*o, then po + a*o = o and hence b*o = (po)(b*o) + 
(a*o)(b*o) ^ po. If po is bounded, it follows that its bound p*o is a maximal 
two-sided ideal. 

Now let q be indecomposable and let go be bounded with bound g*o. Suppose 
that g*o = gfo A g*o, gfo + g?o == o. Set giO = g?o + go, g 2 o = qto + go. 
Then giO + g 2 o = o and gfog*o = g*ogfo = g*o. If x e qto + go, x(qto) ^ go 
and if x c g* o + go also, x(qto) ^ go. Hence xo ^ go and x e go. Thus giO A 
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g 2 0 = go. By the indecomposability of go we have either giO = go or g 2 o = go. 
Accordingly go ^ g*o or go S g* o. Since g*o is the bound of go, either gfo — 
g*o or g 2 o = g* o. It follows that g*o cannot be factored as a product of proper 
two-sided factors which are relatively prime, i.e g*o is a power of a maximal 
two-sided ideal. 

Theorem 13. If p is irreducible and po is bounded , then its bound p*o is a 
maximal two-sided ideal. If q is indecomposable and go is bounded , then its 
bound g*o is a power of a maximal two-sided ideal. 

An element a is a total divisor of b ^ 0 if there is a two-sided ideal 3? such that 
ao ^ $ = bo. Thus ao is bounded with bound a * o containing bo. Since we 
have seen that oa ^ a * o and since oa* = a * o ^ ob is evident, we also have the 
result that oa ^ oa* ^ ob. An equivalent condition that is more symmetric 
is due to Teichmuller, namely, (ao A oa) ^ obo. For if (ao A oa) ^ obo, 
ao contains the two-sided ideal obo which contains bo. Conversely if ao ^ 
a*o ^ bo, a*o ^ obo and ao obo. Similarly, oa ^ obo and so (ao A oa) ^ obo. 
The notion of total divisibility is a similarity invariant as is seen in the following 
theorem. 

Theorem 14. If a is a total divisor of b, and a r is similar to a and b r is similar 
to b, then a' is a total divisor of b'. 

We have seen that if ao is bounded and a' is similar to a, then a'o is bounded 
and has the same bound a*o as ao. Hence if a is a total divisor of b, then a' 
is a total divisor of b also. Now suppose that b' = m _ 1 [m, b] where (m, b) = 1. 
Then uo + bo — o, and if ao ^ a*o ^ bo, then uo + a*o = o. Thus m _ 1 [m, a*] 
is similar to a* and since a*o is a two-sided ideal, m _1 [m, a*]o = a*o and oa* = 
[m, a*]. Since (mo A a*o) ^ (mo A bo), we may write Mb' = [m, b] = [m, a*]c = 
ua*c. Hence b' = a*c and a*o b'o so that a is a total divisor of V. It follows 
that a' also is a total divisor of b'. 

Bounded elements of 3>[Z, S]. Let T be the center of 4> and suppose that (<t>:r) = 
m( < oo ) and that a power of S not S° is inner. Let S r be the smallest positive 
power having this property, where ^ for all £. Then S induces an 

automorphism in T and S' = 1 in I*. If S* is the smallest positive power of 
the induced automorphism which is the identity then t = r. For, as we shall 
prove later (Chapter 5, 9), if S l leaves the elements of T invariant, then S* 
is inner. Hence t ^ r and since t ^ r is evident, t — r. If r 0 is the subfield of 
elements invariant under S, then from the Galois theory of fields, (r:r 0 ) = r. 6 
Hence ($:r 0 ) = mr. 

Since S and S r commute and ^ (m 5 ) _1 £m 5 = yT l £p. Hence 

p s = 5p where 8 eT. It follows that 88 s • - - d 8 * 1 = 1. Then, as we show in 
9, 8 = rj( V s ) 1 where tj eT. By replacing p by tip and changing the notation, 
we may suppose that p s = p. 

Now suppose that a* = t mr y 0 + t (m ~ 1)r yi + - - - + y m , where y m = 1, gener- 
ates a two-sided ideal. This may be written as m w 6 0 + + • • • + 8 m , 


6 See Chapter 4, 19. 
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8 m = 1 where u = fp 1 , u = f T p 2 , • * - . The conditions on a* are that 
8 t e To , and the general form of an element that generates a two-sided ideal is 

f (u m do + u m -f~ — + $m)y, 8% in To - 

If a(t) is a polynomial of degree h let 

u = a(t)qi(t) + r t (i ), i = 0, 1, • - • , mrh , 

where deg r*(t) < h. Since the polynomials of degree < h form a space of 
dimensionality mrh = N over V Q , there exist elements S 0 , 8 ± , • • • , 8 N in T 0 
such that 2r t (i)8i = 0. Hence 2u l 8i = a*(t) = a(t)q(t) where q(l) = 2fyi(t)8i , 
and a(£)$fo 5] ^ a* (£)$[£, S]. 

Theorem 15. If $ Aas finite dimensionality over its center and jST, 0 < r < «> , 
is inner, then every ideal in 3>[2, S] is bounded . 


7. Matrices with elements in a. K U and V *o n the ring ofnXn matrices 
with elements in o and UV = 1, then VU = 1 also. This is an immediate 
consequence of the fact that o may be embedded in a division ring. Thus U is 
a unit in o n . If A and B are any two n X r matrices (n rows, r columns) with 
elements in o and B = TJAV where U and V are units in o» and o r respectively, 
then A and B are associates . We shall consider in this section the problem of 
selecting a canonical form among the associates of a given matrix. This will be 
applied in the next section to obtain the structure of an arbitrary o-module. 

Let a and b be elements ^0 in o and ao + bo = do, (ao A bo) = mo. Then 
there are elements p, q, r, s such that ap + bq = d, or + bs = 0 where m = or = 
~~bs 0 and or + os = o. If a = da x , b = dbi and c x , di are elements such that 
C\r + dis — 1, we set u = c x p + diq and we may verify that 


/ ai hi \/p 

\Ci — vat d x — vthj \q 

Hence the matrix ( ^ r ) is a unit in o* and 

V? */ 




7 - 



is a unit in Or . If A has the * 4 h row (ci , — , c<_ i , o, c^i 
6 , c/41 , • • • , Cr), then the i-th row of AV is (c x , - • • , c»_i , d, e, + i , 
Cj+i A similar result holds for the columns of A. 


5 > 

J 
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We note next that the following “elementary” transformations may be 
performed by multiplying A on the left and on the right by units: 

I. Adding to the 2-th column the j-th column multiplied by q on the right 
(i j). This is done by multiplying A on the right by (1 + e 3t q). To add to 
the i-th row the j-th row multiplied on the left by q, form (1 + e xj q)A. 

II. Interchanging the 2-th and the j-th columns (rows): Form A(1 + e % , + 

€ji 6i% &jj) (or (1 -f~ G xy "{* Gji G\% C/j)A). 

III. Multiplying the 2-th column (row) on the right (left) by a unit u: Form 
A(1 + (u — l)e„) (or (1 + ( u -l)e lt )A). 

If A 9 * 0, let a pq 5^ 0 be an element of A whose length is least for the non-zero 
elements of A. By performing operations of type II, we obtain an associate 
B = (b tJ ) for which bn ^ 0 has the smallest length. If bn is not a left factor of 
one of the b u , a suitable associate BU has in place of b n the element d 9 ^ 0 
whose length is less than that of bn . Similarly, if bn is not a right factor of 
every b,i , bn may be replaced by an element of smaller length. After a finite 
number of these replacements, we obtain an associate C of A for which the 
element c u is 9^0 and is a left factor of every c lx and a right factor of every c iX . 
If cu = c n q x , we multiply successively the first column on the right by —q t 
and add to the 2nd, 3rd, * • - , r-th columns. This leaves the first column 
unaltered and replaces c u , i > 1, by 0. If we use a similar procedure on the 
rows, we obtain an associate D of A such that 


( d x 0 0 

0 dm — d^ 

0 dn2 d nr 


di 9^ 0 . 


The same process applied to the matrix (d t j) and repeated to submatrices shows 
that A has an associate in diagonal form {d Xl - • - , d 9 , 0, - - - , 0}, d % 9 ^ 0. 

We wish to show that we may suppose that each d % is a total divisor of d 3 for 
j > i If d % is a left factor of bd y for every b, d, 0 ^ od ;0 and, as we have seen, 
d t is a total divisor of d 3 . Now suppose that there is a b ^ 0 such that d x is not 
a left factor of bd 2 - Add the second row multiplied on the left by b to the first. 
The comer of the resulting matrix is 



This has an associate 



where d'n is a highest common left factor of d. x and bd$ and hence has length less 
than that of d x . This matrix may be diagonalized to a form in which the 
element in the (1, 1) position has smaller length than d x . Repeated applica- 
tions of this process will yield an associate {e x , - • - , e 8 , 0, • * • , 0} of A in which 
each Ci is a left factor of every be 3 with j > i. Hence 
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Theorem 16. Any rectangular matrix with elements in o has an associate 
{ei , • * • , e, , 0, • ■ • , 0} in diagonal form where each e»- is a total divisor of e? , 
3 > %. 

We may replace by u t e&i , Ui and Vi units, and obtain another diagonal 
matrix having the same properties as {*i , • - • , e a , 0, - - - , 0}. If o is a division 
ring, we may, therefore, suppose that e % = 1. Hence we have the 

Corollary. If o is a division ring , any rectangular matrix with dements in o 
has an associate of the form { 1, ,1,0, ,0}. 

We consider next the special case where o is commutative. Let hi denote the 
highest common factor of the i-rowed minors of A. Since the columns of any 
AV are linear combinations of those of A, h x is a divisor of the i-rowed minors 
of AV. Similarly hi is a factor of the i-rowed minors of any matrix UA. Hence 
if U and V are units, h x is a highest common factor of the i-rowed minors of XJAV. 
Now if U and V are chosen so that UAV = {e ± , • - • , e s , 0, • - • , 0} where e,- 
is a factor of e 5 for j > i, it is evident that hi = e± • * * e t - and so e* = Khjh . 
This enables us to compute directly the normal form {ei , • - • , e 9 , 0, • • • , 0} 
of A. It shows also that the are uniquely determined except for unit multi- 
pliers. In 11 we shall show that in the general case, the are determined in 
the sense of similarity by the matrix A. 

8. The structure of finitely generated o-modules. We have seen that any 
finitely generated o-module has the form % — 5ft where g is a free module with 
the basis x x , ••• , x n and 91 is a submodule. We consider first the structure of 5ft 
in the following 

Theorem 17. If o is a principal ideal ring and % is a free o-module, then any 
submodule 5ft o/ gr is free. The number of elements in a basis for 91 is ^ that for gp. 

Let 5ft be a submodule of gp and suppose that it is a submodule of (a* , • * • , x n ), 

- - • , of , - - - , Xn) but not of (x ni + 1 , • - * , x n ) where in general (y x , - • * , y r ) 
denotes the o-module generated by the yi . The multipliers of x ni of the ele- 
ments y in 5ft form a fight ideal 6 ni o j* 0. Thus there is an element y x = x ni b ni + 
^ Xjbj in 5ft and if z = x ni d ni + 'ZXjdj is any element in 5ft, we have d ni = b ni k. 

Hence z — yjc e (x„ 1+ i , - * • , x n ). Consider next the o-module 9ii = 91 A 
(x„ 1+1 , • • • , x n ). Treating it in a similar fashion, we obtain an n* > n x such 
that 91i g (x f , • - • , x n ) for j g but 91i $ (x», +1 , • • * , a;*). Hence there is 
a yt — XnJ>n t + 22 xfif such that for each z in 91i there is a k in o such that 

J >»* 

z — y Jo e (^nj+i , • • - , x n ). If we continue this process, we obtain r ^ n ele- 
ments yi, — , y r in 5ft where y* = x ni b ni + ]£ , b ni ^ 0, n± < v* < • * - , 

/>»« 

such that each z in 91 has the form 'Lyda ■ This expression is unique, as is evi- 
dent from the form of the y’s. 

Next we may replace the basis Xi of by x t = Sx,«,- X - where («) is a unit in 
o, . Likewise the elements yt =' may be replaced by elements yt = 

2yi»nt » (») a unit in o r . Then we obtain yt = Sx,ea where (e) = (u) -1 (&)(») 
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is an associate of (6). It follows from Theorem 16 that, for a suitable choice of 
the x and the y, we have y* = x*e* , where e k 0 if k = 1, • • • , s, e h = 0 if 
k > s and each e k is a total divisor of ei for l > k. We return to the original 
notation and write x and y in place of x and y. 

Consider now the difference module § — 9?. It is generated by the cosets 
{x,*} containing x,* , If {xxjci + • • • + {x n )c n = 0, x&x + - • • + and 

nence cy c c,*o if j = !,*••,$ and c, = 0 if j > s. Since XyCy e fft for j ^ s, 
5 — % is a direct sunn of the cyclic modules {x*}. The cyclic modules 
}xi}, - • • , {x.} are finite and {x,+i}, * • - , {x n } are infinite. The i-th of these 
(j 2* a) is isomorphic to (o — e,-o) and if «y is a unit, we may delete the corre- 
sponding {x/} . K fli , • ■ • , «i are any elements in o, there exist fc* such that 
ajci = ej> and if A; is a common multiple of the k t , then ajc = e^Ci . Hence 
({xi}«i + • • • + {x g }a a )k = 0. It follows that the module $ — 9i of cosets 
{xi}ai + ■ • • + {x a }a, may be characterized a$ the totality of elements of 
g ~ 5ft that have finite order. The difference module (5 — 91) — OP — 91) 
is a free module of dimensionality n — s. Evidently this number is an invariant 
of § — 91. If we make use of the fact that any finitely generated o-module is 
o-isomorphic to an SS — 91, we obtain the following theorems. 

Theorem 18. Any finitely generated o-module is a direct sum of its submodule 
of elements of finite order and of a free o-module . 

Theorem 19. Any finitely generated o-module is a direct sum of cyclic o- 
modules . The orders e t o 7 * 0 may be chosen so that e x is a total divisor of e,- if 

5 > t. 7 

For the further study of finitely generated o-modules we shall restrict ourselves 
to modules having only elements of finite order. Thus s = n in the above 
notation. As a consequence of Theorem 19, an indecomposable o-module is 
cyclic with order q t o, g,- indecomposable. Any module is a direct sum of modules 
of the form o — q x o. By the Kruff-Schmidt theorem the q t are determined in 
the sense of similarity. We shall call these elements elementary divisors of the 
module. 

9. Bounded indecomposable elements. We have seen that if o — qo is 
indecomposable and go is bounded, its bound g*o is a power (p*o) 0 of a maximal 
two-sided ideal (p* o). If g = Pi * - - P/ is a factorization of g into irreducible 
elements p x , the ideals p x o are bounded and have bounds containing g*o. Since 
PiO is maximal, its bound is a maximal two-sided ideal. Hence this bound is 
p*o. Now let pi , - - - , p f be arbitrary irreducible elements having the pro- 
perty that the bound of p t o is p* o. Suppose that p x +i - - • p f o ^ (p* o) f ~ % . 
Then p«p»+i - p f o ^ Pi(p*o) f ~* = (p*o)(p*o) /- ‘ ^ (p*o)(p*o) / ~* = (p*o) /_ * +1 . 
Thus we have proved that pi • • • p f o is bounded with bound (p*o) e , eg/. 
Evidently this implies that the bound of pi - - - p k o A p k +i * - • P/0 is (p*o)* 
with e g min (k,f — k). 

We now form a direct sum 91* of h cyclic modules each o-isomorphic to o — go, 

7 The ordinary theory of finitely generated commutative groups is obtained from Theo- 
rems 18 and 19 by specializing o to be the ring of rational integers. 
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g = pi • * * Pf indecomposable, and we suppose that this module is cyclic. Then 
ffik is o-isomorphic to o — q h o. The bound of q h o is (p*o) B and the length of q h 
is fh. Thus fh ^ ek if A is the length of p*. Now consider 9h +1 , a direct sum 
of h + 1 cyclic modules isomorphic to o — go. We assert that either Sflk+i is 
cyclic or g*o = (p* o) e . For, if 91 a+i is not cyclic, it is a direct sum of s > 1 
cyclic modules whose orders are e x o, where e z is a total divisor of e, if j > i. 
By the Krull-Schmidt theorem the indecomposable parts of e* are similar to g 
and hence the length of e x ^ length of q and the bound of eiO is (p*o) e . Then the 
length of C 2 ^ ek ^ fh the length of q h . Since 

length q h + length q ^ length e x 4- length e« , 

we see that length e 2 = length qh — length (p*) c . Hence g*o = (p*o) e . If 
is cyclic, we form s 3?a+ 2 and repeat the process. Since the lengths of q h , 
qh+i , — form an increasing sequence bounded by the length of (p*) B , we obtain 
an integer A' such that is cyclic but is not. Then q^o = (p* o) e and 
o — (p*o) e is decomposable as a direct sum of A' modules isomorphic to o — go. 
This proves the important 

Theorem 20. If o — go is indecomposable and go is bounded with bound 
(p*o) e , p*o maximal, then o — (p* o) e is decomposable into a direct sum of k' modules 
o -isomorphic to o — go. A necessary and sufficient condition that the indecompos- 
able modules o — go and o — ro, with go and ro bounded , be o-isomorphic is that 
they haue the same bounds. 

Corollary. If pio ^ p*o, p 20 ^ p*o loAere ZAc p, are irreducible, then pi and 
p 2 are similar. 

For p t o has the bound p*o and o — p.o is indecomposable. In particular the 
factors p* of g are all similar. 

Let p* o be an arbitrary maximal two-sided ideal 5 ^ 0 , 0 and po ^ 0 a maximal 
right ideal containing p* 0. If Pi , • * * , Ph are similar to p, it follows as above 
that pi • • • PhO has the bound (p*o) A ’ with h! ^ h. Suppose that we have 
already determined elements Pi , * * * , Ph such that pi - * • p h 0 has the bound 
(p*o) A . Then there exists an element ph+i such that the bound of pi - • • Ph+iO 
is (p*o) A+1 . For otherwise, for every p r similar to p we have that pi * * • php'o 
(p*o) A . Since the intersection Ap'o = p* 0 , Ap x * - - Pap'o = p x - - - ph(p* o) 
and it contains (p*o) A . It follows that pi - - * p*o ^ (p*o) A_1 contrary to the 
choice of pi , • • * , Pa . Thus for every integer e there exist p* , i = 1, - - • , e, 
such that the bound of pi * * • p«o is (p*o) B . Then pi • - ■ p c o is indecomposable 
since otherwise its bound would be (p* 0 )^ with e' < c. By the preceding 
theorem we obtain 

Theorem 21. JGet q = Pi — p« where pi is irreducible and PiO has the bound 
p*o. Then a necessary and sufficient condition that q be indecomposable is that 
the bound of go be (p%) e . 

A comparison of lengths shows that A', the number of indecomposable com- 
ponents in a direct decomposition of 0 — (p*o) e , is the same as A, the length of p*. 
We shall call this number the capacity of p*o. Our criterion for indecomposa- 
bility has a number of important consequences which we now note. 



46 


NON-COMMUTATIVE PRINCIPAL IDEAL DOMAINS 


Theorem 22. If q = rst is indecomposable and go is bounded then s is inde- 
composable, i.e. any submodule and any difference module of an indecomposable 
o — go, with go bounded , is indecomposable. 

Suppose that r = pi • • * Pk , $ = Pk+i • * • Pi , t = pi+i • • * p e where the 
are irreducible. Let p * o be the bound of p x o. Then the bound of go is (p* o) e . 
If so is decomposable, (so) ^ (p*o) We have seen that £o ^ (p*o)*~ l 
and so sto g sfr^o)*" 1 = («o)(p*o)*” z ^ (p*©)* - *" 1 . Similarly, rsto S (p 51 ^)*" 1 
contrary to the fact that (p*o) 6 is the bound of rsto. 

Theorem 23. If giO, g 20 ^ go, a bounded ideal , and q ts indecomposable, then 
either gip ^ g 20 or g 2 o ^ giO. 

If giO A g 20 = g 30 , g 30 ^ go and hence g 3 is indecomposable. If the bound of 
g t o is (p*o) c ‘ , i = 1, 2, that of g 3 o is (p*o) ea , e z = max (e x , e 2 ). Hence the length 
of g 3 = maximum length of (g x , g 2 ), say = length of g x . Then g 3 o = g x o S g 20 . 

This theorem readily implies the following 

Theorem 24. If q is indecomposable and go is bounded, then o — go has only 
one composition series. 

Now let bo be any bounded ideal with bound of the form (p*o) e , p* o maximal. 
Suppose that b = [g x , - • • , gx] is a direct decomposition of b into indecomposable 
elements where the bound of g»o is (p*o) ei and e% ^ ^ §£ 1. Evidently 

e = e x . We assert that A S k, the capacity of p*o. For suppose that X > k. 
If g ;0 ^ g,o, [q[ , g£ , - • -] is a direct decomposition of this element since we 
clearly have g*o + (g x o A ••• A q'i-i o A g»-+iO A •••) = o. We choose the 
divisors g’o of g,-o to have the length e k for i = 1, - • - , k and form 
g A = fei , * * * j g*L orgio A • - • A q [ o — g'o. Since g'o ^ (p*o) ek and the latter 
is decomposable into k indecomposable ideals of length e k , we have g'o = 
(p*o) e * . Thus (p*o) ek ^ (g x o A • * • A g*o). On the other hand, qt+iO, - - - , gxo 
all contain (p*o) ek and this contradicts (g x o A • • • A g*o) + gjt+iO = o. 

Theorem 25. If bo has the bound (p*o) e , p*o maximal with capacity k, then a 
direct decomposition of b has at most k terms. 

Applications of the polynomial case. Suppose that o = $[t], i.e. S = 1. The 
two-sided ideals of this domain are generated by polynomials whose coefficients 
are in the center T of 4>. Let p be an element of which is algebraic over T in 
the sense that it is a root of a polynomial a(t) in T[t]. Then a(t) is divisible by 
t — p. If a(t) has least degree for polynomials in r[£] having the root p, a(t) 
is irreducible in T[t]. Hence if a is a second element in such that a{p) = 0, 
the corollary to Theorem 20 implies that t — p and t — <r are similar and so 
<r = Since our hypothesis that p and a satisfy the saipe irreducible equa- 

tion is equivalent to the assumption that £(p) — » £(<r), f(l) in T[fl, is an iso- 
morphism between T(p) and r(<r) over T, 8 we have proved 

Theorem 26. Let $ be a division ring with center T and lei T(p) and V (<r) be 
isomorphic subfields of which are algebraic over T. Then any isomorphism be- 
tween T(p) and r(<r) over T may be extended to an inner automorphism in $. 

8 i.e. an isomorphism leaving the elements of r invariant. 
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We consider next $[t, 5] where = 1 for r > 0, and no smaller power of S 
is an inner automorphism. If we use the form, determined on p. 38, of the 
elements which generate two-sided ideals, we see that £ — y generates a maximal 
two-sided ideal if 7 is any element ^0 in the center T and y s = y. A necessary 
and sufficient condition that £ — 7 be divisible by t — p is that 7 — N(p) = 
pp s — p S • For, since 7 commutes with p, 7 = pp s — p ST 1 implies that 
7 = p 8 • * • p ST p = N(p s ) and conversely. Since 

(£ - 7 ) ~ 0 - p)^ 1 + ry'- 1 + — + p 5 p^' 1 ) + - 7 ) 

= (r 1 + r 2 /; 1 + — + - - p^ 1 )® - P ) + (W) - Y ), 

our assertion is evident. Since £ — y generates a maximal ideal, any two irre- 
ducible factors of £ — 7 are similar. Moreover, t — p and t — <r are similar 
if and only if <r = P^pff. Hence we have 

Theorem 27. Lei $> be a division ring and S an automorphism in 4> such that 
S’* = 1 , 0 < r < 00, and no smaller power of S is inner . If y ism the center of 

7 5 = 7 and p and <r are elements of s^cA that N(p) = 7 — iV'fo*), ZAen there 
exists an element fi in $ such that a = fT x pff. 

Corollary. A necessary and sufficient condition that N( a) = 1 is that 

We remark that the conditions on 5 amount to the statement that S generates 
a finite group © of outer automorphisms, i.e. all the automorphisms 5^1 in © 
are outer. Now suppose again that y eT,y s = y and let r = rir 2 . Let y ri = 
N(p ), p in <£. Then £ — y n = (f* — y)q(t) is divisible by t — p. Since the 
irreducible factors of £ — 7 ri are all similar, f 2 — 7 is divisible on the left by a 
suitable t — a. Since 

i r * — 7 — (t — &)(£* 1 "h • * • -h 0 s • • • a 8 * 1 *) ~h (<rtr s 1 — 7), 

7 = Since 7 c F, we have 7 = <r 5 - - - <r sri "V and since 7* = 7, 

7 — <r 5 • • • <r sr2 ’~ 1 o rfr *. Thus 0^* = 0. 

Theorem 28 . Suppose that <£, £ and 7 are as in the preceding theorem . // 
r = rir 2 and 7 ri is £Ae norm 0 / an element in 4>, then 7 = av 5 • • toAors 

= 0. 

10. Bounded o-modules. An o-module 99? is bounded if there exist elements 
6 5 ^ 0 in 0 such that xb = 0 for all x in 90?. The totality of these b*s is then a 
two-sided ideal ® 5 ^ 0 which we call the bound of 99?. This is in agreement with 
the previous definitions given in the cyclic case. It is readily seen that a neces- 
sary and sufficient condition that 99? be bounded is that the orders of any set of 
generators yi be bounded right ideals. The bound of the order of any x in 9D? 
is a divisor of SB. 

If Qi > * ‘ * , Qu are the elementary divisors of 99?, we have seen that these 
elements are determined up to similarity by 99?. On the other hand, any two 
indecomposable elements q are similar if and only if they have the same bounds. 
Hence we have the following fundamental 
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Theorem 29. The bounds of the elementary divisors of a bounded o-module are 
invariant: They are independent of the particular decomposition. 

Let 33 = (pf o) /l • • • (p* o) fr be a factorization of the bound of 2)1 into distinct 
maximal ideals p*o. Set 3$, = 35(pfo) _/ * and 2 )1 (,) = 9)133, the subset of finite 
sums of elements xb, ,5, in 33, . Since 33.- is a right ideal, 2)1 ( ‘ ) is a submodule 
and since Si + • - • + 33, = o, 2)1 = + • • • + 2)l Cr> . The elements of 

satisfy the equation x t (p?o) f ' = 0 so that the bound of is (p*o) / * 
with/, g . It follows that 2K (,) A (9R (1) + - • • + 2» (,_1) + 2K (,+1) + • • ■ + 
2R (T> ) — 0 and hence 39? = 2J1 U) © - - • © 9J1 W . Moreover, since 
xp* f ' x • • • pV' T = 0 for any x, we must have/ = /, . Suppose that y is an ele- 
ment of 9 )1 satisfying the equation y(p*o) k = 0 for some k. Then if we write 
y — yi + ■ - • + Vr , y, in 9)1 (,) , we have yfp*of — 0 and since (p* o) k + 
(pfo) / ‘ = o, y, = 0 if i 9 ^ j. Thus 2)1 0) may be characterized as the totality 
of elements y, such that y } (p* o)* = 0 for some k. We note also that if 21 is any 
submodule of 911, then 91 = 91 n) © • • • © 91 Cr) where 91 (,) = 2J1 (,) A 91. 

We now restrict our attention to the case r = 1, or 33 = (p* o/. In this case 
let 9)1 = 9 Uf © • • • © 9 Jl» be a decomposition of 9)1 into indecomposable o- 
modules, and let (p*o)'* be the bound of the cyclic module 9)1. where 
ei g: - • - 2: e„ . Evidently e x = /. 

Consider first an indecomposable o-module 91 with bound (p*o)'. If a; is a 
generator of 91 and qo is its order, q — Pi • • - p# , P. irreducible, then 
xpi - - • p a -i = y is 7*0 and y(j>*6) = 0. Thus the submodule 91o of elements 
y B such that y B (p*o) = 0 is ?^0. Since 91o ^ 91, it is indecomposable and since 
its bound is p*o, 91o is irreducible. We note also that the submodule 91(p*o) J 
is indecomposable and its elementary divisor has the length max (0, g — j). 

In the general case where 9)1 = 2)li © - • • © 9)1„ , if y(p* o) = 0 and y = yi + 

• * • + y u , Vi in 9)1. , then y,(p*o) = 0. Hence u may be characterized as the 
length of the submodule 9Ko of elements yo such that po(p*o) = 0. We have also 
2)l(p*o/ = 9Ri(p*o)f © • - • © 9R„(p*o) : ’ and hence the number S(j, 9)1) of bounds 
(p* o)*’ with exponents c,- > j is the length of the intersection 9)l(p*o) J A 9)lo . 

If 91 is a submodule of 9)1, 91(p*o) J ^ 9)l(p*o/ and hence 91(p*o) J A 91# = 
91(p*o) J A 9)lo ^ 9 Jl(p*oy A 9)lo . It follows that S(j, 91) ^ S(j, 9)1) and there- 
fore if (p*o) 81 , (p*o )'* , - • • are the bounds of the elementary divisors of 91 and 
5i 2 j! g • • • , then we have e,- ^ <7, . If we apply this and the decomposition 
9)1 = 9)1 (1) © • • • © 9)l (r) noted above to the case where 9)1 is cyclic, we obtain 
the “necessity” part of the following 

Theorem 30. Suppose that a = [? u , * • • , ffi®, ?.»,] is a direct de- 

composition of a into indecomposable elements q„ where the bound of q„o is (pf o)'*’ 
and e A ^ ea ^ • • • . Similarly , let b = [«u , • - • , Si ui «r» r ] where the 

bound of s„ o is (pfo) 8 * 1 and <7,1 5; gr, 2 ^ - 2: 0. Then a necessary and sufficient 

condition that b be similar to a factor of a is that e„- 2 g v . 

To prove the sufficiency we observe that there exists a divisor q\, of q„- with 
bound (pio)®*’ . For, we obtain such an element by taking the product erf the 
first g,j irreducible factors of q <,- . It follows that o' = [ju , - * - , 9i«i ; * - • ; 
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* * • , q' r u r ] is a factor of a. Since, by Theorems 20 and 21, q xj is similar to s l3 , 
a' is similar to 6. 

11. The invariant factors. Let 3D? = 3D?i © — © 3D?, be a decomposition 
of the finite o-module 3D? as a direct sum of modules o-isomorphic to o — e t -o 
where e t is a total divisor of e 3 , j > i. We wish to show that the e* are invariants 
in the sense of similarity. 

Suppose first that 3D? is bounded. We obtain a decomposition of 3D? into in- 
decomposable o-modules by decomposing the e t into indecomposable elements 
q tJ t where the bound of q t] i 0 is (pfo) ht3l y pfo a maximal two-sided ideal. Let 
p * o be one of the p/o’s, k its capacity and qi , — , q u the indecomposable parts 
of the e’s for which the bounds of q t o have the form (p*o) hx . We recall that if 
the bound of q x o is (p*o ) hx , then the length of q t is hi . If q is one of the q t and 
q is an indecomposable part of e r , then e r +i is divisible by (p*)\ Hence by 
Theorem 30, e r +i contains at least k q ’ s whose lengths h x are ^h. Since k is 
the capacity of p*o, these are all of the q’s corresponding to p* that occur in the 
decomposition of e , +1 . Thus we may arrange the q’s in a sequence qi , - - • , qt ; 
qk+i , • - - , q*h ; * • ■ ; qtk+i , • • • , qtk+m so that their lengths form a non-increasing 
sequence and q± , • • - , q k are indecomposable parts of e t , q k+1 , • - • ,q ib the in- 
decomposable parts of e,_i , etc. 

If we have a second decomposition of 3D? as Sfli © - - - © 95?^ where 3D?; is 
o-isomorphic to o — e[o and e[ is a total divisor of e\ for j > i, then we may 
arrange the indecomposable elements q' corresponding to p* in the same way. 
By the Krull-Schmidt theorem, q l and q[ are similar and their number is the 
same. Thus the indecomposable parts of and of e,_, may be paired into 
similar pairs and so e*_ 7 and are similar and s = s'. 

Now let 3D? be arbitrary and let 21 = a*o be the bound of e,_i0 and 93 = 6*o that 
of e,’- i0 Let 9?, be the submodule of 3D?, of elements y such that p2l93 = 2/9321 = 0. 
If e s = ca* and y s is a generator of 30?, of order e,o, then y s c € 9?* , and its order 
is a* o. Hence if z, is a generator of 9?, , its order has the form d,ao where a 
is similar to a*. Since a*o is two-sided, a differs from a* by a unit so that the 
order of z* is d s a*o = a*d 8 o. Now suppose that 9? is the submodule of 3D? con- 
sisting of the elements y such that 2/2193 = 0. Evidently 9? is bounded, and 
9? = 9J?i © - * ■ © 93?*— i © 9?, is a decomposition of 9? into cyclic modules whose 
orders are bounded and where the bound of each order is a divisor of the next 
order. Similarly, we have 9? = $D?x © - - * © 3D?i'_i © 9?^ where 9?^ ^ 8D?i* . 
Hence by our result in the bounded case, s' — s and e t and e* are similar for 
i = 1, •••,*— 1. It follows then by the Krull-Schmidt theorem applied to 
30? that e s and e t are similar. We shall call the elements e t the invariant factors 
of the module. Hence we have 

Theorem 31 (Nakavama). The invariant factors of an o-module 3D? are deter - 
mined to within similarity . 

12. The theory of a single semi-linear transformation. We have seen that 
if T is a semi-linear transformation with automorphism S acting in a vector space 
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91 over #, we may regard 91 as an o = $[i, <S]-module by defining xa(t) = xa(T). 
If Ty and T% are semi-linear transformations in 9? having the same automorphism 
j S, then the $[f, /S]-modules determined by them are isomorphic if and only if 
there exists a linear transformation A such that T 2 = A -1 2YA. For if A is a 
#[f, ^-isomorphism, A is linear since fA = Af for all f in and T x A = AT 2 
so that 2* = AT'TiA. Conversely if these conditions hold for an automor- 
phism A, then a(T x )A = Aa(T 3 ) for all a(t) and A is an isomorphism. If the 
matrices of T x , T 3 and A relative to a basis x x , ■ ■ • , x n are respectively (ti), 
(tj) and (a), then the condition T 2 = A~ l T x A is equivalent to (r 2 ) = (a)(n)(a s ) _1 
(= 0 QT\nW), (P) = 

Consider now a fixed T. Then if x is any vector, there is a vector xT m in the 
sequence x, xT, — which is a linear combination of the xT x , i < m, say xT m = 
xfi m + • • * + xT “ . Then x(T m — T”“~ 1 |8i — • ■ • — f} m ) = 0 so that every 

element of the $>[t, <S]-module 91 has finite order. It follows from the general 
theoiy that 31 = 91i © • • • © 91. where 91, is cyclic with generator u t whose 
order is e&[t, 5], e, = e t (t) a total divisor of e } (t) for j > i. If the degree of the 
invariant factor e,(f) is w, , the vectors «,• , — , u { T n ' 1 form a basis for 91, over 
4>. Hence u x , - • ■ , u x T ni ~ 1 -, • • • ; • • • , u,T n, ~ 1 is a basis for 91 over <f>, and rela- 
tive to this basis the matrix of T is 



where 


0 • • • • fli? 

1 0 • • • 

0 1 - 


0 

0 1 |8{ 0 J 

if e,-(<) = f“* — ----- /Si? . If («) is any matrix in <f>„ there exists a 

matrix (p) such that (p) _1 (a)(p s ) has this form. Similarly, we may obtain a 
canonical form for (a) corresponding to the decomposition of 9J into indecom- 
posable o-modules. 

As an illustration we consider the case of a linear transformation T acting in 
9? and $ where $ = R(t, j) is the quaternion algebra over a real closed field. - 
We have seen that the irreducible polynomials in o = $[£] are linear. The bound 
V*(t) of p(t) = (t — a) is t — a if a e R. Otherwise it is N(t — a) = (t — a)(t — a). 
We obtain in this way all the irreducible polynomials (with leading co- 
efficient 1) in 22[fl. Now consider (t — a) e o. Its bound is (p*) e o. For, 
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otherwise, (Z — a) c would be a divisor of (p*) J with / < e. This is clearly 
impossible if p* = (Z — a). In the other case we obtain 

(< - *Yq® = = 0 - «)'(z - 


Since a e 22(a), <?(Z) has coefficients in 22(a) and since this ring is commutative, 
we obtain a contradiction to the unique factorization theorem in 2?(a)[Z]. It 
follows now that (Z — a) e is indecomposable and that every indecomposable 
element is similar to one of this form. Hence if $ is an indecomposable sub- 
space of 9t, it is generated by a vector y whose order is (Z — a) e o. If we use the 
basis yk = y(T — a)*" -1 , k — 1, • - - , e, for 3, we obtain the matrix. 


( 6 ) 


a 

1 a 

1 a 


Two such matrices are similar if and only if their diagonal elements ai and a 2 
are similar and the condition for this is that ai and a 2 satisfy the same irre- 
ducible polynomial in R[t], Any matrix is similar to one having blocks of the 
form (6) strung down the main diagonal. 

We return to the general case and the decomposition 91 = 9li © • * • © 91, 
where the 91* are cyclic with orders e 1 (t) the invariant factors. In order to 
determine the e x (t) w r e choose a basis , — , x f for 91 over 4> and write x x T = 
2x/r 7l . Then 91 is $[Z, £]-isomorphic to the difference module of the free 3>[Z, S]- 
module g, whose basis is Ci , * - * , e n , with respect to a submodule 91 containing 
the elements /* = e x t — ^e 2 r JX . We assert that the fs form a basis for 91. For 
if / is any element in 91, we may choose polynomials <pi(Z), * * • , <pf(t) so that 
/ - 2/> t (Z) = 2e f 0* , 0* in 3>. Then 2r*0* = 0 and so 0* = 0. Thus / = 2/,^®. 
Now suppose that 2/,#>*® = 0. Then 2e*[Z^*(Z) — Sr*,??,®] = 0 and hp x (t) = 
2T XJ <pj(t) y i = 1, • * • , n. If any cp x (t) 9 * 0 and <p*(Z) is one of these polynomials 
of maximum degree, the equation t<pk(i) = Sn^,® is impossible. Hence 
<p t (t) = 0 for all i. From this result we see that the e,® are the diagonal ele- 
ments in the normal form of the matrix It — (r), expressing the fs in terms of 
the e’s. 

In the case where <£ is commutative and T is linear, <p[Z] is commutative and 
e t (t) = fe t (Z)A,_i(Z)'" 1 where h Q (t) = 1 and h x (t) is the highest common factor of 
the i-rowed minors of 1Z — (r). The last invariant factor e s (t) = n(t) has the 
property that xn(T) = 0 for all x. For we have u x n(T) = 0 if u x is a generator 
of 91 * and since any x = xp(T) = 0. Since m ® $[Z, S] is the order of 

u 8 , n(t) is the polynomial of least degree with leading coefficient 1 having T or, 
the matrix (r) of T, as a root. Since the other invariant factors are factors of 
fi(t) and the characteristic polynomial/® = det (1Z — (r)) = He*®, /(Z) and p® 
have the same irreducible factors in $[Z], differing at most in the multiplicities 
of these factors. This is the well-known 
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Theorem 32 (Frobenius). Let (r) be a matrix in <£ n , <£ a field, and let p{t) be 
the last invariant factor of the matrix It — (r) in ($[2]) n * Then 1) /i((r)) = 0, 2) 
n(t) is a factor of any polynomial y(t) having the property that y((r)) = 0 and 3) 
n(t) and the characteristic polynomial det (It — (r)) have the same irreducible 
factors in #[£]. 

Suppose now that 4> is a division ring such that (<£:r) = m < qo for r the 
center of # and let S be an automorphism in <£ such that S r , 0 < r < oo , is inner 
but no smaller positive power of S is inner. If r 0 is the subfield of T consisting 
of the elements invariant under S, (T : r 0 ) = r and hence ($:r 0 ) = mr . We 
have seen that ^ where p = p. The two-sided ideals of o = <$[£, S] 

are generated by elements of the form t\u + u~ l y i + * * * + 7 a) where u = 
fiT 1 and y t e IV Every ideal in o is bounded. 

If Oi = ToM, it is evident that any o-module is an Oi-module and if two o-mod- 
ules are o-isomorphic, then they are oi-isomorphic. We wish to prove the 
converse of the latter result for modules that contain no elements of order Jo. 
For this purpose we consider first an indecomposable module 9?! of this type. 
Then Si has the bound (p*) e o where p* = u + u~ l yi + - - • + 7 a , 7 * in T 0 and 
7 * 5 ^ 0. We have seen that Si may be embedded in a cyclic module 9? whose 
generator has the order (p*)*o and that S = Si © - - - © S* where the S» are 
o-isomorphic indecomposable o-modules and k is the capacity of p* o. We may 
obtain a decomposition of 9i into indecomposable o-modules by decomposing 
the 9?* - This yields Id indecomposable oi-components for 9?. On the other 
hand, we may also use the following procedure: Let , - • - , p mr be a basis for 

over T 0 . Since the vectors zt 3 u l ; j = 0, - - - , r — 1, l = 0, * - - ; h — 1, form 

a basis for 9i over 4>, the vectors zt 3 u l p t , i = 1, - • • , mr form a basis for 9? over 

To . Hence 91 is a direct sum of the mr cyclic Oi-modules whose generators are 

zt J p x . The orders of these modules are (p*) e 0 i and, since p*0i is maximal in the 

commutative ring Oi , they are indecomposable. It follows that mr 2 = kl and 
2 

mr 

9ii is a direct sum of indecomposable Oi-modules whose orders are (p*)*0i . 

Now let Si and Si be two indecomposable modules having no elements of 
order to and suppose that Si and Si are Oi-isomorphic. Then if p*, e, Ti have 
the same significance for Si as p*, e, k have for Si , we evidently have k = Tc 
and (jo*)* = (p*)*. Urns the bounds of Si and Si are the same and so Si and 
Si are o-isomorphic. If we use the Krull-Schmidt theorem, we may extend this 
special case to the following 

Theorem 33. Suppose that S and S are $[t, S]-modules having only elements 
of finite order but no element of order t$[t, S]. Then a necessary and sufficient 
condition that S and S be <£[/, S]-isomorphic is that they be To[u]-isomorphic. 

Corollary. Under the assumptions of the theorem , S and S are $[£, £]- 
isomorphic if and only if they are $[u]-isomGrph ic . 

Now let T be a semi-linear transformation in S over $ where $ and S have 
the above form. The condition that no vector in S has order t&[t, S ] is the same 
as the assumption that T is (1 — 1). Our results therefore give conditions for 
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similarity of (1 — 1) semi-linear transformations T x and T 2 having the same 
automorphism S. Thus the corollary states that T x and T 2 are similar if and 
only if the linear transformations U i = TlpT 1 and U 2 = TliT 1 are similar. If 
we recall the connection with matrices, we obtain 

Theorem 34. Let $ be a division ring such that ($:T) = m < °c where T is 
the center and let She an automorphism in such that if T = fjT 1 ^ 0 < r < oc , 
if = l a and so smaller power of S is inner . // (r x ) and (r 2 ) are non-singular 

matrices (i.e. units) in <£» , then a necessary and sufficient condition that there exists 
a non-singular matrix (J3) such that (r 2 ) = (0) -1 (ti) (/3 s ) is that NirJfT 1 = 
(ri)(rf) • * * (rf )/i _1 and N{t 2 )il~ 1 be similar in the usual sense. 

Another interesting case of the above theorem is obtained by taking r = 1 
and y = 1. The result is the theorem that two linear transformations in 3t 
over <t> are similar if and only if they are similar as transformations in 9ft over T, 
r the center. As is readily shown, it is not necessary to assume in this case that 
T x and T 2 are (1 — 1). 



CHAPTER 4 

STRUCTURE OF RINGS OF ENDOMORPHISMS AND OF 

ABSTRACT RINGS 

1. The general problem. Special cases. We consider an arbitrary com- 
mutative group 2ft and a fixed set Q of endomorphisms «,£,-•• acting in 2ft. 
Let 31 be the set of 12-endomorphisms , i.e. the set of endomorphisms that com- 
mute with every endomorphism in 12. Then 31 is a subring containing the iden- 
tity endomorphism of the ring of endomorphisms of 2ft. In this chapter we 
impose various conditions on the lattice of 12-subgroups of 2ft and investigate the 
restrictions that these imply for 31. These results will be applied to obtain the 
structure of abstract rings and finally we shall give some applications to the 
theory of projective representations of groups and to the Galois theory of divi- 
sion rings. 

Examples. 1) 2ft a finite commutative group and 12 vacuous. 

2) 2ft a vector space over a division ring 12 = 4>. Here 31 is the ring of linear 

transformations. We have seen that 31 = , <£' anti-isomorphic to or, 

31 is anti-isomorphic to . We recall also that 31 is simple. 

3) 2ft a vector space over <£, 12 the logical sum of and a set of semi-linear 

transformations T 1 , T 2 , — - In this case 31 consists of the linear transforma- 
tions commutative with T ly T 2 , — . It follows that if (ri), (r 2 ), — ; , 

S 2 y — are, respectively, the matrices relative to a fixed basis and the automor- 
phisms of Ti , Ti , - - - , then 31 is anti-isomorphic to the subring of <£» of matrices 
(a) such that (a)(r x ) = (r*)(a s< ). 

We wish to show now that any ring 31 with an identity is essentially the ring 
of 12-endomorphisms of a certain commutative group 2ft. The group 2ft is the 
additive group of 8. We have seen that the right multiplication x — ► xa = xa T 
is an endomorphism of 2ft and that the totality of these endomorp hisms is a 
subring 3l r of the ring of endomorphisms of 2ft. The ring 31 r is isomorphic to 8. 
Similarly we have defined the left multiplication «z by xa x == ax and we have 
shown that their totality is a ring 8z anti-isomorphic to 8. 

Now the associative law evidently implies that if a r e 8 r and bi e 8z , then 

hi = bjfir - On the other hand, suppose that B is a single-valued transforma- 
tion in 2ft commutative with all the a r and let IB = b. Then xB = (1 x)B = 
(1 B)x r = bx r -= bx. Thus B = bi , and 8z is the set of 8 r -endomorphisms . 
Similarly, 8 r is the set of 8rendomorphisms. The isomorphism between 8 r 
and 8 will therefore enable us to apply the theory of rings of Q-endomorphisms 
to the theory of abstract rings. We stdte these fundamental results in 

Theorem 1. Any ring 8 with an identity is isomorphic to 8 r , the ring of its 
right multiplications and is anti-isomorphic to 8z , the ring of its left multiplications . 
8 r is the ring of 8 rondomorphisms acting in the additive group 2ft of 8 and 8 z is 
the ring of ^L r -cndomorphisms of 2ft. 
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The Slr( 2 Ir-) subgroups of the additive group are the left (right) ideals. The 
( 9 ti , 8T r )-subgroups are the two-sided ideals. We note also that % A 2 U consists 
of the endomorphisms c r = e 2 , c in the center §. For if a r = bi , 1 a r = Ibi and 
a = 6. Then ax = xa for all x and so a = c is in £. 

2 . Algebras over a field. In a similar fashion our results will apply to the 
theory of algebras (hypercomplex systems). These are defined as follows: If 
$ is an abstract field, a set 21 is called an algebra over <£ if 

1. St is a ring. 

2. The additive group of 21 is a ^-module and xl = x for any x in §1 and 1 , 
the identity of 

3. ard = aa T , a t a = aa t for all (Tin 21 and all a in <£. 

The last condition may also be written in the form: (ab)a = (aa)b = a(ba ) for 
all a, 6 in 21 and all a in $. Since $ is a field, the ring of endomorphisms corre- 
sponding to # is isomorphic to <£. Hence if we wish to fix our attention on a 
particular algebra, we may adopt the point of view of Chapter 2 and regard the 
set of endomorphisms, rather than the abstract field, as fundamental. In the 
present chapter we shall follow this line and, in fact, the field properties of 3 > 
will play no role. Thus we may equally well study a ring SI relative to an 
arbitrary set $ of endomorphisms a, • which commute with the left and the 
right multiplications. This includes the case of ordinary rings, obtained by 
taking ^ to be vacuous, as well as that of algebras, obtained by taking $ to be a 
field. 21 will be called a $-ring. We shall be concerned with $-subrings and 
with ^-ideals of SI. 

If SI has an identity 1, then xa = rr(la) = (la)x, so that the endomorphism. 
a is the right and the left multiplication corresponding to the element la. It 
follows that the element la is in the center of 21 . Any ideal of the ring 21 is 
necessarily a ^-ideal. Hence in the statements of many of the important 
structure theorems, we could, without loss of generality, omit any reference to 
the set of operators 

If we wish to compare different algebras St and Sf 2 , it is natural to suppose 
that the field $ is the same for both algebras. Thus we say that 2 Ix and 2 fc are 
isomorphic if there is a (1 — 1) correspondence a x — > a^ between them that is 
both an isomorphism of the rings 2t and % 2 and a ^-isomorphism of the additive 
groups: If a x — > 02 and bi — * 62 , 

Oi + 61 — » Os + 62 , o x a — » 02a, Oi&! — > aJh . 

The correspondence is an isomorphism . Homomorphisms, automorphisms , 
anii^vtomorphismSy etc., are defined in a similar manner. 

We consider now some methods of constructing algebras of finite dimension- 
ality. Evidently is such an algebra if oa is taken to be the product of a by 
the diagonal matrix {a, - - • , a}. The ring 8 of linear transformations in an 
ft-dimensional vector space 2 ft over $ is also an algebra if Aa is defined as the 
product of A with the scalar multiplication a. As we have seen, if x x , * • • , x n 
is a basis for 2 ft over $ and XiA = Sx jay* , then the correspondence between A 
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and the matrix (a l3 ) is an anti-isomorphism between thfe algebra 8 and the 
algebra $>„ . Now let 21 be an arbitrary algebra. Then the multiplications 
x — » xa and x — > ax are linear transformations in 21 regarded as a vector space 
over <£. Since x(oa) = (xa)a and (aa)x = (ax)a, (aa) r = a^a. and {ad)i = 
a t a. It follows from these equations that if 21 has an identity, the correspond- 
ence a — > a r is an algebra isomorphism between 21 and the subalgebra 2l r of 8. 
If we combine this correspondence with one of the anti-isomorphisms between 
8 and <t>* , we obtain an anti-isomorphism between 21 and a subalgebra of 3>„ . 
Similarly we may combine the correspondence a — » a* with one of the anti- 
isomorphisms between 8 and 3> n and obtain an isomorphism between 21 and a 
subalgebra of 4> n . To be explicit, let xi , - - • , x n be a basis for 21 over $ and 
let x % a = 2 x 3 pj t (a) and ax x = 2)XjXy t (a). Then if (p tJ (u)) = i2(o) and (X tJ («)) = 
L(a), the correspondence a — » J2(a) is an anti-isomorphism and the correspond- 
ence a — * L(a) is an isomorphism between 21 and subalgebras of 4> n . It may be 
remarked that we may also combine the anti-isomorphism a — ► It (a) with the 
anti-isomorphism (a) —> (a)', (a)' the transposed matrix, and obtain a second 
isomorphism between 21 and a subalgebra of <t>* . 

If 21 does not have an identity, we form the vector space $8 = 21 + (x 0 ) and 
we define (x 0 a + a)(x$ + b) = xo(a@) + a0 + ba + ab for a, b in 21. Then SB 
is an algebra with the identity :r 0 , and 21 is contained as a subalgebra of SB. 
Hence SB and, a fortiori 21, is isomorphic to an algebra of matrices. We have 
therefore proved 

Theorem 2. Any algebra with a finite basis is isomorphic to a subalgebra of a 
matrix algebra. 

This theorem gives one general method of obtaining algebras of finite di- 
mensionality. A second general procedure is the following. Let 21 be a vector 
space over with the basis x ± , — , x n We choose n elements y xjk in <I> and 
set x x Xj — X XcT/axj . In order that this definition lead to an associative algebra 

a 

it is necessary that the y’s satisfy the associativity equations X 7i«t7«»j = 

a 

X 7n«7«jA - Then if we define (2x x £ t )(2xpij) = ^x a y ai ^xVj , we obtain {x^f)x k 

<x 

= x^Xjxi) and hence (xy)z — x(yz) for all x, y, z. Evidently (xy)a = (xa)y = 
x(ya) and the distributive laws hold. Hence 21 is an algebra. 

Examples. 1) Let the basis be Xi , it , a* , X* where x x x t — x, — x t x x , x\ — 

o 2 9 

la, Xz = 10, Xi = — loft, X 2 X 3 = —XzX 2 = Xk , x& A = — X 4 PC 3 = —Xn0, X 4 X 2 = 

— X 2 X 4 = — Xza. 

2) Suppose that © is a finite group with elements 1, s, - - * , u. We put these 
in (1 — 1) correspondence with the elements of a basis of a vector space and 
denote the vector corresponding to s by x s . Then if we define x s x t — x Mt , 
the associativity equations are satisfied. Hence we obtain an algebra, the 
group algebra of © over <£. 

3) Let 21 be the difference algebra $[£] — (v(t)) where $[t] is the ordinary 
polynomial domain and (r(f)) is the principal ideal generated by *(<) = t n — 
t n 0i — — — 0 n . Then 21 has the basis 1, x = {£} the coset containing t 
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and x 2 , - • - , x n \ The multiplication table is deducible from the relation 
x n =* x n fii + — + lp n and the associative law. 

3. Previous results. We now begin the discussion of the general problem 
formulated in 1: A commutative group 2 )? and a set of endomorphisms 12 in 
2 )? are given, what can be said about the structure of 8, the ring of 12-endo- 
morphisms? 

We have seen that if 92 is an 12-subgroup of SO? and A e 21, then 92A is an 
12-subgroup. The set of elements mapped into 9? by A is also an 12-subgroup. 
Corresponding to a direct decomposition of 3D? into 2)?i © - * - © 9D?„ where 
the 90?* are 12-subgroups, we have a decomposition 

(1) 1 = Ei + — + E u , EiE / = 0 if i j, E\ = Ei 

where the E % are the projections on the SO?* . Conversely, if the E ’\ s are given 
such that (1) holds, then 30? = WE 1 © 0 3JIE U . The 12-group 3D? is inde- 

composable if and only if 1 is a primitive idempotent element of 8. 

By a completely primary ring 51 we shall understand a ring that contains a 
nil-ideal 02 (i.e. an ideal all of whose elements are nilpotent) such that 8 — 92 
is a division ring. If b is any element not in 9?, there is a c such that be = 1 (91) 
or, be = 1 + z, z in 92. If z m — 0, we have (1 + z)(l — z + z 2 — - • • ± z™" 1 ) = 

1 and hence b has the inverse c(l — z + z — - - - ). Thus 9? may be charac- 
terized as the totality of singular elements (non-units) of 31 and 9? is therefore 
uniquely determined. Fitting’s lemma (6, Chapter 1) yields the following 

Theorem 3. If 302 is an indecomposable 12 -group and satisfies both chain con- 
ditions, then 8, the ring of ^endomorphisms, is completely primary . 

By the lemma any A in 8 is either an automorphism or is nilpotent. The 
latter case occurs when either 3D2A < 9J2 or when there are elements z^O such 
that zA — 0. (These two conditions are equivalent.) Let 92 be the totality 
of endomorphisms that are not automorphisms. If B e 92 and A is arbitrary, 
then AB and BA are in 92. Suppose that Bi + B 2 = A is an automorphism. 
Then Ci + C 2 = 1 where Ci = BjT 1 c 92. Since C 2 is nilpotent, C% = 0 for 

some r and hence Ci(l + C 2 + C 2 + ••• +C 2 1 ) = 1 = (I+C 2 + bC? _1 )Ci, 

and Ci is not in 92. This contradiction proves that 92 is an ideal. If A + 92 
is a coset 5 * 92, A is an automorphism and hence ( A + 92)(A~ 1 + 92) = 1 + 92. 
Thus 8 — 92 is a division ring. 

An important related result is the following 

Theorem 4 (Schur’s lemma). If 3D? is an irreducible 12 -group, then 8 is a 
division ring . 

If A 0 is in 8, 3D?A = 3D? and the set of elements z such that zA = 0 consists 
of 0 alone. Thus A is an automorphism and hence it has an inverse in 8. 

1 Matrix rings. 

Tvkmma. Let 8 be an arbitrary ring with an identity and leteij ,i,j = 1, * - * , u, 
be a set of elements of 8 which satisfy 

(2) 1 = e u + — + , 


CtjCn — hjlfin . 
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Then SI = where SB is the subring of 31 consisting of the elements which commute 
with the Cij . The ring SB is isomorphic to e,-,S Ie« . 

If a e a, we readily verify that a i} = ^ is in SB and a = . On 

p 

the other hand, if a,-,- are arbitrary elements in SB and 2 e,-ya,-,- = 0, then a ti — 
~2e jn (Ee i] ai } )e„ = 0. Hence 31 = SB„ . If a = 2e{ is arbitrary, then e„-oe« - 
e,jO,i . The correspondence between e„ae,-,- and a* in 35 is an isomorphism. 

Lemma. If 9)1 = 2fti © 9ft2 and correspondingly , 1 = Ei + E 2 , E { the pro- 
jection on 2fti , then the ring Sffi of Q-endomorphisms of 2ft i is isomorphic to EiWEi , 
81, the ring of Q-endomorphisms of 9ft. 

If A e SI, EiAEt induces an O-endomorphism B in 2ft! and maps 2ft* into 0. 
Hence if B — 0, EiAEi = 0, and the correspondence between E x AEi and B is 
an isomorphism between I?iS[2?i and a subring Si of 8li . On the other hand, if 
Be Sli , EiBEi = EiB is an element E 1 (EiBE t )E 1 of E$E\ whose induced effect 
in SD3a is B. Hence Si = 8li . 

Theorem 5. If 3D? = 2Ri © • • • © 2W„ where the 2ft, are Q-isomorphie, then 
31 = 35„ where 35 is isomorphic to the ring of Q-endomorphisms of one of the 9ft, . 

Let Ei be the projection determined by the decomposition and Bu a fixed 
O-isomorphism between 2Wi and 9ft, , i 9* 1. Set E it — E t , E u = E u B 1 JE li , 
E tl = EiJBItEu and #„• = E tl Ei } if i 9 * j, ij*l,j 9*1. Then we readily verify 
that E t jEki = SjkE,i for all i, j, k, l. The theorem is therefore an immediate 
consequence of the above lemmas. 

5. Completely reducible groups. We suppose that 2ft is a completely re- 

ducible O-group satisfying one (and hence both) of the chain conditions. Then 

2R = 9fti © • ■ * @ 2ft„ where the 9fti are irreducible. We choose the notation 
so that 2fti , • • • , 2ft,, are O-isomorphic, 2ft„ 1+ i , • • • , 2ft„ 1+ni are O-isomorphic 
but not O-isomorphic to 2fti, etc. 

Now if 5fti and 5ft* are any irreducible O-subgroups of 2 ft and B is an O-homo- 
morphism between fti and a part of % , it is clear that either B = 0 or B is an 
O-isomorphism between fti and the whole of ft 2 . If 1 = Ei + Et + • • • + E u 
is the decomposition of 1 into projections corresponding to the decomposition 
2ft = Sfti © • ' • © 2ftu and A is any O-endomorphism, then E^AE, induces an 
O-homomorphism between 2ft, and a part of 2ft, . Hence if i is in the range 
»i + • • • + »V-i + 1, - • • , »i + - • • + » p and j is in another range »i + * • • 
-\-nq-i + 1, — , «i + — n t , then E^AEj maps 2ft,- into 0. Since EiAEj 
maps all the other 2ftt into 0, we have E+AEj — 0. Thus if we set E m = 
Ei + • - • + E ni , E m = E ni+ 1 + -•••+• E ni+ n t , • - • , E U) = E n ,+. 

4- • • • + E ni +—+n , , we obtain A = ZE t AE, = E a) AE 5 * * * * * ll) E (t) AE (t) . 

Since (E w AE w )(E w BE (t) ) = 0 if p 9 * q, E ip) WE (p) is a two-sided ideal in 81 and 
the latter is a direct sum of these ideals. 

We have seen that E (p) SlZ? {p) is isomorphic to the ring 8l p of O-endomorphisms 
of 2ftZ? <p) . Since the indecomposable parts of 2 HE W are irreducible and O-iso- 
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morpbic, by the preceding theorem and Schur’s lemma, % = $1^ a matrix ring 
over a division ring. The division ring # Cp) is isomorphic to the ring of Q-endo- 
morphisms of 5D? ni ^.. +Bjl _ 1+ i . 

Theorem 6. The ring of Q-endomorphisms of a completely reducible group 
that satisfies the descending ( ascending ) chain condition is a direct sum of two- 
sided ideals that are matrix rings over division rings. 

6. Nilpotent endomorphisms. We suppose that 2ft is an Q-group for which 
both chain conditions hold and that S3 is a set of nilpotent Q-endomorphisms 
closed under multiplication. We wish to prove the following 

Theorem 7. If s is the length of a composition series for 2 ft and Bi , • • • , B, 
are in S3, then B, • • ■ Bi = 0. 

Let 21 be an 12-subgroup such that 5ftB, ^ 5ft and suppose that 5ftB, • • • Bt 0. 
Since 2? ^ 5ftB,- 2: 9 WjBi g: • • • and each SSIB, • • • B is an Q-subgroup, the 
following is a descending chain of Q-subgroups: 

5ft S S5ftBf S 25 ftBiBy ^ . 

If the equality sign holds between two terms of this chain, it holds for all subse- 
quent terms. Since 5ft has length gs and 5ftB, • - • B x ^ 0, equality holds 
between 25 ftB, x • • - B lr = 21' and 25 ftB n - • - jB ir+1 with r < s. Since SUB, • • • Bi 
5 ^ 0, 5ft 7 9 ^ 0, and 5ft' = 25 ft'#,- = • • • . There exists an infinite sequence 
B , i , Bi, , • - • such that 5ft'-B l3i • • • B it ^ 0. For suppose that p terms B ilt - • - , 
B ip have been found such that SH'B ip - • • B n 0. Then WB^ • • • B fl = 
SR'BiBip •••£,,+*•• + 5 R'BtBij • • • B,, and since 1VB tp • - • B^ ^ 0, there 
is an i p+ i such that 5ft'-B ij>+1 • • • B i± ^ 0. Let k be one of the indices that occurs 
infinitely often in the sequence B u , B t , , • • ■ . By dropping enough terms we 
may suppose that »i = k. Thus there exist s endomorphisms Ci , • • • , C, 
in 93, where C, = B^B* and B[ is a product of B’s, such that Sfl'C, • • • Ci r* 0. 
Since B* is nilpotent, Sfl'Bt < 5ft' and since 25 ft'C'* ^ 5ft'Bt < 5ft'. By 

the first part of the discussion jwe can find an Q-subgroup 5ft 5 ^ 0, < 5ft' and 
therefore <5ft, such that 5ft = 25ftC< . If we repeat this argument, we obtain an 
5ft ^ 0 and properly contained in 5ft and endomorphisms D, in 93 such that 
sft = ZfRDi . Thus this process leads to an infinite descending chain of Q- 
subgroups and hence the assumption that 5ft B, ■ • ■ Bi 0 is untenable. If we 
apply this to 5ft = 2ft, we obtain B, • • - Bi = 0. 

We note as a first consequence of this result that if 5Di is indecomposable anil 
sa tisfies both chain conditions, then the set 5ft of Q-endomorphisms that are not 
(1 — 1) is a nilpotent ideal: We have 5R* == 0 if s is the length of 51W. 

7. The radical at the ring of endomorphisms. The assumption that both 

nhsun conditions hold for 51ft is retained in this section and in the next. Write 
2ft = 2Ri © - • ■ © 2ft« where the 2ftj 5^ 0 are indecomposable; 1 = + — -\-E u 
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where the E t are the projections on the . Any A in St may be written in 
one and only one way as SA,-,- where A„ is in B.31B, . An endomorphism A tj 
maps each 3D?* , k ^ i, into 0 and induces an O-homomorphism between 3D?, 
and an O-subgroup of 3D?,- . 

Let 9? denote the set of endomorphisms of the form B = SB,, where no B tJ 
induces an O-isomorphism between 3)?, and 3D?,- . Thus either there are elements 
Zi 0 in 30?,- such that ZiBij = 0 or 2 )?»B„- < 3D?, • We wish to show that 9? is 
a nilpotent ideal. If j ^ k, BijAn = 0 and A, fin = 0 since Efi t = 0. If 
ZrBij — 0, then ZiB xj A } i ='0. Now suppose that 5D?, ^ 3D?,B,-,- s 3D?J , but 
that BijAji induces an O-isomoiphism between 3D?, and 5D?i . Then A,, 
induces an O-isomorphism between SD?J and SD?i . It follows readily that 30?,- 
= 3D?J- © 3D?” where 3D?” is the subset of 3D?,- of elements sent into 0 by A ,, } 
This contradicts the assumption that SD?, is indecomposable. Thus we have 
shown that if B,-,- e 9? and A is any O-endomorphism, then B tj A e 91. Further- 
more if AtiB,, induces an O-isomorphism between SD?* and 3D?, , A*, induces an 
O-isomorphism betwen 3D?* and 3D?, , and hence B„- induces an O-isomorphism 
between 3D?,- and 3D?,- contrary to hypothesis. Thus AB, , e 9? . 

Now let B,-,-, Cij e 9? and consider A,,- = Bi,- + C„ . If Af, induces ^n 
O-isomorphism A„ between 3D?, and 3D?,, set A„ = EjAJjEi . Then E x = 
BijAfi + CijAji and B„A„- , C',>4„- are not (1 — 1) in 3D?,- . Since 30?< is inde- 
composable, this is impossible and so A„ e 9?. If we combine these results, we 
obtain the result that 9? is a two-sided ideal in St. 

If B is in 91, we decompose 3D? as 3D?' © 3D?" in such a way that B is nilpotent 
in W and B is an automorphism in 3D?" (Fitting’s lemma). By the Krull- 
Schmidt theorem there is an Oautomorphism U such that WU = 3D?*, 39?" 17 = 
3D?** where 3D?* = 3D?i © • • • © 3D?j , 3D?** = 3D?«+i © • • • © 3D?„ , assuming that 
the order of the 3D?,- has been properly chosen. Thus U~ 1 BU = C is in 9? and 
this endomorphism induces an automorphism G in 3D?** . Hence if E** = 
E t+ 1 +•••+£?«, E^CE^G'E** — E** is in 9?, and this is impossible since 
E t+ i , E t + 2 , - - - are in E t +iWE t +i , - • • , unless t — u. Thus 3D?** = 0 — 39?" 
and B is nilpotent. Since every element of 9? is nilpotent, by the theorem of 
the preceding section, 9? is nilpotent. Now if 3? is any nilpotent two-sided ideal 
in 8 and N = SAT,,- is in 3?, then each IV,-, = EJfEj is in 3?. It follows that 
Nn is in 9?, for otherwise, we should find by a suitable multiplication that B,- 
is in 3?. Hence 3? ^ 9?. 

Theorem 8. Lei 3D? = SD?! © - - - © 3D?„ be a decomposition of the Q-group 3D?, 
satisfying both chain conditions, into indecomposable 39?,- ^ 0 and let E, be the 
corresponding projections. Then (he set of endomorphisms SB,, , where B,, t 
E-MEj and B„ is not (1 — 1) between 3D?» and 39?, , forms a nilpotent two-sided 
ideal 9? in the ring of Q-endomorphisms 31. 9? contains every nilpotent two-sided 
ideal of 31. 

The ideal 9? will be called the radical of 8. 

1 Cf. the proof of the Erull-Schmidt theorem, Chapter 1. 
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8, The structure of the ring of endomorphisms of an arbitrary group. We 
order the components 302, so that 2)2i , • - • , 2)2 Bl are G-isomorphic, k I‘2 r . ; -i , • * • , 
SR^+nj are G-iscmorphic but not G-isomorphic to 2)2: , etc. Set 

sr* = aKi © ••• © mm , m (2) = m ni+1 © ... e , -•• 

E a) = JEi + ... + , E C2) = £ BlTl + -.. + , • • • . 

Then 2)2 = 35? (1) © — © 30? c<) . If i and j are in different ranges »i -j- • • • 
+ «p_i + 1, • • • , Ui 4* — + n p and nj + • • • + n q _ 4 1, — , Hi t • • • + n 4 , 

E t WE, S the radical 91. Hence E r ' p) %E (q> ^ 91 if p ?£ q and E' p HE (p ' + 91 
is a two-sided ideal in 21, which dete rmin es a two-sided ideal S p in ft = % — 91. 
Since 2? <p) 2LE (p) contains E (p> , % ^ 0. Evidently S = Si © ■ • • © 2L . We 
have seen that the correspondence between A p in E' p 'WE (p> and its effect in- 
duced in 392 <5>) is an isomorphism between 2? Cp) 212? iw and the ring of G-endomor- 
phisms of 9)2 (p) . It follows that the radical of E lp '2® (p> consists of the elements 

2jB„- where i,j = n 1 -{ + n p_ x + 1, • • • , ni -f + n P and B t , is not Cl — 1). 

Thus the radical of 2? Cp1 21Z? Cp) is (E™$E {P> a 91) = E^E ,p \ and %^E ipy %E :p ’ 
- E (p) 3tE (p) . 2 

We suppose now that 3D? is homogeneous in the sense that all of its indecom- 
posable components 2)?, are G-isomorphic. Then we have seen that 21 = 35 u 
where 35 is isomorphic to the ring of G-endomorphisms of 2)2, . We have shown 
also that 35 — © is a division ring if © is the radical of 35. If 91 denotes the 
radical of 21, (92 A 35) is a nilpotent two-sided ideal in 35 and is therefore con- 
tained in On the other hand, if E t j are the matrix units of 2C and Si,- e ©, 
then the set of elements is a nilpotent ideal in 21 and hence is contained 

in 91. In particular, ~EE tt S e 91 and (91 A 35) = ©. If B = is any 

element of 91, B l} = 'SEi x BE,i is in (91 A 25) = ©. Thus 91 = ©„ and the 
difference ring 21 = 21 — 91 = (35 — 3) u , a matrix ring over a division ring. 
Since rings of this form are necessarily simple, we have shown that 21 is simple. 
On the other hand, we have seen that 21 = 2h © - - - © 2b and so if 2 is simple, 
2=1 and 902 is homogeneous. The following implications have therefore been 
established: 

30? is homogeneous — * 21 = 35» , 35 completely primary —*■ 21 — 91 is simple — ► 
9)2 is homogeneous. Hence we have 

Theorem 9. The following conditions are equivalent : 

1. 30? is homogeneous. 

2. 21 = 35u , 35 completely primary. 

3. 21 — 91 is simple. 

The question of the uniqueness of the representation of 21 as 35. is settled in 
the following 

*We are nci-ng the isomorphism theorem that if 3 ^ 93 and % is an ideal in 
3 , then (» + *)- S* 3 ® - 08 A 91). 
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Theorem 10. Suppose that the conditions of the preceding theorem hold . 
Then if 21 = Si' where S' is completely primary , u — v! and S 3 and S3 7 are iso- 
morphic . 

Let E\j be the new set of matrix units. Since Ef %% WE’ %% == S3', the identity 
Eu is the only idempotent element in E[ x HE' % i . Hence E' xl is a primitive idempo- 
tent element and the components of the decomposition 501 = 50U?n © — 
© 2 HEu’u* are indecomposable. By the Krull-Schmidt theorem, u = u r and 
there is an Q-automorphism A such that A~ l E tt A = E t ’ X * for a suitable permuta- 
tion 1 ' * • • , u* of 1, * - - , u. Since 501 is homogeneous, there is an 0-automor- 
phism P such that 50i»'P = 50i* . Hence if B = PA ,we have PT X E XX B = E [ % . 
Then the endomorphism B l E X3 B induces an ^-isomorphism between 50ii and 

W, and so 2 K~ 1 E i JtE[, and C = ^E J iBE , 11 are Sl-automoiphisms. Evidently 
1 

E tJ C = CE[j , E XJ = CE[,(r\ Since S3 and S3' are respectively the sets of 
endomorphisms commutative with the E l3 and the E [ 3 , we have S3 = CS3 , C r_1 . 

9. Direct sums. We consider now the theory of abstract rings. In order 
to include the case of algebras, we suppose that 21 is a ring and that $ is a set of 
endomorphisms of the additive group of 21 which commute with the elements 
of 8 r and the elements of 2ti . We begin with some elementary remarks on 
direct decompositions of 21 into ^-ideals. The first of these is a special case of 
the theorem connecting direct decompositions and projections, namely. 

Lemma. If % is a $-ring with an identity and 21 = 3i © - • • © 3u is a direct 
decomposition of 8 into left ^-ideals 0 , then 1 = «i + • - • + e u , cj — e 3 5 ^ 
0 , e 3 c k = 0 iff 9 ^kand% = 8 e, . 

A direct proof is the following. Write 1 = ei + • • • + e u , where the e 3 *3/ - 
Then any a = ae i + * • • + ac u and ae 3 c3i . If a = a 3 eSi , <*>] = + • • • 

+ «jCtt - Since the 3? are independent, all of the a 3 e k = 0 with the exception of 
a^j = Oj . Hence 3i = 8 «j and e 3 = e j 0, e 3 e k = 0 if j j* fc. 

Now suppose that 21 = 21i © • • - © 2L is a direct sum of two-sided <MdeaIs. 

21/84 S 8 , A 8 * = 0. Hence any $-ideal (left, right or two-sided) 
of 8 , is a $-ideal of 21. On the other hand, let 3 be a left $-ideal in 8 . Then 
3y = 8/3 S3 A 8 , is a left $-ideaI in 8 / . Since 

(3) 3 = 13 = «3 =3i© ©3t, 

3 A ^ 3y and hence 3 A Sly = 3, . The decomposition (3) shows in par- 
ticular that 8 satisfies the ascending or descending chain condition for one or 
two-sided ideals if and only if each 8 , does. 

Suppose that the 8 , are indecomposable two-sided ^-ideals 5 ^ 0 , that is, 
8 , = 8 f © 8 ^ occurs only if either 8 ^ or 8 ” = 0 . Then the 8 / are uniquely 
determined. For if 8 = Si®---@S tt isa decomposition of 8 into inde- 
composable two-sided ^-ideals 0, 81 A 33/ = 0 for all but one j since 
8 = (81 A Si) © • • • © (81 A 33tt). We may suppose that j = 1 and we obtain 
81 = 81 A Si and, by symmetry, Si = 81 A Si = 81 . Similarly, if the order 
is properly chosen, 82 = S 2 , • * - and t — u. 
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Theorem 11. If 21 is a $-ring mih an 'identity and 21 = 2li © ♦ • ■ © 2b 
is a direct decomposition of 21 into indecomposable two-sided ideals t^O, then any 
decomposition of 3t into indecomposable ^-ideals 0 has the same compdnents as 
the given decomposition. 

10. The radical. We recall the definition of a nil ring as one containing only 
nilpotent elements and of a nilpotent rtng as one having the property that a 
finite power of it is 0. Thus the statement that 21 is nilpotent means that for a 
suitable integer s, any product a&z • • * a* = 0 for any a, in 21. In particular 
a* = 0 for all a and so 2t is a nil ring. It is remarkable that the converse of this 
rather trivial statement holds if 21 satisfies the descending chain condition for 
4>-ideals. Before proceeding to the proof we note the following lemmas. 

Lemma 1. If Si and S 2 are nilpotent left ideals of 21, then 3i + 3* is nil- 
potent. 

Let Si = 0 and & = 0. Now (& + &)* = 23,^ • ■ • 3, t where i, = 1,2. 
If k = r + s — 1, each product contains either at least r Si$ or at least s S 2 ’s. 
In the first case we replace any S 2 S 1 in the product by 3i . After a finite number 
of such replacements we obtain 3»i • • • 3** ^ 3 i 3£ = 0. Similarly if there are 
at least s Sz’s, we have 3t H • - - Sit = S 2 S 1 ' = 0 and so 3 n * • • 3.* = 0 in all 
cases and (Si 4- 32 )* = 0. 

Lemma 2. If S is a nilpotent left $-ideal of 21, S is contained in a nilpotent 
two-sided &-ideal. 

Since 213 ^ 3, we have (3 + 321)* ^ 3* + 3*21- Hence if 3" = 0, (3 + SW 
= 0. Evidently 3 + 321 is a two-sided ^-ideal. 

As a consequence of these lemmas we have 

Theorem 12. Let 91 he the join of all nilpotent left ideals of a $-ring. Then 
SR is a nil two-sided <&-ideal. 

By the join we mean the smallest subgroup containing all the nilpotent left 
^-ideals. If h e SR, b *Si + • - • + 3m = 3 f° r suitable nilpotent left ^-ideals 
S 3 . By Lemma 1, 3 is nilpotent and hence h is nilpotent. By Lemma 2, 
3 ^ © a nilpotent two-sided <£-ideal. Hence 6a c © g SR for any a and so SR 
is a right ideal as well as a left ideal. 

We suppose now (and for the remainder of the chapter) that 21 is a Spring 
satisfying the descending chain condition for left ^-ideals. Let SR be a nil left 
$-ideal in 21. Since the product of ^-ideals is a $-ideal and SR ^ SR 2 ^ — , 
there is an integer k such that 91* = 9t* +1 and hence SR* = SR* +1 = SR* + “ = — - 
We wish to show that 2R = 91* = 0. Evidently 9R = 9R 2 is a nil left <£-ideal. 
If 2R 0, let 3 be a minimal left $-ideal contained in 3R with the property that 
2R3 0. (The existence of such an ideal is assured by the descending chain 

condition.) Then there is an element 6 in 3 such that 5R6 5 ^ 0. Sinee 2R6 
is a left $-ideai contained in 3 and 9R(9R6) = 2R6, we have 3R6 = 3* It follows 
that there is an element m in 9R such that mb = b and this is clearly impossible 
since it implies that 6 = mb = mb = • - • = mTb = 0 if r is sufficiently large. 
This contradiction shows that 2R = 0 and so we have the following theorem. 
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Theorem 13. If 21 is a $-ring satisfying the descending chain condition for 
left ^-ideals , then any nil left $-ideal of 21 is nilpotent . 3 

As a consequence of this theorem we see that the ideal defined in Theorem 
12 is nilpotent. If 3 is any nil left $-ideal of 21, 3 = 5R. This is clear since 3 
is nilpotent. Furthermore 9t contains every nilpotent right $-ideal. For, as 
before, any such ideal is contained in a nilpotent two-sided <£-ideal and the latter 
is contained in SR. We shall call SR the (left) radical of 21. Similarly if 21 satis- 
fies the descending chain condition for right ^-ideals, 21 has a right radical SR' 
that contains all nil right ^-ideals. If both descending chain conditions hold, 
SR = SR'. We prove next 

Theorem 14. If 2t is a $-ring satisfying both chain conditions for left ^-ideals, 
then any left $-ideal 3 that contains a non-nilpotent element contains an idem- 
potent element s^O. 

Suppose that 3 = 3i ® -32 where the 3 j are left $-ideals. If 3i and 32 are 
nil ideals, they are nilpotent and hence 3 is nilpotent. Thus at least one of the 
3 j is not a nil ideal and so we may suppose at the start that 3 is indecomposable 
when regarded as a group relative to the set of endomorphisms £2, the logical 
sum of 2lz and 3>. The mapping y — * yb yB for y, b in 3 is an 12-endomorphism. 
Hence by Fitting’s lemma, either B is nilpotent or B is an automorphism. If 
B is nilpotent, 6 is a nilpotent element and so by the assumption that 3 is not a 
nil ideal, there is a b such that B is (1 — 1). Then 3 B — 3 and there is an 
element e in3 such that eB — 6. Then eb = b and (e 2 — e)b — {e — e)B = 0, 
and so e = e 0 is an idempotent element in 3- 

In a similar manner we may use SchurV lemma to prove 

Theorem 15. If 3 is an irreducible left &-ideal , then either 3 2 = 0 or 3 = 2fe 
where e is idempotent. 

We consider again the mapping y —*yb = yB, y and b in 3- Either B = 0 
or B is (1 — 1). As before, the second possibility implies that 3 contains an 
idempotent element e. Then 3 = 2le. 

11. The structure of semi-simple rings. We shall call a $-ring 21 semi-simple 
if 1) it satisfies the descending chain condition for left ^ideals and 2) it has no 
nilpotent left ^-ideals. It follows from the preceding section that 21 contains 
no nil left ^-ideals and no nilpotent right ^-ideals j^O. If 21 is a ring satisfying 1) 
and 5R is its radical, then S * 21 ss $R is semi-simple. For if 3 is a nilpotent 
left 4»-ideal of 2t, 3 = 3 ~ SR where 3 is a left $-ideal of 21 and 3* ^ 9t for a 
suitable k. Then 3** S SR* = 0 if a is sufficiently large. Hence 3 = 9^ and 
3 = 0. The following theorem is fundamental in determining the structure of 
semi-simple rings. 

Theorem 16. Any semi-simple $-ring has an identity , and its lattice of left 

ideals is completely reducible . Conversely , if 21 is a $-ring having (he properties 

* This theorem is due to C. Hopkins. I am indebted to Professor R. Brauer for the 
present proof. 
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1) 21 has an identity and 2) the lattice of left ^-ideals is completely reducible and 
satisfies the descending chain condition , then 21 is semi-simple . 

Assume that 21 is semi-simple. We shall show first that any irreducible left 
$-ideal 3^0 has a complement. Since 3 2 5^ 0, 3 = 2fe where e is an idempotent 
element in 3- Let 3' be the set of elements b' in 21 such that Ve = 0. Then 
3' is a left $-ideal and 3 A 3' = 0. Since a = ae + (a — ae) = b + b' where 
b e3, 6' 3' is a complement of 3- 

Set 3 = 3i , e = ei . If 3' is not minimal, let 32 = 2I<? 2 , where el = e 2 , be 
an irreducible left <*Mdeal contained in 3'- Then 21 = 3a © 3a where 3* 
is the left 3>-ideal of elements d such that de% = 0. It follows that 3' = 32 © 3”? 
where 3" — 32 A3' niay be characterized as the set of elements 6" such that 
5"ei = &"e 2 = 0. Hence 2t = 3i © 32 ® 3 7/ where 3" < 3^ If 3 7/ is not irre- 
ducible, we repeat the argument and obtain 21 = 3i © 3s © 33 © 3 ,/7 where 
Sj = 2fej ^ 0 is irreducible, e^- = 0 if i < j, e? = e % 7 * 0 and 3'" is a left 
<£-ideal < 3 /r - Continuing in this way, we obtain finally 

21 = 3i © 32 © - * • © 3m 3/ = 21 e 3 irreducible, 

where e 2 = e x and e 3 e x = 0 if i < j. Hence we have proved the complete re- 
ducibility of the lattice. * 

If we put v = ~Z e &i + • - * + (— l) u_1 «iC2 • • • e u , we may verify that 

*<j 

e*# = cjfcfor k = 1, • • • , u. Since any a = ^a k e k , av = a for all a. Inparticular 
v = v. The set of elements z such that vz = 0 is a right <3>-ideal 35- Since 
Z 1 Z 2 = (z!v)z 2 = zi(vzi) = 0, 35 2 = 0 and hence 35 = 0. Hence for any a, we 
have a — va = 0, since v(a — ua) = 0, and so a = i>a. Thus 0 is a left identity 
also and we may set v = 1. 

Conversely, if 21 has an identity and its lattice of left ^-ideals is completely 
reducible, any left <£-ideal 3^0 has the form 2le, e = e. For, % = 3 © 3 7 
and hence 1 = e + d where e e3? d e 2 = e 9 ^ 0, e r ~ = e r and ee' = e'e = 0. 
Then 3 = 8te. Since 3 contains the idempotent element e 5^ 0, it can not be 
nilpotent. If 2 1 satisfies the descending chain condition, it will follow that 21 
is semi-simple. The theorem is therefore proved as is also the 

Corollary. Any left $-ideal of a semi-simple &-ring is principal and is 
generated by an idempotent element . 

If we Recall the general lattice theoretic argument of Chapter 3, 4, we obtain 
the following dual of Theorem 16. 

Theorem 17. If % is a semi-simple <&-ring, there exist maximal left ^-ideals 
2Wtt in 21 such that 

0 = Sfti A • • • A 9K tt 7 

9ft* + (2»i A A A A - - ■ A 2R„) = 8L 

For if 2[ = 3i © — © 3u where the 3i are irreducible, then 9)?,- = 
c^ 1 . -j- cj t+1 + • - • + 3u satisfies the conditions of the theorem. 
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This iesult leads to an interesting “arithmetic’’ characterization of the 
radical, namely 

Theorem 18. Let 31 be a $-ring with an identity for which the descending chain 
condition for left <£- ideals holds. Then the radical 9? of 3t is the intersection of all 
maximal left 4>- ideals of 31. 

Since 31 = 31 — 9t is semi-simple, 0 = 2)?i A • • • A 3)?„ for suitable maximal 
left $-ideals of 31. Hence if 2)1, is the left #-ideal of elements mapped into those 
of Si, , then 9)?i_A - • • A 99?„ = 9i. Bv the First Isomorphism Theorem, the 
3lrgroups 4 ft - Si, and 91 — 90?, are isomorphic. Hence 31 — 901, is irreducible 
and 90?, is a maximal left $-ideal. If we denote the intersection of all of the 
maximal left ^-ideals by 2, we have, therefore, proved that 2 9t On the 
other hand let 90? be any maximal left ideal. Then either 90? + 9? = 9? or 
99? + 9? = 31. In the latter case 1 = m + r, m in 90? and r in 9?, and so 1 = 
(1 + r + r 2 + ■ • • )(1 — r) = (1 + r + r + • • - )m e 90?. This contradicts 
the maximality of 90? and proves that 29? + 9? = 9?, i.e. 9i = 20?. Thus 9? ^ 2 
and the theorem is proved. 

We proceed now to the fundamental structure theorem for semi-simple 
#-rings. We base the proof on two facts: 1) 31 is isomorphic to 3t r and 2) 3b 
is the complete set of 3lrendomorphisms. Both of these are consequences of 
the fact that 31 has an identity. Now we have seen that 31 = © * ■ ■ © -3>u 

where the 3,- are irreducible 31 r groups. Hence by the general theory of 5, 
31, is a direct sum of two-sided ideals that are matrix rings over division rings. 
Thus it follows that 31 = P»V © • - • © P »*, P (,) a division ring. Now the 
two-sided ideals 8, = P» * are <&-ideals since the elements of <f» are multiplications 
by elements of the center £ of 31. If 1, is the identity of 31, , the endomorphism 
induced by a in 31, is also the multiplication by l,a, an element of the center 
6, of 31, . Since P (l> ^ S, , P (,) is a <t>-subring of 31. This proves the first part 
of the structure theorem: 

Theorem 19. Any semi-simple < b-ring is a direct sum of two-sided ideals that 
are matrix rings over ^-division rings and conversely. 

To prove the converse it suffices, by the considerations of 9 , to prove that a 
matrix ring over a division ring is semi-simple. We saw in Chapter 2 that a 
ring of this type is a direct sum of irreducible left ideals. These are ^-ideals. 
Hence 31 is semi-simple by the preceding theorem. 

From the theory of matrix rings we obtain also the 

Corollary. A semi-simple $-ring satisfies both chain conditions for left 
(right) ^-ideals. 

This corollary shows, in particular, that the conditions imposed on the left 
ideals in the definition of a semi-simple ring hold also for right ideals. We can 
also begin with the conditions on the right ideals. We then obtain the result 
that Sli is a direct sum of matrix rings over division rings. Hence 31 is anti- 


* We need not mention # since i $. 
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isomorphic to a ring having this structure, and since a ring anti-isomorphic to a 
matrix ring over a division ring is a matrix ring ovei a division ring, we see that 
21 is semi-simple. Any theorem that holds for left (right) ideals in a semi- 
simple ring has a dual for right (left) ideals. For example, by the above corol- 
lary, any right ideal in 21 is principal. 

If 21 is a simple <£-ring satisfying the descending chain condition for left ^-ideals 
and SI is not semi-simple, then 21 is nilpotent. Since SI 2 < 21 is a two-sided <£- 
ideal, we have 2l 2 = 0. Hence any element 6^0 generates a two-sided ideal 
and therefore b generates the whole of 21. Thus 21 = !&}, the set of elements 
* * • a m , a % in <$ or a % = dbl, for any b ^ 0, and if = 0. A ring of this 
t 3 r pe is called a zero-&-rmg . Hence if a simple 21 satisfies the descending chain 
condition and is not a zero Spring, it is semi-simple. The above theorem then 
applies and we obtain 

Theorem 20. A simple $-ring satisfying the descending chain condition for 
left ideals is either a zero $-ring or a matrix ring P* over a division ring P, and 
conversely . If 21 = P* = where ^ is a division ring , then n — m and P and ^ 
are isomorphic . 

The direct part of the theorm is an immediate consequence of the theorem on 
semi-simple rings. The converse and the uniqueness of n and of P in the sense 
of isomorphism were proved in Chapter 2. 

It is interesting to note that the corresponding statement for rings satisfying 
the ascending chain condition for left ideals does not hold. For let P = P 0 (£) 
be the field of rational functions in one indeterminate over a field P 0 of charac- 
teristic 0 and let 21 = P[£/] the ring of differential polynomials over P, i.e. poly- 
nomials in t where at = ta + a', a' the ordinary derivative of a. 21 is a principal 
ideal domain and hence satisfies the ascending chain condition. It is easy to 
show that there are no proper two-sided ideals in 21 so that 21 is simple. How- 
ever, since 21 is not a division ring, it does not have the form ^ nj ^a division ring. 

If we use 9 and the above theorems, we obtain 

Theorem 21. The lattice of two-sided ideals of a semi-simple $-ring % is 
completely reducible. If 21 = 2Ii © - • • © 2b = Si © — © 35* are decomposi- 
tions of 21 into irreducible two-sided ^-ideals, then s = t and 21, = 9 Xfor a suitable 
ordering of the 33* . 

Suppose that 21 = 2h © - • - © 2b where the 21, are irreducible two-sided 
^-ideals. If 33 is a two-sided <£-ideal of 21, we have seen that 33 = 33i © - - * © 33* 
where 33, = 33 A 21, is a two-sided $-ideal in 21. Hence either 33,- = 21, or = 0. 
Thus 33 = 2l M © - * - © 2f, r and there are exactly 2* distinct two-sided ^-ideals 
in 21. 

We consider now the connection between the decomposition of 21 into left 
^-ideals and into two-sided ^-ideals. If 3? is an irreducible left $-ideal then we 
have seen that S is contained in one of the 21,* , say 2li . If 3?' is a second left 
$-ideal and S' S , 3f and S' are not Hrisomorphic since for li , the identity 
of 2li , we have li3f = 3f while 1jS' = 0. Thus if 33 is the join of all the irre- 
ducible left ^-ideals 2trisomorphic to 3, 33 g . We assert that 33 is a two- 
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sided ideal. For if b e58, b = yi + *• • + y r where y t e3* , an irreducible 
$-ideal isomorphic to 3- If a is arbitrary, 3,a is either 0 or is Slr-isomorphic to 
3. Hence y, a e 58 and baeSS, and so S3 is a right ideal as well as a left ideal. 
Since 3li is irreducible, 58 = 8h ■ Henee we have 

Theorem 22. If % is semi-simple and SI = Hi © • • • © Sl t where the SI, are 
irreducible two-sided $- ideals , then each SI, is the join of the set of irreducible left 
(right) ideals that are Sir (%-)isomorphic to a fixed irreducible left (right) $-ideal. 

Corollary. The number t of irreducible two-sided components is the same as 
the number of classes of non-isomorphic (relative to Sb or Sir) irreducible left (right) 
ideals. 

If 3 is a left $-ideal of St, we define 3>-(3) to be the set of elements b in 8 such 
that 3 b = 0. 3r(3) is a right $-ideal. Similarly, if 3' is a right #-ideal, we can 
obtain a left $-ideal 3i(30 as the set of elements c such that c3' = 0. If SI is 
semi-simple, we may suppose that 3 = 8le and we may write 91 = Sle © Ste', 
where e = e, e'~ — e', ee' — e'e — 0. Then we obtain also 81 = eSl © e'Sl. 
We assert that 3r(Sle) = e'Sl. For, e'Sl g <8r(Sle) and if b e £> r (%e), we have 
eb = 0 and hence b = (e + e')f> == e'b e e'Sl. By symmetry, .gjfe'Sl) = 8le. 
Thus 3K3r(3)) = 3 and similarly, 3rC3i(3')) = 3'- The correspondences 
3 — » 3r(3) and 3' — * 3i(3') are inverses of each other and are (1 — 1) between 
the lattice of lef t #-ideals and the lattice of right <h-ideals. Evidently if 3i ^ 32 , 
then 3r(3i) = 3r(3a)- This result may be expressed as follows. 

Theorem 23. If 31 is semi-simple, then the correspondence 3 <3r(3) is an 

anti-isomorphism between the lattice of left $- 1 ideals and the lattice of right ideals 
of St. 

Let & be the center of the semi-simple ring St = Sli © • • • © Sit . We have 
seen that £ is a $-subring. If c e <£, c = c x + • • ■ + c t where c, « 2h . Since 
a = 2a, , a, in SI, and ac = ca, we have a,c, = c,a, . In addition a,c, = c,a, = 0 
if j i. Hence the c, « (5 and 6 = Si © • * • © St where 6, = 6 A SI, is a 
■h-ring. 6, is the center of St,- . For if d,- e <5,- and d,a, = a,d,- , then d, e £ and 
hence e £, . Since 81 = PJ,* 5 , P (l) a division ring, its center is contained in P w 
and is therefore a field. 

Theorem 24. If % is a semi-simple <b-ring and SI = 8t © - - • © Sit where 
the 81, are simple two-sided ideals, then the center £ is a $-ring and £ = ©1 © — 
@ City where £i = £ A SI, is a field. 


12. Representation of semi-simple rings. We suppose first that SI is any 
ring and that 9ft is an 81-module. If 3 is a right ideal of 9K, *3 the set of ele- 
ments of xb, x fixed and b variable in 3, is an St-sub-module of 9ft. The asso- 
ciation b —* xb is an 81-homomorphism between 3 and *3- Hence if 3 is irre- 
ducible, either 3 is Sl-isomorphic to x3 or x3 = 0. If 2ft is irreducible, *3 — 0 
or 9ft, for any x and any right ideal 3- Now if 81 is semi-simple, SI — 3i © 

© 3» where the 3 s are irreducible right #-ideals. Then if 9ft is irreducible and 
9)131 s* 0, there exists an * in 2ft such that sSl 5 ^ 0 and there exists an 3 j such 
that *3y 0. It follows that 9ft = *3/ is 81-isomorphic to 3j • 
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We assume now that 31 is semi-simple and that xl = x for all x in 2)2. Then 
each x = xl — x3i + - * - + x$ u . Since the x$j are either irreducible or 
0, 2)2 is the join of its irreducible submodules. If 2)2 satisfies the ascending chain 
condition or, what is equivalent, if 2)2 is finitely generated, 2)2 = 2)2i + - • - + 2)2* 
for suitable irreducible 2)2, ^ 0. It follows that 2)2 = 2J2 Z1 © • •• © 9J2* t . 
For if 2)2 ^ 2)2i = 2)2* t , there is a least j = iz such that 2 Klj * Then 

A Tlu = 0 and SSV = 2)2 X + - - - + 2)2, s = SR* © 2)2*, . If W ^ 2)2, let 
is be the least index such that 2)2* 3 % 2)2'. Then 2)2" = 2)2i + * - * + Wh z = 
2)2 tl © 2)2*2 © 2)2* 3 . This process evidently leads to the required decomposition. 
Thus we have shown that the 3[-module 2)2 is completely reducible and satisfies 
the descending chain condition. 

On the other hand, suppose that the descending chain condition holds, and 
let 2)2i < 2)22 < * * ■ be an ascending chain of 3t-submodules. If x x is an element 
of 2)2* + i not in 2)2* , then x t % g 2)2*^! . Since x x e x t % = xgi + - • • + x£ u , 
at least one of the irreducible x*3?y ^ 0 is in 2)2*+i but not in 2)2* . Choose one of 
these x$j and denote it as 22* . Consider the chain (22i + 222 + • - • ) § 
(2fe + 22 3 + * • • ) S , where (22* + 22 * 0-1 + • * * ) denotes the join of all the 
21* with i ^ k. We assert that (22i + 92* + • • • ) > (22 2 + 92* + - - ■ ). For if 
(92i + 22 2 + * • • ) = (22 2 + 22 3 + • * - ) for any z/ x in 22i , we have yi = + • — 

+y m where y t e 22* , and we may suppose that y m ^ 0. Thus y m = yi — y* 

ym — i € (22i + • * * + 22 m _i) ^ 2J2m . Hence y m 2t ^ 2)2 m , and this is im- 
possible since y m % is an 31-module ^ 0 in 22 m and therefore y m 21 = 22 m . Thus 
we have the inequalities (22i + 92* + -•-)> GRs + 92 3 + --•)>“ ‘ ‘ - Bv 
the descending chain condition, this chain is finite in length and hence the 
original ascending chain 2)2i < 2)2* < - - * is finite. 

Theorem 25. Let 31 be a semi-simple $-ring and let 2)2 be an %-module such 
that xl = x for all x in 2)2. Then if 2)2 satisfies either chain condition for 31- 
submodules , it is completely reducible and satisfies the other chain condition . 
Any irreducible 2)2 is % -isomorphic to an irreducible right ideal of 31. The number 
of non-isomorphic irreducible 31 -modules is the same as the number of irreducible 
two-sided ideals 31* in the decomposition 31 = 3li © • • • © 2b . 

A partial converse of this theorem holds. In order to prove it, we require the 
following general remarks: Suppose that 2)2 is an 31-module and that 3} is a two- 
sided ideal in 31 annihilating 2)2 in the sense that xb = 0 for all x in 2)2 and all 
6 in 33. If we denote the coset a + 33 by a, then it is clear that the function 
oca ss xa is a single valued function of x and a in 31 = 31 — 33. It follows that 
2)2 is an ^module relative to this product. Evidently Sl-submodules of 2)2 are 
2t-submodules, and conversely, and so 3t-reducibility, 8l-decomposability, etc. 
are equivalent to 8-reducibility, 2-decomposability, etc. It is also readily seen 
that if 2)2 and 22 are two 31-modules annihilated by 33, then 3[-homomorphisms 
and 31-isomorphisms between them are at the same time 31-homomorphisms 
and 2-isomorphisms, and conversely. 

Now let 31 be a <£-ring satisfying the descending chain condition for left 
^-ideals and let 92 be the radical of 31. If 2)2 is an irreducible 31-module, then 
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xSR is a submodule for any x, and so either s$R = 0 or x9 t — 3 K. If xpt = ffl, 
SOI = xSR = xSR 2 = • • • = 0. Hence SR annihilates SOI and SO? is an 8-module 
8=8 — SR. If8 = Si©-*-©8f, either S0?8 = 0 or SO? is isomorphic to a 
right ideal contained in one of the 21, . It follows that SO? is an 21,-module. 
Similarly if SO? is a join of irreducible submodules, xSR = 0 for all x, and 21? 
is an 8-module. 

Theorem 26. Let 8 be a $-nng satisfying the descending chain condition for 
left $-ideals and let 21? be an 8 - module such that S0?8 ^ 0. //SO? is irreducible, 
then 31? is an 8 ,-module, where 8, is one of the irreducible two-sided ideals of 
8 = 8 — SR. If SO? is a join of irreducible %-modules, then SO? is an ^.-module. 

A more striking form of this result is the following 

Theorem 27. Let 8 t* 0 be a <b-ring of endomorphisms in 31? and suppose that 
8 satisfies the descending chain condition for left ^ideals. Then i/ SO? is irre- 
ducible, 8 is simple, and if 50? is a join of irreducible 8- groups , then 8 is semi- 
simple. 

For in this case, SO? is an 8-module and the representation of 8 by itself is 
clearly (I — 1). 

Now suppose that 8 is any ring of endomorphisms in SO? including the identity 
endomorphism and let 8 = 8i © • • • © 8 ( where the 8, are two-sided ideals. 
Then SO? = S0?8i + • • • + S0?8i where 3R8, denotes the smallest submodule 
containing all the elements xa , , a, in 8, . If 1 = li + • • • + 1* where 1, e 8, , 
1, is the identity of 8, since 8, = 81 * = 1,8 . Hence if x, e 5D?8,- , x,l, = x t 
and since 1 , 1 , = 0, x,l, = 0 if i 9* j. H *! + ••• + = 0 with x, in 8, , 

(xi + ■ • • + x ( )l, = x,l, = x, = 0. Thus 50? = SD?8j © • • • © S0?8t . 

Again let 8 be semi-simple and suppose that SO? satisfies the chain conditions. 
Then S0?8, is a join of irreducible submodules isomorphic to the right ideals of 
8, . As we have seen in 5, the ring of 8-endomorphisms of SO? has the form 
95 = 33i © • • - © 95 t where 35, is obtained from the 8-endomorphisms 6, of 
31?, = SD?8,- by extending the definition of these endomorphisms so that S0?,b, = 0 
for j 5^ i. Thus SO?,- = SO?®, . Since the ring of endomorphisms induced by 
8 in SO?, is a matrix ring over a division ring if 8, has this structure, it follows 
readily from our result on matrix rings 5 that if 8, = P^ , then 35,- = *?«, ) , P w 
anti-isomorphic to P (i) , and 8 is the complete set of 35-endomorphisms of 50?. 

Theorem 28. Let 8 be a semi-simple <b-nng of endomorphisms including the 
identity in 31? and suppose that SO? satisfies either one of the chain conditions for 
8 -groups. If 8 = P* 1 , © • • * © P», ) , where P*^ is a two-sided ideal and P w 
is a division ring, then die ring of 8 - endomorphisms 93 has the form SB = © • • • 

© P,/ , where pi** is a two-sided ideal and P w is anti-isomorphic to P (0 . 8 is 
the ring of ^-endomorphisms of SO?. 

13. Bings satisfying the descending chain condition. The results of the 
preceding section yield the interesting 

* See Chapter 2, 6. 
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Theorem 29. If 31 is a O-ring with an 'identity satisfying the descending chain 
condition for right (left) 0-ideals, 31 satisfies the ascending chain condition for right 
(left) O-ideals also . 

Let 9? be the radical of 31 and JR** 1 = 0, 91 s 0. Then 31 > Si > - • • > 

91 s > 0 is a descending chain of 21-modules (Sir-groups). The difference modules 
31 — 5R, 5R — 5ft 2 , * * * are mapped into 0 by the elements of St and hence may be 
regarded as (SI — 5ft)-modules. Since S I satisfies the descending chain condition, 
the difference modules St — St, St — St 2 , — satisfy this condition also. Since 
31 = SI — St is semi-simple and its identity is the identity endomorphism in 
St — St, St — St 2 , ■ * - these modules satisfy the ascending chain condition and 
hence have composition series. For example, 31 — St = 5i>5 2 >-*-> 
= 0 where 3f j — 3 j+i is Si-irreducible. Hence 31 = 3i > $2 > • - - > 3™ =St 
where j is the right ^-ideal mapped into 0 in the homomorphism between the 
groups 31 and 31 — St. By the First Isomorphism Theorem, Sf / — 3/+i is 31- 
isomorphic to — -3/+i and hence is Si-irreducible. Similarly, we obtain 
9t = 3« > • • • > Sm+p = St 2 where the 3* are right ^-ideals and 3* — 
are irreducible. Thus 31 has a composition series 3i > * • - > 3» > > 

- - • > 0 and so both chain conditions hold for right ^-ideals of 31. 

This theorem enables us to apply directly our results on rings of endomor- 
phisms to abstract rings. Thus, as a consequence of 6, we obtain the following 

Theorem 30. If 31 is a O-ring with an identity satisfying the descending chain 
condition for left (right) O-ideals, then any nil subring 58 of 31 is nilpotent . 

Consider 58 the ring of right multiplications in 31 corresponding to the ele- 
ments of 33. The elements of 58 are 3tr-endomorphisms. Hence if s is the length 
of a composition series for the 2l r group 31, 5i - • - b* — 0 for any fo in 33. Thus 
x&i • • • b s = 0 for any x in 31 and b t in 33. Hence 33*^ = 0. 

We note also the following theorem which is an immediate consequence of 8 . 

Theorem 31. If 31 is a O-ring with an identity satisfying the descending chain 
condition for left (right) O-ideals, then the following conditions on % are equivalent: 

1. 81 is a direct sum of ^n(% T -)isomorphic indecomposable left (right) O-ideals. 

2. 21 — 5R is simple , 5ft the radical of 31. 

3. 31 = 33 u where S3 is a completely primary ring. 

If any one of these conditions holds, % is a primary ring . 


14. The regular representations. Let SI be an arbitrary #-ring with an 
identity satisfying the descending chain conditions for one-sided ideals. Sup- 
pose that 31 = «i3l © - • - © eJL is a decomposition of 31 into right ideals 9^0 
where 


( 4 ) 1 = Sc.- , e\ = ei ?£■ 0 e,-e y = 0 if ij*j. 

If 3? is a nilpotent two-sided ideal of 31 and e» = e.- + 31 , then 


(5) 1 = 2*, 


*e,- = 0 if i j 


sl = Si j * 4 o. 
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in 8 = 8 — and so 8 = 618 © - • * © eJH is a direct decomposition of 8 
into right ideals. Since e t 9* 0, eM ^ 0. We wish to show that any decomposi- 
tion of 8 into right ideals may be obtained in this way. For this purpose we 
require the 

Lemma. If e i , * - * , e x are idempotent elements 9^0 in 8 such that e x e 3 ~ 0 
for i 9^ j 7 then it is possible to choose elements €i in the cosets e % such that e\ = e x 
and e x e 3 = 0. 

Suppose that e ± , j • • , e m have already been determined so that these condi- 
tions hold for i, j = 1, • • - , m. Let u be any element in e m +i and set v = 

m 

u — eu — ue + eue where e = X) e i * Then e t v = ve t = 0 for i ~ 1, - • • , m 

i 

and v = u (mod Si). Hence v = v + z where z is nilpotent, say z a = 0. Evi- 
dently zv == vz. We now try to determine an element w = f(z)v + g(z) so that 
w = w and f(z) and g(z) are polynomials in z with integer coefficients. This 
leads to the consideration of the equations 

(6) f + 2 fg = /, g 2 + fz = g. 

We shall first solve these equations for power senes in an indeterminate f. 
By elimination, we obtain /(£) = (1 + 4 1 )~* and g(t) = f (1 ~ /(£)). Now con- 
sider the expansion of f(t) = (1 + 4£)”*- It is readily seen that f(t) = 1 + 

X)(— 1)* i^ U n ^ so the coefficients of f(t) and of g(f) are all integers. 

The formal identities 

mf + m) Q (t) - m, m? + mft = * (o 

are satisfied. It follows that if f*(t) and g a (t) are the sth partial sums of f(t) 
and g(f), respectively, then/ = f*{z) and g = g»(z) satisfy (6). Hence w = fv + g 
is idempotent. Since e t v = ve t — 0, we x — e x w = 0. The formula for w shows 
also that w = v (mod 9?) and hence w = u (mod SR). Thus w may serve as the 
element e m+1 and the lemma follows by induction. 

Remark . The above proof is also valid for an algebra 8 without an identity. 
For we may adjoin an identity to 8 and then construct the idempotent element 
e» + i in the manner indicated from an element u chosen in 8. It is readily seen 
that e m + x € 8. 

If 2e £ = 1 in the lemma, then = I and 2e* = 1 + y, y in 9?. Since 
De* is idempotent, (1 + yf = (1 + 2/)- Hence y 2 + y = 0. Thus y = —y 2 ~ 
y z = . . • = o andjso 2e l = 1. It follows that if 8 = eiS © • • ■ © e v % is a 
decomposition of 8 into right ideals ^0, where the e t satisfy (5), then 8 = 
e a 8 ©--•©. e v 8, where the e x e e t and satisfy (4). The lemma together with 
the KruU-Schmidt Theorem shows also that the idempotent elements e t are 
primitive if and only if fhe e> are . Thus e t 8 is indecomposable if and only if 
e,8 is. If SR is the radical of 8, 8 is semi-simple and hence e*8 is indecomposable 
if and only if it is irreducible. We have therefore proved 

Theorem 32. Let 8 be a $-ring with an identity satisfying the descending chain 
conditions for one-sided ideals and let 9i be its radical . If 8 = Ci8 © * - - © e*8 



THE REGULAR REPRESENTATIONS 


73 


where the e % satisfy (4), then 2£ = 21 — 3? = eM® • © e tt 8. The ideal eM 

is indecomposable if and only if e x % is irreducible . 

Consider SR = 6.8 0 e,% = e8, e = e % + e y . Since 8 = 9ft © (1 - e)% 
the projections E and E r determined by this decomposition are the left multipli- 
cations by the elements e and e' = 1 — e, respectively. Since Si is the ling of 
8r-endomorphisms of 8, by 4, E$hE is the ring of 8 r -endomorphisms of 9ft. 
Thus the ring of 8 r -endomorphisms of 9ft is anti-isomorphic to eSe. Hence by 
8 , eM and efS are 8 r -isomorphic if and only if eSe is primary. Now eSe — 
(5ft A eSe) = (eSe + Jft) — 5ft = eSe and eSe is anti-isomorphic to the ring of 
8 r -endomorphisms of 9ft = eM. Since 9ft is completely reducible, eMe is semi- 
simple. It follows that 9? A eSe — effie, which is evidently contained in the 
radical of eSe, coincides with this radical. Hence eSe is primary if and only if 
eSe is simple and we have proved the following 

Theorem 33. Let 8, 8, etc. be as in the preceding theorem with the e t primitive . 
Then eM and c,8 are 8 -isomorphic if and only if eM and e 3 S are S-isomorphic. 

Since eM = c»8 A $ft, the 8-module e a 8 — eM is isomorphic to (eM + 91) — 5ft. 
The latter is essentially the 8-module eM- Hence eM — eM is irreducible and 
so e t dt is a maximal submodule of eM and eM is a first composition factor of 
eM- On the other hand, if 9ft is any maximal submodule of eM, c»8 — 9ft is 
irreducible and therefore this module is annihilated by 5ft. It follows that 
eM S 9W and hence e*9t = 9ft. Thus e,5R is the only maximal submodule of the 
8-module e*8. This is the first part of 

Theorem 34. If $ is an indecomposable right ideal that occurs in a direct 
decomposition of 8, then 3 contains only one maximal right ideal of 8. If 3 and 
3' are indecomposable right ideals that occur in direct decompositions of 8, then a 
necessary and sufficient condition that 3 and 3 7 he S-isomorphic is that their first 
composition factors be 8 -isomorphic. 

The second part of the theorem follows from the Krull-Schmidt Theorem and 
Theorem 33. For, by the former, 3 is 8-isomorphic to one of the right ideals 
3i that occur in a decomposition of 8 that includes 3'- By Theorem 33, 3i and 
3' are isomorphic if and only if their first composition factors are isomorphic. 
Hence this holds also for 3 and 3'- 

In order to obtain a connection between the decomposition of 8 into inde- 
composable right ideals and into indecomposable two-sided ideals, we require 
the following 

Lemma. Let 5ft and 5ft' be 8 -modules with composition series. Suppose that 5ft 
has only one maximal submodule 9ft and that 5ft is %-homornorphic to a submodule 
5ft* of 5ft'. Then any composition series for 5ft 7 includes a factor 8 -isomorphic to 
5ft — 9ft. 

We note first that if 3 is a proper submodule of 5ft, then 3 ^ 9R. For 5ft — 3 
contains a maximal submodule 3fti and the corresponding submodule 9fti of 91 
is Tn^vimal and contains £. Since - 5Dt is the only maximal submodule of 5ft, 
gj £ = gjh . Now let £ be the submodule of elements mapped into 0 by the 
homomorphism between 5ft and 5ft*. Then 5ft* is 8-isomorphic to 5ft — 3- Since 
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(SR — 3) > (2ft — 3) 0, 1ft — 3 has the composition factor (1ft — 3) — 

(2ft — 3), Sl-isomorphic to Sft — 2ft. Hence Sft*, and consequently Sft', have 
a composition factor Sl-isomorphic to Sft — Sift. 

We shall confine our attention to the indecomposable ideals of 31 that occur in 
direct decompositions of 81. These are necessarily of the form eSl where e is a 
primitive idempotent element. Conversely, any ideal of this form is indecom- 
posable and belongs to a decomposition of 31. We shall say that two such ideals 
eSl and e'Sl belong to the same block if there is a sequence of indecomposable 
ideals eSl = eiSl, eS., • * • , e*Sl = e'Sl such that el = e, and each eM has a compo- 
sition factor 31-isomorphic to one of the composition factors of e,+iSl. This re- 
lation between eSl and e'Sl is evidently an equivalence. The sequence {e,Sl} is a 
sequence connecting eSl and e'Sl. With these definitions, we have the following 

Theorem: 35. Let SI = © • • • © 8U be the decomposition of 81 into inde- 

composable two-sided ideals. Then any two indecomposable ideals e% and e'Sl 
belong to the same block if and only if they are contained in the same component SI, . 
Hence SI, is a join of a set of indecomposable ideals eSl belonging to the same block. 

We have seen in 9 that any indecomposable right ideal is contained in one 
of the SI, . If e2l and e'Sl belong to the same block, they are contained in the 
same two-sided component. For suppose that eSl and e'Sl are in different 
components say, Sli and 8h respectively. If li is the identity of Si , then 
(eSl)li = eSl and (e'St)li = 0 and so no composition factor of eSl is Si-isomorphic 
to one of e'Sl. Thus if {e,3l} is a sequence connecting ell and e'Sl, each pair 
e,Sl, e,+iSl is contained in the same component and this holds also for eSl and 
e'Sl. If eSl and e'Sl are in different blocks, then eSle'Sl = 0. For otherwise, 
there is an element b = eae' 0 and so the left multiplication determined by 
b is an Sl-homorphism 0 between e'Sl and a submodule of eSl . Hence by the 
lemma, both e'Sl and eSl have composition factors isomorphic to e'Sl, contrary 
to assumption. Now let SI = ejSl © • • • © e„2l be a decomposition of SI into 
indecomposable right ideals ^ 0. We suppose that the e,- satisfy (4) and that 
eiSl, , e Bl Sl belong to the same block, e» 1+ i2l, • * - , e ni +*,3l, belong to the 
same block but not to the same block as eiSl, etc. Set 93i = e x Sl © - - ■ © e ni %, 
33s = e» 1+ iSl © — © Cn 1 +n t Sl, • * • . Then e,Sle,3l = 0 if i :£ n\ and j > n t . Hence 
Sl(e,3l) ^ 33i(e,Sl) ^ 33i and 33i is a two-sided ideal. Similarly, each 93 is a 
two-sided ideal and since 33 is a join of ideals that belong to the same block, it 
is contained in one of the Si’s. Hence we may suppose that 33i = Sli , • * • , 33* — 
Sli . Now suppose again that eSl and e'Sl are in different blocks. We may sup- 
pose that eSl = eiSl ^ Sli . Then we have seen that e,3le'3t = 0 for i »i . 
Hence there is a j > «i such that e,3le'9l ^ 0 and so e,3l and e'Sl are in the 
same component. Consequently eSl and e'Sl are in different components. 

The above results are, of course, also valid for left ideals. The following 
theorem gives a connection between decompositions into right ideals and into 
left ideals. 

Theorem 36. If SI = eiSl © — ,© e^Sl where the e, satisfy (4), then SI — 
Sfo © • • • © Sle« . The ideal Sle, is indecomposable if and only if e,Sl is in- 
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decomposable. If eM and e 5 % are indecomposable, (hen these ideals are H-£so- 
morphic if and only if He t - and He, are %4somorphic. 

The first part of this theorem is evident, since the condition, for indecom- 
posability in either case is that e t * be primitive. To prove the second part, we 
suppose first that SI is semi-simple. Then the condition that and e,H be 
isomorphic is that they be contained in the same irreducible two-sided ideal 
58 of H. Since e t % ^ 58 if and only if He,* 2 58, the theorem is true in this case. 
The theorem in the general case then follows directly from Theorem 33. 

It may be noted that we have succeeded in obtaining extensions of all of the 
main theorems on the structure of semi-simple rings with the exception of the 
theorem establishing an anti-isomorphism between the lattice of left ideals and 
the lattice of right ideals. The class of rings for which this theorem holds has 
been the subject of a very interesting investigation by Nakayama. We refer 
the reader to his papers [10], [14] for this discussion. 

15. Principal ideal rings. In this, and in the next, section we shall indicate, 
following Asano, that the main results of Chapter 3 are valid for principal ideal 
rings satisfying the descending chain conditions for one-sided ideals. These 
results will play an important role in the multiplicative ideal theory that will be 
considered in Chapter 6. 

By a principal ideal ring we mean here a ring with an identity in which every 
left ideal is a principal left ideal and every right ideal is a principal right ideal. 
For the sake of simplicity we assume that the set of endomorphisms $ is vacuous. 
We prove first the following 

Theorem 37. If % is a ring with an identity satisfying the descending chain 
conditions for one-sided ideals , and every two-sided ideal of H is a principal right 
ideal and a principal left ideal, then SI is a direct sum of two-sided ideals that are 
primary rings having these properties . 

Let Si be a minimal non-nilpotent two-sided ideal in H. Then Hi = He = 
c*H for suitable c and c', and He 2 = (c')*H is a two-sided ideal of H contained in 
Hi . Since (He) 2 = H(cH)c £ H(Hc)c = He 2 , He 2 is not nilpotent. Hence by 
the minimality of Hi , He 2 = He = e'H =* (c') 2 H- Since the ascending chain 
condition holds for Hi regarded as an Hrgroup, the Hrendomorphism x — » xc 
is (1 — 1) in Hi . Hence the only element z in Hi such that zc = 0 is z = 0. 
Thus if H* denotes the set of elements a* in H such that a*c = 0, H* is a left 
ideal and H* A Hi = 0. If x is any element of H, xc = yc for a suitable y. 
Hence x = (x — yc) + yc € H* + Hi and so H = Hi © H*. Similarly, H = 
Hi © H" where H" is the right ideal of elements a " such that c'a" = 0. If 
a " is arbitrary in H", a" = «i + a*, a x in Hi , a* in H*. Then 0 = dot* = 
c'ai + c'a* e Hi © H* and c'ai = 0. Hence «i = 0 and a” = a* e H*. Simi- 
larly if a* € H*, a* e H" and so H* = H" is a two-sided ideal. It follows that 
»i is primary. For otherwise, we should have a non-nilpotent two-sided ideal 
* «i in Sti and this would contradict the minimality of . In order to 
complete the proof we require the 
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Lemma. Let 21 be a ring with, an identity and SI = Sli © * - • © 2L where the 
SL are two-sided ideals. A necessary and sufficient condition that every right 
{left, two-sided) ideal of St be a principal right {left, left and right) ideal is that this 
holds for each, St». 

If 3*' is a right ideal of 21, , it is one of SI since SliSl, = 0 if i j. Hence 
3fi = CiSt = c,2L since c, is in St, . On the other hand, any right ideal 3f of 
21 has the form 3 = 3i © • • ■ © 3* where 3* = 2L A 3 is a right ideal in St* . 
If3i = CiSl,- , c,in3ii , then = CiSli + — + c,2b = cSl where c = c 3 + • • • + c t 
is in 3- 

This lemma implies that the rings Sli and St* determined above satisfy the 
same conditions as St. If SI* is not primary, we may repeat this process and 
write St* = Sfe © St" where Sts , St" are two-sided ideals of St' and hence of St, 
and Sts is primary. After a finite number of repetitions of this process we obtain 
St = Stx © • • • © St* where the St,- are primary and satisfy the conditions of the 
theorem. 

Theorem: 38. Let St = 35„ where 35 is completely primary and St satisfies the 
chain conditions for one-sided ideals. Suppose that the radical 91 of St is a prin- 
cipal right ideal and a principal left ideal. Then 91 = wSt = St w for any w which 
belongs to (91 A 35) but not to (91 2 A 35). 

We have seen that if 31 A 35 = © and e„ are matrix units such that St = 2e i:# S5 
and etjb = be,-/ , b in 35, then 91 = 2 e i3 ©. Then 91* — Se,-,©* and ©* = 91* A 35. 
We note next that if u and v are elements of 21 such that uv = 1 (91), then w = 
1 — r, r in 91 and hence «»(1 + r -+- r 2 + - • • + r* -1 ) = wo = 1 if r* = 0. Evi- 
dently]; = v (91). Also, since St — 91 is a matrix ring over a division ring, vu = 1(91). 
Hence there is a o' such that v'u = 1, v' = v (91). It follows that o' = v, and u 
is a unit with v as its inverse. 

After these preliminaries we may begin the proof of the theorem. Let w t. ©, 
4 © 2 . Then w — zu if 91 = 2 St- We consider u modulo 91. Since St — 91 is a 
matrix ring over a division ring, there exist elements v x and Vt which are units 

9 

modulo 91 such that u = t>i«^(91), e, ~ T"! e,i . We may suppose that.vi and i»* 

1 

are units in 81. Thus u — vie,vt + r, r in 91, and w zfaejOi + r), wvT 1 = 
(z»i)e, + zrvj 1 . Hence wv ^ 1 = {zvf)e, (91 2 ). If we write wdi 1 = 'Ze i ,w i j , w xj 
in 35, this shows that the to,-,- , with j > 8, are in © 2 . If vj 1 = 2 etfia , in 35, 
then each v xi , j > s, is in ©. Otherwise is a unit and since w i} = uw,-,- , we 
should have w in © 2 contrary to assumption. We have therefore proved that 
v,j = 0 (©) for j > s. Since v is a unit modulo 91, this is impossible unless 
8 — n, i.e. unless u = tw» (91). Since Vi and ih are units, it follows that u is a 
unit and 91 = zSl = wtl. Similarly, 91 = She. 

Theorem 39. Under the assumptions of the preceding theorem , the ideals 
©*, fc = 0, 1, - - - (©* = 35), are the only right {left) ideals of 35. ©* is a principal 
right {left) ideal. The only two-sided ideals of SI are 91*. 

Let 6 be any element of 35. If b 4 ©, b is a unit. Now suppose that 
b e ©*, 4 © t+1 , k > Q. Then b « 91*, 4 91 t+1 and hence b = w k u where we©. 
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4 ® 2 . If we write u = 'Ze x3 Uij , we obtain 6 = te? fc 2 z*. , w k Ui 3 = 0. Hence we may 
replace w by tzi = t/ u and obtain 6 = w k ui with Ui in 58. Then iti is a unit. By 
a parallel argument we may show that 6 = uiw k with % a unit in 39. If now b 
is any element of ©*, 6 is in © z but not in @ z ~\ Z ^ ft, and so 6 = zA £ = w k c, 
c in 39, and likewise b = cw k , c in 58. Hence we have proved that = w k 33 = 
$5w k . Now let 3 be a right ideal of 58. Suppose that 3 = but % S* -1 " 1 
and let 6 be an element of 3 not in Then 6 = w k u\ , u± a uni t. Hence 

w k is in 3 and ©* = 3. Since any two-sided ideal 33i in 58 has the form 2e*.3, 
where 3 is a two-sided ideal in 39, 39i must be one of the ideals = 9t*. 

We prove next 

Theorem 40. If 58 is a principal ideal ring, then so is the matrix ring 31 = 39 v . 

Let 5 denote the free 58-module with u generators. The elements of 5 are 
the u-tuples (h , • - - , b u ), bi in 39. With any right ide^l 3 bi 21 we associate 
the set g(3) of elements in 5 consisting of the columns of the matrices in 3- 
Evidently 5(3) is a submodule of 5 and hence by the argument on p. 43, 5(3) 
has a set of m ^ u generators. Let these be (b l3 , h 2i , - • - , b U3 ),j = 1, • - • , m, 
and let b be the matrix Q} %3 ) where b i3 = 0 if j = m. We wish to show that 
3 = &8. To prove this, we note that if c = Xe %3 d 3 is an element in 3, then so 
is ce pq , and this matrix has as its g-th column the p-th column of c and all other 
columns are 0. Since the columns of b occur in matrices of 3? the matrices 
2 e t jb t i <= 3 for j = 1, * , u and hence b = 2e i3 b i3 is in 3- The u matrices be pq 

contain the columns of b in all possible positions, and since these columns form a 
basis for 5(3), any element of 3 has the form bv for a suitable v in 8. A similar 
argument holds for left ideals. 

Now let 31 be any primary ring with an identity satisfying the descending 
chain condition for one-sided ideals. Suppose that the radical of 21 is a principal 
right ideal and a principal left ideal. Then by Theorem 39, 21 = 58* where 39 
is a completely primary principal ideal ring. Hence by Theorem 40, 21 itself 
is a principal ideal ring. 

Theorem 41. If % is a primary ring satisfying the descending chain conditions 
for one-sided ideals and the radical 9t of 8 is a principal left ideal and a principal 
right ideal, then 8 is a principal ideal ring . 

By this theorem and Theorem 37, we obtain 

Theorem 42. If % is a ring with an identity satisfying die descending chain 
conditions for one-sided ideals , and if every two-sided ideal of 8 is a principal left 
ideal and a principal right ideal, then 31 is a principal ideal ring . 

1$. 21-modules, 21 a principal ideal ring. We wish to determine the structure 
of finitely generated 8-modules, 8 of the type of 15. As usual, we suppose 
that x\ = x for all x in the module 2W and 1, the identity of 8. Since 8 = 
8x © • - - © 8* , 2» = aK8i © • - - © 5K8* . Since 8.8,* = 0 if i j, any 
8*-submodule of $D?8» is an 8-submodule and 8*-isomorphism of submodules of 
$D?8* implies 8-isomorphism. Hence we may assume that t = 1, that is, that 
8 is primary. We consider first the case where 8 = 39 is completely primary. 
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Then if 2 is its radical and w e 2 but i 2 2 , we have seen that every element of 95 
has the form uw h — yc l u' where u and u' are units. Hence if (a, } ) is a matrix 
in 95« , we may use elementary transformations (p. 42) to reduce it to diagonal 
form. Thus there exist units «i and Ui in 95m such that 


f tc kl 


(7) 


Ui(Oij)u t = 


V?’ 


0 


where 0 g h g h S • • - < Z if 3* =' 0, 3 1-1 ^ 0. As we saw in Chapter 3, 
this implies that any finitely generated 95-module is a direct sum of cyclic 
95-modules isomorphic to the 95-modules 95 — w k %. 5 = 95 — 2*. Since the 
mapping x — » w l ~ k x is a 95-homomorphism between 95 and 2 I_ * sending the 
elements of 2* and only these into 0, 2 i_ * and 95 — 2* are isomorphic. Now 
2 I_ * is indecomposable, for otherwise, 2 1- * = 3i © where the 3i are right 
ideals 7*0 of 95, and this is impossible since each 3,- is a power of 2. Thus the 
cyclic modules 95 — tr*9 5 are indecomposable. 

Now let 2 = 95 a = 2e,-j95 where 95 is a completely primary principal ideal ring. 
If Eft is an 9-module, Eft is a 95-module and if Xi , • • • , x n generate Eft relative 
to 2, the elements x.-e,-* generate 2ft relative to 95. ' Thus Eft is finitely generated 
relative to 95. The sets 9 Re« are 95-modules since e,i> -- be for all 6 in 95 and 
are 95-isomorphic since, as is readily verified, the correspondence x — *• xeu is a 95- 
isomorphism between Eften and 9fte,i . Evidently Eft = ERen © • • - © 2fte«„ . 
We fix our attention now on Eften . Since 95 is a principal ideal ring, Eften is . 
finitely generated 95-module. Hence, by our assumption, we may write Eften = 
2ft a> © • • • © E ft w where Eft 05 is a cyclic 95-module generated by yj . By t -e 
isomorphism noted, we have Efte,-,- = ER w) Ci* © - • • © Eft^ex,- where Sft^cu * • 
cyclic and has the generator yfia . It follows that the elements y 3 - are generators 
of Eft relative to 21. Now suppose that y x a x + • • - + yn r = 0 for a t - = 2 eoha- 
Since y& a = Vi , we have 

0 = (jfifiufh. + • • • + y*Cuo»)eM> = (yib™ + • - • + yMp) e ip j p = 1, 2, — . 

This implies that hi’j! = 0 and hence yfi a = 0. Thus Eft = (yi) © - • • © (y g ) 
where (y 3 ) denotes the cyclic 31-module generated by yj . This proves 

Theorem 43. If 8 is a principal ideal ring satisfying {he descending chain 
conditions for one-sided ideals, then any finitely generated 21- module is a direct sum 
of cyclic ^.-modules. 

Our argument shows also that if Eft is an indecomposable H-module, Eften is 
an indecomposable 95-module. For if Efte u -= Eft' © Eft", we may rWomp ngg 
W and Eft" into cyclic modules 2R°\ j — 1, 2, • • • , g, g ^ 2, and then obtain 
a decomposition of Eft into g 3t-modules. On the other hand, suppose that Efte u 
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is an indecomposable 55-module. If ©2 = 2)2' © ©2", we may write W = 
We n © • • * © We uu , ©2" — W'e& © * - * © W'e uu and obtain a direct de- 
composition of ©2 into 2 u components. Since we have ©2 = ©feu © • - * © 
©fe*.u where the ©2e tt are indecomposable , we obtain a contradiction to the 
KruU-Schmidt Theorem. 

If 2)2 = (yi) is an indecomposable 93 tt -module, we may suppose that yien = yi 
and that yi generates an indecomposable 53-module. It follows, on considering 
the set of elements a of SI = S3* such that y x a = 0, that is 2-isomorphic to 
2 — 3 where 3 Is the right ideal generated by e %3 with i > 1 and by e l /w k . If we 
use the 2-homomorphism x — * e n w l ~ k x, we may prove that 2 — 3, and hence 
(yi), is isomorphic to the ideal e n SR 1 - 1 . Now, as in Chapter 3, we define the 
bound of an 2-module ©2 to be the two-sided ideal of elements d of 2 such that 
xd = 0 for all x in ©2. In the present case we allow the bound to be 0. It is 
readily seen that the bound of (yi) (or e n 92 z “*) is 91*. Hence if 2 is primaiy, 
then a necessary and sufficient condition that two indecomposable 2-modules 
be isomorphic is that they have the same bounds. If we use the decomposition 
©2 = ©?2i © — © ©22t , we see that this result is also valid for arbitrary 
principal ideal rings 2 and finally, by the Kmll-Sehmidt Theorem, we obtain 
the following general criterion: 

Theorem 44. If 2 is a principal ideal ring , then a necessary and sufficient 
condition for ^isomorphism of any two finitely generated 2- modules is that the 
totality of bounds of the indecomposable components that occur in a decomposition 
of one of the modules coincide with the totality of bounds occurring in a decomposition 
of the second . 

The main results of Chapter 3 may now be proved for the rings considered 
here. We mention, for example, the following theorem that will be required 
later. 

Theorem 45. If ©2 is an indecomposable 2 -module and C is its bound , then 
2 = 2 — is a primary ring . If e is the exponent of the radical of 2, ©2 has 
length c. An indecomposable 2- module has only one composition series . 

The proof is left to the reader. 

We remark that if o is an arbitrary principal ideal domain and 3 is a two- 
sided ideal 5^0 in o, then c — 3 is a principal ideal ring satisfying both chain 
conditions for one-sided ideals. Hence if ©2 is a bounded o-module in the sense 
of Chapter 3 and 3 is the bound of ©2, then ©2 is an (o — 3)-®QLodule, and so 
the results on bounded o-modules are consequences of the present theory. 
The treatment of Chapter 3 is, however, of a more elementary character. 

17. Projective and affine representations of a group. In the remainder of 
this chapter we shall consider some applications of the theory developed thus 
far. We begin with the problem of representation of groups. 

It is a classical result that any projective space $ of dimensionality 
(n — 1) 3 may be regarded as the system of one dimensional subspaces 

{xa } , x fixed, in' a suitable ^-dimensional vector space ©2 over a division ring 4». 



so 


RINGS OF ENDOMORPEI3MS AND ABSTRACT RINGS 


The ^-dimensional subspaces of 2!? correspond to (k — 1 ) -dimensional subspaces 
of 2*. It is well known that the coiiineations, or, projective transformations of 
% i.e. the (I — I,) transformations that preserve incidence, are induced by non- 
singular semi-linear transformations in 9 Jt over $. Two semi-linear trans- 
formations Ti and T 2 have the same effect in $ if and only if Ti = T 2 /i, p in 
The complete projective group is therefore isomorphic to ©/$*, where @ is the 
group of non-singular semi-linear transformations and <£*, the set of mappings 
x—rxu, p 5 * G in <£. 6 We recall also that the coiiineations which are generated 
by perspectivities are the ones whose corresponding semi-linear transformations 
induce inne r automorphisms in We shall call these coiiineations special. 

Consider the following problem: Given a group g = (1, s, t, — ) and a pro- 
jective space % to determine the homomorphisms between g and groups of 
coiiineations in % Such homomorphisms are called projective representations 
of g. Two representations s — * c s , s —+ d s are equivalent (strictly equivalent) 
if there is a collineation (special collineation) u — » u' such that (uc s ) r = u'd s , 
or, if w — > i/' is denoted as/, then d, = f^cj. 

If we transfer this to 23?, we obtain the following formulation: A projective 
representation of g corresponds to an association s — > T s where T, is a non- 
singular semi-linear transformation in 2 Jl such that 

T 9 T t = T 8t Ps.t 9 p*.t iu 

If s denotes the automorphism in 3> determined by T s , then 

(8) f = p7k“p.. t 

for all £ in <t>. Thus if we call the factor group of the group of automorphisms of 
3> relative to the invariant subgroup of inner automorphisms the group of outer 
automorphisms of 4>, we see that the correspondence s — > s determines a homo- 
morphism between g and a subgroup of the group of outer automorphisms of <£. 
It follows that the subset Ij of elements h of g for which T h is a special collineation 
is an invariant subgroup of g. The set p = will be called the factor set 
of the representation. The associative law imposes the condition 

( 9 ) Ps,tuPt,U “ Pst,Up8,t • 

The projective representations s — > T M , s — » 17# are equivalent if there is a 
non-singular semi-linear transformation A with automorphism a and elements 
p 9 such that 

U B = A-'TsAfj, - A-\TspVU. 

We have strict equivalence if A may be taken to be linear. If s' is the auto- 
morphism associated with Us and <r is the factor set of this representation, we 
have as necessary conditions for equivalence 

0 - 0 ) s = a saps , <r 8t t = PstPa.tPa , 

8 Since the group operation is denoted as multiplication, we use the terms, factor group, 
power, etc. 
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where in the first equation denotes the inner automorphism f — » y a 1 &* f . 
Necessary conditions for strict equivalence are 

(11) , <T t , t = tiTtps.tiApt. 

If $ is commutative, the only inner automorphism is the identity mapping. 
Hence the correspondence s — > § is a homomorphism between g and a subgroup 
of the group of automorphisms of Strictly equivalent representations have 
the same automorphisms in <$. 

An important class of projective representations consists of those representa- 
tions for which the factor sets p*,* = 1. In this case we have T tt = T,T t and 
s — * s is a homomorphism. We call a representation of this type an affine 
representation , and we are usually concerned with equivalence of pairs of these 
representations defined by the condition that U t = A~ x T t X where A is a linear 
transformation (i.e. y 8 — 1). Finalty, we may impose the further condition 
that s is the identity automorphism for all s. Then T, is linear. If, in addition, 
$ is commutative, we obtain the classical case for which there is a very extensive 
literature. 

From now on we suppose that g is finite. Let r be its order and p the char- 
acteristic of 3>. We wish to prove the following 

Theorem 46. If p \ r, any projective representation of g is completely reducible . 

By complete reducibility we mean complete reducibility of 2ft relative to the 
set of endomorphisms }4>, T ± , T 8 , • - - Let % be a subspace of 3 ft invariant 
under the transformations T 8 and let 91* be any complementary space, i.e. 9J1 = 

91 © 91*. We wish to show that we may choose 91* so that it, too, is invariant 
relative to the T s . If x e 9ft, we may write x = y + y* where y c91, y* c91*. 
The mapping x — » y = xD determined by the decomposition is then an idem- 
potent linear transformation such that 2 ftD = 91. Now r any linear transforma- 
tion which maps 9ft into 91 and acts as the identity in 91 is idempotent. Hence 

if Di , - - * , j D m have this property and p \ m, then — (Di + • • • + D m ) has the 

m 

property. Thus E = - T7 1 DT„) has the property since TJ 1 DT, is linear, 

r » e g 

2BJ7 1 D7’, g 91T, = 91 and yT^DT, = y for all y in 92. Now 

TJ 1 ET t = - E T7 1 TT'DT. T t = iy T7t DT, t p,. t = E 
r , r , 

since T7tDT, t commutes with p,, t and st ranges over g when s does. Thus E, 
and hence 1 — E, commutes with ali the T, . Then 9J2 = SHE © 9)2(1 — E) = 

92 © 92' and 92' is invariant relative to all T, . 

18. Crossed products. The preceding theorem may be strengthened by 
replacing the hypothesis p I r by the weaker one, p \ q, q the order of the invar- 
iant subgroup Ij of dements h such that H is inner. In order to prove this, and 
for other purposes, we introduce a certain ring 8 determined by g, $, the cor- 
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respondence s — * s = s B and the factor set p. We need not suppose that the 
5 and the p are obtained from a projective representation but merely that they 
satisfy (8) and (9) and that p s ,t 9 * 0. The elements of 31 = #(g, H, p ) are the 
expressions ]£ f*f« where the f, vary in <f>. We consider 2**f, = 2 t,v, if and only 

tie 

if f, = ii, for all s and we define 


"1" — '^*(f* + ^l)j 

(22*£,)(2tfijt) = 2 UtPt.JuVt • 

It is readily verified that 21 is a ring. We shall call it the crossed 'product of $ 
and g with correspondence H and factor set p. 

The conditions on p imply in particular that p«.ipi.i = p,.ipl.i . Hence pf, x = 
Pi.i , pLi = pi,i and p, tl = pi.i . Similarly, pi,* = p*,i . We note also that 
f 1 = pijilpi.i - It follows that the element <ip« is an identity 1 for 31 and the 
elements If form a division subring of 31 that may be identified with We 
may set t, = t, 1, 1, the identity of <f>. Then any element of 31 has the form 
2 i*f, where £,f, now indicates the product of t, and £ . in <f>. The ring 31 is a vector 
space over <f> relative to the endomorphisms x — » xf. Since the expression of 
an element in the form 2i,f, is unique, (31: $) = r. We note that 

ft* = t*£* , tgtt = tstPa.i • 


Similarly, the endomorphisms x — > fx = xf' form a division ring anti-iso- 
morphic to 4>, and (31: #') = r also. Since right (left) ideals of 31 are subspaces 
over # ($0. 8 satisfies both chain conditions for right (left) ideals. 

If s — * T, is a projective representation of g in 2)1 over $ with the correspond- 
ence s—*s and the factor set p, the correspondence 2£*f* — » 2!F,£, is a representa- 
tion of 31 by endomorphisms in 5TO in which 1 is mapped into the identity en- 
domorphism. If two 31-modules thus determined are 31-isomorphic, then the 
projective representations are strictly equivalent. Conversely if we have a 
representation of 31 by endomorphisms in 2W such that 1 — > 1, 50? may be re- 
garded as a vector space relative to the endomorphisms of <t> ^ 31. If (50?: $) 
is finite and T, is the correspondent of f, , we obtain a projective representation 
s — » T, of g having the same correspondence and factor set as 31. Thus the 
theory of representations of the ring 31 is closely connected with that of the 
projective representations of g that have the same correspondence and factor set. 

Let 35 denote the subring of 31 of elements ^ 4 £ a . Then 35 is the crossed 

*<» 

product of # and Ij with the factor set p*,* and the correspondence h — > S. Let 
1, «,•••, to be representatives of the cosets of g/lj. Then if $ e g, s = uh, h 
in 1). Hence t, = tjhp*\ = tjb where & is in 35. It follows that the elements of 
SI may be written in the form 2t»b u , b« in 35 and the summation extending over 
Ihe representatives 1 This representation is unique. For if Zt u b u = 0, 

we set b« = 2 4f*,„ and obtain 2 tu*p*,if* tM = 0. Since the r elements uh are 
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distinct, p u ,hbi,u = 0, = 0 and hence b u = 0. Now fl l = (pi,ip,-i,«) 3 k-i 

and so 

f^thU = (Pl.lP*- 1 ,*) 1 th t* = (pi,lPi-i t< ) 1 U-lh*PB-lk,sp 8 8 'l,h 

x f a~lh* a~~ l ka \— 1 2 

— P*-U,*Pa“l f A 

is in 53. Hence the mapping & — » = 6*’ is an automorphism in 58. By 

means of this automorphism we may write (<„&«)(£»&») = tmpu.J>tb v . 

We may now prove the following theorem. 

Theorem 47. A necessary and sufficient condition that 21 be semi-simple is that 
SB be semi-simple. 

Let © be the radical of SB. Since the automorphism b — *• (?bt, maps a nil- 
potent ideal into a nilpotent ideal, t 7*©^ ^ ©. It follows that the totality 5ft 
of elements 2t„s„ , s u in @, is a two-sided ideal in 21. Since 5ft ^ ©, it mnfains 
21©2I. On the other hand, by definition, 5ft g 21©. Hence 5ft = 21© = 21S21. 
Then 5ft* = 21S* and so 5ft is nilpotent. Hence if S 7 * 0, the radical 5ft of 21 is 
7*0. Now suppose that © = 0. We wish to show that if <5 is any two-sided 
ideal t * 0 in 21, then (SB A 30 7 * 0. For this purpose let z = tj> u + • • • be an 
element 7*0 in 3 for which the least number of coefficients 6„ are 7 * 0. If 
b e SB, zb = tub u b + ••• and bz = t u b v 'b u + - • • are in 3- We fix our attention 
on a particular u for which b u 7 * 0. Since b u ' ranges over SB, the coefficients 
c u of the elements tuC u + ••• of 3 that have the same form 7 as z form a two- 
sided ideal ^ 0. Since SB is semi-simple, has an identity c« and e u is in 
the center of 58. Now we may suppose that z — Le u + • • • . We assert that 
z = Ufiu . For suppose that z - ke„ + tj> v + • • • with b v 7 * 0. For any £ 
in 4>, £z — z£“ = — &»£“) + • • • is in 25 and has fewer non-zero terms 

than z and is t*0 unless £*&„ = 6*£“. Now if b v = 2 <*/8* , 

- u 5 = 2t h (r% - ft£ s ). 

Since ft, 7 * 0, there is a /3* 7 * 0 and so £“ = . This holds for all £ and it 

implies that u and v differ by an inner automorphism contrary to the assumption 
that « and v are in different cosets of Ij in g. Hence z — tue u and f?z — e* is an 
element 5*0 in (58 A 3). Now if 3 = 5ft, we obtain SR = 0 since (25 A 5ft) 
is a nilpotent ideal in 25. 

We have seen that if p \ q, the order of f), any representation of 25 such that 
1 — > 1 is completely reducible. If we apply this to the regular representation 
(by 25r) we see that the lattice of right ideals of 25 is completely reducible. Hence 
25 is semi-simple and we have proved the following theorems. 

Theorem 48. The crossed product 21 is semi-simple if p \ q, q, the order of % 

Theorem 49. A projective representation s—*T, of a finite group is completely 
reducible ifp\q, q, the order of the subgroup of elements h such that T k isa special 
coUineation. 

The proof of the main theorem implies also 

7 i.e. e. •= 0 if bw = 0. 
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Theorem 50. If i) = (1), then 21 is simple. 

For in this case © = <t> so that 2 = 0. Then if 3 is a two-sided ideal 5*0 in 
SI, A 3) is an ideal 9*0 in # and hence ($ A 3) = Thus 3 contains 1 

and 3 = 3. 

Suppose that 6 = (I). Then if (2L/3,)| = |(S t£.) for all £, £*& = Hence 
if ^ 0, £* = 3J$7'\ Thus s = 1 and we have proved that the only elements 
of 2 which commute with all £ in $ are in <5. Consequently the center of 21 ^ F, 
the center of <f>. If 7 e r, 7 U — U 7 for ail s implies that 7 e To the subfield of r 
of elements invariant under all s. It follows that r 0 is the center of 21. If 
$ = r so that is commutative, it is well known that (r : F 0 ) = r.® Hence 
(3: r 0 ) = r\ 

Suppose now that p,,« = 1 in addition to f> — (1). Since 3 is simple, 3 = 3i © 

• • • © 3« where the 3* are 3-isomorphic irreducible right ideals. An 3-iso- 
morphism between right ideals is in particular a (1 — 1) linear transformation 
between them regarded as subspaces of the vector space 3 over < t>. Hence 
(3 j :$) = (3 fc :$) = m and r = (3: <£) = urn. Now let 3 be the right ideal of 
multipl es ea of e = 2t , . Since et, — t, , ea = ea for a suitable a in 4>. Hence 
(3: $) = 1 so that 3 is irreducible. Then (3/ : $) = (3: $) = 1 and r — u. 
It follows that 3 = where 'ft is a division ring. ^ contains the center T 0 of 
3 and since (3: 1 ® r ) = r s , it follows that when $ = T, ^ = r 0 . 

Theorem 51. If 3 = $(9, H, 1) and f) = 1, 2 = SfV where fir is a division ring 
and r is the order of g. If, in addition, $ = F is commutative, then 3 = r nr , 
To the center of 3. 

19. Galois theory of division rings. Let $ be an arbitrary division ring and 
© = (1, S, • • • , U) a finite group of r outer automorphisms acting in <&. The 
subset of invariant elements {a = a) is a division subring $0 of $. We denote 
the set of left (right) multiplications in corresponding to the element of 3> 0 by 
$0 (4>o) and the set of endomorphisms 2 S% s (2&£s), where £s(ls) is a right (left) 
multiplication by & in 4>, by (4>, @) (($', ©)). We note that |<S = . Hence 

if 3 is the crossed product of $ and an abstract group g isomorphic to © defined 
by the isomorphism s —* S and the factor set p, l( = 1, the correspondence 
—* is a representation of 3 by endomorphisms acting in #. Since 3 
is simple, the representation is (1 — 1). Hence by the last theorem, the ring 
($, ©) = ffv where fp is a division ring. 

If a 76 0 is in $ and j3 is arbitrary, there is a £ in $ such that = 0. It 
follows that ($, ©) = ’S', is an irreducible set of endomorphisms and hence by the 
3-isomorphism of any two irreducible 3-groups, there exist r elements ai , — , a r ' 
in such that every element of $ may be represented in one and only one way 
as aafi + • - • + a T f T , 4> t in SF. To prove this again directly, let E xi be the„ 
matrix basis in fa and choose E„ and a so that aE PP 0. Then it follows 
readily that the elements oti = aE pl , — , a r = a E pr are independent over 9r. 
Since any 3 — (aE pp )2E t] fa- for suitable fa , we have /3 = a x fai + • • • + arfpr . 

• This will be proved in the next section. 
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Let S?' be the ring of linear transformations in over Sir defined bv the 
equations a ,4/' = a,f/. We have seen in Chapter 2 that $ is an r-dimensional 
space over that 'f f/ is the complete set of endomorphisms commutative with 
those of and that ’5 r r is the complete set of linear transformations of $ over 'S ,/ . 

We recall now that SF,. = ($, @). If A is an endomorphism commutative with 
all the endomorphisms of 4>, it is a left multiplication, say, £ — *• a£ = £<*'. If in 
addition it commutes with all the elements of (a£) s — a s £ f = a£® and a' e . 
Thus tF' = <i>o - In a similar fashion we may treat 3> 0 and ($', ®) and obtain the 
following 

Theobem 52. Let $ be an arbitrary division ring, ® a finite group of r outer 
automorphisms acting in $ and 4> 0 the division svbring of invariant elements. Then 
the dimensionality of <i> over 4? 0 ($ over $ 0 ) is r and (<t>, ®) ((<$', ©)) is the complete 
set of linear transformations of over ‘f’o ($ over 4> 0 ). 

Suppose that V is any automorphism in $ leaving the elements of $ 0 unaltered. 
Then V is a linear transformation of $ over <3?o and hence V = 2 S£s . For every 
endomorphism y we have yV — Vy v = 0. Hence 2S(ij s £s — £si i r ) = 0 and if 
£ s - Since no S 1 is inner, this holds for just one S and so 

V — ££. Since V is an automorphism, £ = 1 and V = 5 e ©. In particular if 
y is any element of $ commutative with all the elements of 4>o , then the inner 
automorphism y — * y~ x yy is in ® and hence is the identity mapping. Thus y 
is in the center of $. 

If § is a subgroup of ©, we denote the division subring of elements invariant 
under the transformations of © b;> <t>(S), and if 2 is any division subring between 
$6 and 4', we denote the subgroup of © leaving the elements of 2 invariant by 
©(2). Note that 4>o ^ 4>(£>), 4>(0) = 4>o , #(1) = The following is the 
fundamental theorem of the Galois theory. 

Theorem 53. The correspondences S — * <£(§) and 2 — * @(2) are inverses of 
each other. Each one is (1 — 1) between the subgroups of © and the division rings 
2 between 4>o and 4>. The dimensionality (4>: 2) = ($: 2') = order of ©(2) and 
(2:#o) — (2: 4>q) = index of @(2). 

Let © be a subgroup of © and 4>(S) the set of invariant elements. If S is an 
automorphism of © leaving the elements of $(£) invariant, we have seen that 
S is in &. Thus ©(<t>(^>)) = §. Xow suppose that 2 is given where ^ 2 $ 
and let A be the set of linear transformations of $ over 2'. Then A ^ ($, 0). 
If 2(S£s e A and \T is any element of 2'. 

2/Sm' s £s = /S Si s = (2 5£s)/ = Wfc 

where y' s denotes the left multiplication corresponding to y s . Hence 
2 S(ji' s — m')?s = 0. If S e @(2) = M ,s = m'- Now suppose that S 4$. 
Then we assert that £ s = 0. For let £ s 7 s 0. Since Si§, there exists a u such 
that y s 9 ^ it. On the other hand 

S(p' s - fib + T(ji' T - /)£r + ••• =0. 
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Clearly this relation cannot reduce to S(n' s — /i')|s = 0 and so we may suppose 
that and y! T — / y* 0 so that T i& either. Then by multiplying on the 

left by the endomorphism 1 ? and on the right by £s 1 i? s £s and subtracting we 
obtain 

T(ji ,T — ii')(v t £t — kT&ifie) + ••• = 0. 

Since TST 1 is not inner, we may choose an i; so that (j? r |r — ^ 0. 

If we continue this process, we obtain finally a single term U(jx' v — mOIV = 0 
with U not in © and 0. Since this has been excluded, we have proved that 
|s = 0 for all 5 not in ©. Hence A consists of the transformations 2 S& . 

S eiQ 

Now 2 7 is the complete set of endomorphisms commutative with those of A . 
On the other hand, the form of the elements of A shows that these transforma- 
tions are precisely the f 7 such that f e#(©). Hence #(®(2)) = 2. The 
dimensionality relations follow from Theorem 1. 

If 2 = $(©), 2 5 = HS-'&S). Hence © is invariant if and only if 2 is trans- 
formed into itself by all the elements of If 1, S, • - - are representatives of 
the cosets of ©, the transformations induced in 2 by these elements are distinct 
and depend only on the cosets. Their totality is a group @ = ©/©. The ele- 
ments S not in © induce outer automorphisms in 2. For if S is inner in 2, 
there is an inner automorphism A in # such that SA leaves the elements of 2 
invariant. Then SA — H c®(2) = © and S -1 # = A is inner contrary to 
assumption. 

If # is commutative and £ is any element of this field, let £, • - - , £ r be its 
distinct conjugates. The coefficients of 

e-0 — (*-«*) 

are invariant under ® and therefore belong to $ 0 . Thus every element of $ 
satisfies a separable equation with coefficients in $ 0 • Since £,--•, £ T are in 

it follows that # is separable and normal over <f> 0 . To complete the Galois 
theory for (finite extension) fields along these lines it would be necessary to 
prove the converse theorem that if ^ is finite, separable and normal over <f> 0 
then the elements of #o are the only ones left invariant by the automorphisms 
of the Galois group of $ over #o . 

20. Finite groups of semi-linear transformations. We consider a projective 
representation of a finite group such that p = 1 and the group Ij = (1). Thus 
the ring #(fi, H, 1) = ^r r , the semi-linear transformations T a form a group and 
the automorphisms $ in $ associated with the T s are distinct and outer. Let 
3ft = 3fti © • * - © 3ftm be a decomposition of the vector space into irreducible, 
^-modules. In each 3ft,* we may choose a vector x % such that yi = x t (2t s ) s 
Xi(ZT g ) 9 * 0. Then yiT, = yi and since each element in 3ft* has the form 
y,-(2T,£,) = y,-£, 3ft,* is one-dimensional over #. Hence y x , • * • , y m is a basis 
for 3ft over'#. 

Let 2fto be the set of vectors in 3ft invariant under all of the T a . 3fto is a vector 
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space over the division subring of elements of invariant under the auto- 
morphisms s. If y = e 2fto , £- = £» e<£o and hence yi , - • • , y m is also a 
basis for 2fto over §> 0 - 

Theorem 54. Lei 3ft be an m-dimen sional vector space over a division ring <t> 
and jPi — 1, T 7 * , — 7 T v a finite group of semi-linear transformations whose 
induced automorphisms I, s, • - - , u are distinct and outer . If 2fto is the set of 
vectors invariant under all T 9 and 3> 0 die division subring invariant under the s, 
then 3fto is a vector space over §> 0 of m-dimensions and the extension 2fta$ = 2ft. 

If we use the correspondence between semi-linear transformations and 
matrices, we may state this theorem also in the following way: 

Theorem 55. If ® is a finite group of outer automorphisms I, s, — , tZ in a 
division ring 3> and r, are matrices with dements in <3? such that n = 1 and r t r\ = 
T 8 t , then there exists a non-singular matrix a such that r B = oT 1 ct for all s. 



GRAFTER 5 

ALGEBRAS OVER A FIELD 

1. The direct product of algebras. In the preceding chapter we have been 
concerned mainly with absolute properties of rings. The role of the set of 
endomorphisms ha s been a rather minor one, its sole function having been to 
weaken the assumption that the set of ideals of the ring satisfies the chain con- 
ditions. The results which we obtained apply in particular to algebras. On 
the other hand, a considerable part of the theory of algebras is concerned with 
“relative” properties — that depend essentially on the field & over which the 
algebras are defined. This phase of the theory is the subject of the present 
chapter. We consider first the theory of simple algebras and later we take up 
again the study of an arbitrary algebra. 

The discussion in Chapter 4 has been concerned to a large extent with additive 
decompositions of a ring, as a direct sum of ideals. In the theory of simple 
algebras a type of multiplicative decomposition, the direct product, is of fun- 
damental importance. Let 81 be an algebra over 3> and suppose that (2l:<$) = 
n < oc - 1 We say that 21 is the direct product Hi X 8l 2 of the subalgebras Hi and 
2b if the following conditions obtain: 

1. The elements of Six commute with those of H 2 . 

2. 21 = HiH 2 = 2b2ti . 

3. (£:*) = (2L:*)(3b:$). 

Evidently Hi and 2b are interchangeable in these conditions so that if 21 = 
2b X 2b , H = 2b X 2L . It is clear from 3. that this concept depends essentially 
on the field <£. We remark that if 2 is a proper subfield of and 21 = 2b X H 2 
when these are regarded as algebras over <£, then 21 ^ 2L X 2b when these are 
regarded over 2. For then (H:2)(3>:2) == (Hi:2)(H 2 :2). 

Let y ! , • * - , y ni be a basis for 2L over 4> with the multiplication table y t y t ' — 
and 2i , : - * , Zn t , one for 2b over with the multiplication tabl^ = 
2z fl y £]* , y (1) and y (2) in <£. Then every b in 2b has the form 'Ey up* and every c 
in 2b has the form 2z#>/ . By 2. every a in 81 is a sum 2a£ 1} a* 2) where a e 21,* . 
Hence a = '2y &#> xi . By 3. the elements x if — y #, , i = 1, - - - , ni ; j — 1, 

- - - , 7i2 , are linearly independent and hence form a basis for H over The 
multiplication table Xift^y — ^x^y^yS)' of this basis is determined by that 
of the bases y x and z, of Hi and 2 b. Hence if 25 is a second algebra over <1>, 
5B = % X 2b , and ai — » af , «2 — > of are isomorphisms of 2b and Si over <I> and 
of 2b and 582 over respectively, then » 2*?^,* , where x if = y&j , 

xfy = y 8 z S j , is an isomorphism between 21 and S over 3>. In this sense the 
algebra 21 = 2b X 8b is determined by its components Hi and H 2 - More gen- 

1 We assume throughout this chapter that our algebras have finite dimensionalities. 
Some of the results are valid under less stringent conditions but, for the sake of simplicity, 
we shall not indicate these extensions of the theory. 
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erally, if 53 is an algebra containing two subalgebras 93i and % such that. bib* = 
bJh for hi in 93i and if Oi — > of is a homomorphism between Sf* and 53 % , then 
'ZxifPH —* 2 x S ifp t j , x%- = yizj , is a homomorphism between 2fi X and SSiSk — 

If o = 2 yjtypii , a = yiaf* + • * * + Vnflnl, where a? 5 e H 2 and since the 
elements y& are linearly independent, a = 0 im plies that every a (2) = 0. Xow 
if yi , • • • , y r is an arbitrary set of linearly independent elements of Hi , we may 
add to it y T +i , — , y ni to obtain a basis for Hi over $. Similarly if z s , — , z, 
are linearly independent in H* , we may add to these elements and obtain a 
basis for H* . It follows that the elements y #,- , i = 1, • • • , r; j = 1, • • • , s, 
are linearly independent. As a special case of this we see that if 33, is a sub- 
algebra of H,- , then 53x93* = 95*531 = 93i X 53* - If Hi = Hu X H c , H = (Hu X 
Hu) X Hs = Hu X (H 12 X Hi), Thus the associative law holds for direct mul- 
tiplication. We note also that the intersection Hi A H« is at most one dimen- 
sional. For if a, b are elements of Hi A Hs , a, ab, ba and b s are linearly 
dependent since ab — ba . If Hi and Hs have identities li and 1* , respec- 
tively, then 1 = lil* is the identity element of H. Now li = li(lili) = lil 2 
= 1 and similarly 1 2 = 1. Hence Hi A H 2 consists of the multiples la, ain$. 

Now let Hi and H 2 be arbitrary algebras with identities. Suppose that 
V\ = li > Vt > * * * i V*i a^d Zi = 1* ,«*,*•*, 2n* are bases for these algebras and 
that y$)i> = 2y p ypU ’ , ZjZ,- = 2,z q y q f r are the multiplication tables. We 
define an algebra H by using the basis xa, i = 1, • - - , «i ; j — 1, • • • , n* , 
subjected to the multiplication table x^x*',-' = 2awy*i*'T«i' - It is readily 
verified that the subset of elements 2x u <pi , <p x in $, is a subalgebra Hi of H 
isomorphic to Hi and that the subset of elements ’Sxifp,- is a subalgebra H 2 
isomorphic to H 2 . From the multiplication table we obtain x^xy = x xj = 
xjjx,i and (x,iXy) (it'i^y') = (xii3Vi)(xyXy'). The latter relation and the as- 
sociative laws in Hi and H 2 imply the associative law in H. Evidently H = 
Hi X H 2 . We have, therefore, constructed an algebra H that is a direct product 
of algebras isomorphic tA the given algebras Hi and H 2 . As we saw above, H 
is the only algebra (in the sense of isomorphism) having this property. We 
shall identify the algebra H» with Hi and shall call H the direct product (H = 
Hi X H 2 ) of Hi and H 2 . The restriction that the Hi have identities is not essen- 
tial in this discussion. For we may adjoin an identity 1> to H, obtaining an 
algebra 93,- . We then form 53i X % and take the subalgebra Hi X H 2 as the 
direct product of Hi and H 2 . 

2. Extension of the field. An algebra that is closely related to the direct 
product is obtained as follows. Let H be an algebra with the basis x t , • • • , x„ 
over $ and let 53 be an algebra over # containing an identity. We consider the 
set of expressions Xibi + — + x*b» where the b.- e 93. Two such expressions 
2x«b»- and 2x,-b{ are regarded as equal if and only if b,- = b x . We define 

2x,-b, + Zxjbj = 2 Xi(b,- + bj), 

(2xibi)(2Xjb'-) = ’ZxiZbjb'jyuj , 
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if XiXj = 'Ezkyni , 7 in <£. It is readily seen that the system thus defined is a 
zing. It is independent of the choice of the basis z » in the sense that the rings 
determined by diff erent bases are isomorphic* Hence we may denote this zing 
as SI* • 

Since SB contains an identity, it contains a subfield 1$ of elements la iso- 
morphic to #. The ring 2£* contains the subset of elements Sa;»(laf) which 
forms a subring isomorphic to SI. We identify this subring with 2t. Now the 
definition 2(xibi)b = 2zi(&,6) turns 21* into a 33-module. From this definition 
we obtain 

ul = u, (uo)b = u(vb) y (vb)x = (vx)b 

for all it, n in 2[» , all z in 21 and all 6 in 33. Thus the module operation com- 
mutes with all the left multiplications and with the right multiplications by the 
elements of ST. Since 21* is a 33-module and 33 ^ 1$, 21* is a ^-module. (We 
set ua = If a e<£ and u and v are arbitrary, then (uv)a = u(va ) = 

(ua)v. Hence SI* is an algebra over If Vi , • • • , y m is a basis for 33 over <£, 
the mn elements xjy 3 - form a basis for 33 over $. 

These properties characterize 21* . For suppose that $ is an algebra such 
that 

1. M contains 3. 

2. & is a 33-module, 33 an algebra with an identity element 1, and ua = u(la) 
for all u in J? and all a in 4>. $ is generated by 21 in the sense that the smallest 
33-submodule of $ containing 21 is $ itself. 

3. (uv)b = u(vb), (vb)z ~ (uz)b for all u y v in 3?, all x in 21 and all 6 in 33. 

4. («:$) = (2l:*)(33:$). 

Then if xi , - - - , x* is a basis for 21 over the elements of $ may be represented 
in one and only one way in the form Zzjb * , &*• in 33. If x&j = ^x h y hij , then 
(2x,6i)(2a^'-) = S(Xi6i)fe*/) = 2((z3>i)Xi)bi = 2(( x x Xj)bi% = Ezkyufri J = 
2rrt&i6m*/ . Hence £ is isomorphic to 2* . 

If 21 has an identity 1, (2Xi6*)l = 2(x*6;)l = = 2x,6i and similarly, 

l(2Xi&i) = 2x^6,- . Hence 1 is the identity of 21* - The set of elements 15 
forms a subalgebra isomorphic to 33. We note that u(lb) = ub and that (16)# — 
zb = x(lb) if u e 21* and z e 21. Hence if we identify the algebra of elements 
16 with 33, we may write 21* = 21 X 33. 

If 2ti is a subalgebra of SI, we may suppose that #i , • • - , x r is a basis for 2li 

r 

where #i , - - - , x n is one for 31. The elements 53 £«&* form an algebra and this 

i 

set is the smallest 33-module containing 2li . It is clear that this algebra is 
isomorphic to 2li* and it may therefore be denoted as 2li* . If 2Ci is an ideal 
(nilpotent ideal) in 21, 2t* is an ideal (nilpotent ideal) in 21* . Hence if 21* is 
ample (semi-simple), 21 is simple (semi-simple). 

We suppose now that 33 = P is a field. 2 -Then (i tv)p = u(vp) = (up)v for all 

1 It should be observed that in defining 81* , no use has been made of the assumption that 
23 is an algebra with a finite basis. The abstract characterization in the general case is 
given by 1., 2., 3.^and 4' If x x , ■ • • , x, are linearly independent in 81 and j/i, • • * , y m are 
linearly independent in 33, then the rs elements x»y/ are linearly independent in 2f* . The 
extensions 81p, P an infinite field, have many important applications. 



REPRESENTATION BY MATRICES 


91 


u, v in Sip and all p in P. Hence we may regard 2I P as an algebra over P. Unless 
otherwise stated, this is, in fact, what we shall do. Evidently (3t P :Pj = (3[:$). 
The following rules may be noted: 

(Si© a 2 )r = Slip© 3k P , 

(STi X 2r 2 )p = Slip X SIzp , 

(2t P ) s = Sl s , 

if 2 is a field containing P. 

3. Representation by matrices and representation spaces. A second im- 
portant tool in our study of algebras is the theory of representations of an algebra 
31 by matrices. In the usual theory we are interested in the representations of 
an algebra by matrices with elements in the field 3>. For the investigation of 
simple algebras we shall require a generalization, in which the elements of the 
matrices are taken from a simple algebra 35 unrelated to 31. However, before 
considering this more general case, it will be well to discuss the simpler one. 

As in the case of representations by endomorphisms, there are two types of 
representations by matrices. First, we define an (ordinary) representation of an 
algebra 31 over <£ by matrices as a homomorphism a — » A between 31 and a sub- 
algebra of a matrix algebra $ N z If a — ► A and b — > B, then 

a + 6 — * A + jB, aa. — » Aa, ab —+ AB. 

Similarly, we define an anti-representation by matrices as an anti-homomorphism 
between 31 and a subalgebra of a matrix algebra. Now suppose that SR is a 
commutative group that satisfies the following conditions: 

1. SR is a ^-module such that xl = x for all x in SR and 1 the identity of 4>, 
and (5R:$) = N. 

2. SR is a left 31-module. 

3. {ool)x = (ax)a = a(xa) for all a in 31, all a in and all x in SR. 

Then SR is a vector space over $ of N dimensions, and the endomorphisms corre- 
sponding to the elements a are linear transformations. Since SR is a left 31- 
module, the correspondence between a and the transformation a is an anti- 
homomorphism between the ring 31 and a ring of linear transformations. By 3. 
the linear transformation corresponding to aa is the product of the linear 
transformation a with the scalar multiplication a. Hence the correspondence 
is an nnti-homomorphism between the algebra 31 and a subalgebra of the algebra 
of linear transformations. We recall that the correspondence between the 
linear t ransf ormations of a vector space and the matrices that they determine 
relative to a fixed basis is an algebra anti-isomorphism. It follows that if 
X\ , * - • , Xtr is such a basis, and axi = , then the correspondence between 

a and the matrix A = (a i3 ) is a representation of 31 by matrices . We may 
also reverse the steps of this argument and thus associate with any representation 
of 31 by matrices a group SR satisfying 1., 2. and 3. We shall call such a group a 
representation space of 31. A similar discussion holds for anti-representations. 
The modules in this case satisfy 1. and 
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2'. 3i is an 2i-module. 

3\ x(aa) = (xa)a = ( xa)a , a in 21. a in <£, x in 3u 
3J will be called an anti-representation space of 21. We shall restrict our attention 
now to ordinary representations, since the modifications necessary to treat 
anti-representations will be obvious. 

We recall that if yi . • • - . y& is a second basis for the representation space 
3i and = ^x 3 fx 7i . then the matrix of a relative to this basis is M* 1 AM where 
M = The representation a —* if" 1 AM is said to be similar to the repre- 

sentation a — * A. Thus a lepresentation space determines a class of similar 
representations by matrices. We shall call the representation spaces 9ii and 
9 x 2 isomorphic if there is a (1 — 1) correspondence between them which is at the 
same time a ^-isomorphism and an 21-isomorphism. If U is such an isomor- 
phism, and Xi , - - - , x v is a basis for 3u over then z 1 = x 1 U, - - • , Zk = XyU is 
a basis for 9f 2 over <£. Moreover, if ax x = , then also az t — Xz 3 a 3l . 

Thus isomorphic representation spaces determine the same similarity class of 
representations by matrices. The converse is also true. 

We shall call a representation reducible , decomposable , completely reducible 
according as the group 9t relative to the endomorphisms of <£ and of 2[ is re- 
ducible, decomposable, completely reducible. It is clear from the discussion in 
8 of Chapter 2 that a representation is reducible if and only if it is similar to a 
representation of the form 



The representation a — > Ai corresponds to the proper subspace © which is in- 
variant relative to the endomorphisms a. The condition that 9t be a direct 
sum, 3i = 9?i © 9?2 where the St* are invariant subspaces 5 ^ 0 is that the repre- 
sentation determined by 9i be similar to one of the form 



Here a — » A t is the representation determined by the representation sj5ace 9t,* . 
W e recall also that if 3x = 9x, > 3i,-i > — > 9ti > 0 is a chain of subspaces 
invariant relative to the transformations a, then our representation is similar to 


( 3 ) 


*4i 
A 2 


* 


lo 


A L. 


where the representations a — ► A t are associated with the spaces SR,- — 9l»_i . 
The chain of subspaces is a composition series if and only if the representations 
a — * Ai are irreducible. The condition for complete reducibility is that the 
representation be similar to one of the form (3) in which the blocks * above the 
“diagonal” are 0 and in which the representations a — * Ai are irreducible. 
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Our discussion takes on a much simpler form if the algebra 21 has an identity 
1 and 1 is mapped into the identity matrix. This, of course, means that lx = x 
for all x in SR. Then (1 a)x = xa. Thus in this case it suffices to regard 3? as a 
left 21-module. On the other hand, if is any left 21-module in which lx = x 
for all x , then Si is a left ^-module relative to the composition ax = (Ia)x. 
Since is commutative, 3? may also be regarded as a ^-module by setting 
xa = ax. Now if (SR:4>) is finite, SR is a representation space. We remark that 
the condition (SR:3>) finite is equivalent to the requirement that 5R be finit ely 
generated relative to 21. For, if yi , • - - , y r are generators of SR relative to 21 
and if cli , — , a n is a basis for 21 over £>, then the nr elements a x y 3 generate SR 
relative to 3>. Hence (SR:4>) is finite. 

If 21 has an identity 1 but 1 is not mapped into the identity tr ansf ormation , 
we write SR = 2 © £ where 2 is the totality of elements lx and £ is the totality 
of elements x — lx annihilated by 1. If we choose a basis yi , — , y&- of SR so 
that j /! , - - • , y T is a basis for 2 and y r ^i , • • - , y# is a basis for £, then the 
matrix of a in 21 relative to this basis is 

(::)• 

In the representation a — > A associated with & we have 1 — > 1. This enables us 
to reduce our discussion in this case also to that of left ^-modules. 

4. Application of the theory of 21-modules. Let SR be an arbitrary represen- 
tation space of the algebra 21. If 3 is a left <£-ideal, then £x, the set of vectors 
bx, x fixed in SR and b variable in 3, is an invariant subspace of SR. Similarly, 
the space 3® of vectors biXi + • - • + &rX r , where the x % range over a set 5 
and the b t range over 3, is on invariant subspace. By the argument of 12 
Chapter 4, we may prove that if SR is irreducible and SR is the radical, then 
SRSR — 0. Hence in this case SR is actually a representation space of the semi- 
simple algebra 21 — 21 — SR. Moreover, the irreducibility of SR assures that 
either HSR = 0, or the identity of 8 is the identity mapping in SR. In the former 
case SR is 1-dimensional and in the latter, by 12 of Chapter 4, SR is 21-isomorphic 
to an irreducible left ideal of 3. If 8 = 3i © — © 3* where the 3* are ir- 
reducible two-sided ideals, then SR is annihilated by all the 3* except, say, 3i . 
Thus SR is a left 3i-module. If we recall that the number of irreducible left 
21-modules SR such that HSR ^ 0 is the number i of components 3* of 3, we may 
state the following 

Theorem 1. Let $R be the radical of 21 and 3— 21 — SR = 8i© - * - © 8 f 
where the 2L are simple. Then any irreducible representation a — » A is either the 
0 - representation (a —*» 0) or it is similar to the representation obtained by using one 
of the irreducible left ideals of 8 as a representation space . The number of classes 
of similar irreducible representations ?£ 0 is the number of components 8* . 

We recall also that if 21 is semi-simple, any left 21-module in which lx = x 
for all x, is completely reducible. Now if SR is an arbitrary representation 
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space of 2C, we write 3f = 2 £ 3 where ly = y for all y in 3 and lz = 0 for all 
z in £. Since 2 is a left 21-module in which ly = y, 2 is completely reducible. 
Moreover, we may decompose -3 into 1-dimensional subspaces. This proves 

Theorem 2. Any representation of a semi-simple algebra is completely {re- 
ducible. 

As a special ease of these theorems, we see that if 21 is a simple algebra which 
is not a zero algebra, then its representations by matrices are completely re- 
ducible. The irreducible representations 0 of such an algebra are all similar. 
If, in particular, 21 = 4> r , the irreducible representations ^ 0 are all similar to 
the original representation A A. This can also be seen by noting that 
4vcn is an irreducible left ideal, where e %3 is a matrix basis. A 4>-basis for this 
ideal is Xi = Cu . • - • , ar r = e-i and if A = , then Ax* = jay* . Hence 

the representation determined by this ideal is the original one, A — > A. 

5. Representation of an algebra by matrices with elements in a simple 
algebra. If 33 is an arbitrary algebra, we define a representation (anti-repre- 
sentation) of 2 by matrices with, elements in 35 as a homomorphism (anti-homo- 
morphism) between 21 and a sub-algebra of a matrix algebra 33_v - As in the 
special case where 33 = #, we call the representations a — > Ai and a — > A 2 in the 
same 33.v similar if there exists a matrix M independent of a such that A 2 = 
M~ 1 AiiI. The representation a —> A is reducible if it is similar to one of the 
form (1) and decomposable if it is similar to one of the form (2). It is completely 
reducible if it is similar to one of the form (3) where the blocks * are 0 and the 
representations a — * A t are irreducible. We shall restrict our attention to the 
study of the representations of an algebra with an identity by matrices with 
elements in an algebra with an identity. Moreover, we assume that the identity 
of 21 is mapped into the identity matrix. As we shall see, the theory of anti- 
representations is somewhat more natural in this case than the theory of ordinary 
representations. Hence we shall keep the former in the foreground indicating 
only where necessary the modifications required for the ordinary theory. 

We wish to obtain a module formulation of the representation problem. For 
this purpose it is necessary to recall the theory of free modules discussed in 
Chapter 3 (3). We shall now call a 35-module 9? a 33 -space if 9? is a direct sum 
of a finite number of free modules. Since 33 satisfies the ascending chain con- 
dition for ideals, the rank N of 91 is an invariant. Ifxi, , x# and y x , ••• , y# 
are two bases for 9i, w^e write y x = 'Zxfb 3i and x t = 2y 3 c 3t , B = (b i3 ) and C = 
(c*y) in 33.V . Then BC = CB = 1 so that C = B~ l . Conversely if - , x# 

is a basis and B is a unit in 33 a- , then the y x = Zxfi 3i form a second basis. 

Xow let a be a 33-endomorphism of 9t. We set x x a — Zx 3 <l 3% , A = (a t3 ) in 
33_v . Then A is uniquely determined by a. Thus we have a single-valued 
correspondence between the algebra g of 33-endomorphisms of 3i and a set of 
matrices in 33^ . As in the case where 33 is a division ring, we may show that 
the correspondence is an anti-isomorphism between the algebra of 33-endo- 
morphisms and the algebra 33 A - . 
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^ e now define an anti-representation $8-space of 21 as a commutative group 3? 
that satisfies the following conditions: 

1. 92 is a 33-space. 

2. 31 is an S-module such that xl = x for ail x and 1 the identity of 21. 

3. ( xa)b = [xb)a if x e 92, a e 31 and & e 33. 

4. la in 3t is mapped into the same endomorphism as la in 33. 

Now by 3. the endomorphism corresponding to a is a 33-endomorphism. 
Hence if xi , — , x N is a 53-basis for 3 2 and ax* = , then the correspondence 

between a and the matrix A = ( a tJ ; in 33*- is a ring anti-homomorphism. By 4. 
to aa = a(la) there corresponds the matrix A(la) = Aa and so we have an 
algebra anti-homomorphism between 31 and a subalgebra of 33.v • It follows 
that each anti-representation 33-space of 21 determines an anti-representation 
and conversely. Again, as in the case where 33 = 3>, a second basis for 32 defines 
an anti-representation similar to the anti-representation a — ■* A. The anti- 
representation spaces 3ti and 9? 2 are (21, 33)-isomorphic if and only if they deter- 
mine the same similarity class of anti-representations. 

We consider now the algebra 21* = % X 33. We have seen that if x x , - - • , x n 
is a basis for 21 over <t>, then each element of 21* is expressible in one and only one 
way in the form x ± bi + * - - + x n b n where the b t e SB. Thus 21* is a 33-space of 
rank n relative to the right multiplications x — » xb as module operation. The 
algebra 21* is also an 21-module relative to the right multiplications x — * xa. 
Hence 21* is an anti-representation 33-space of 21. We shall show next that any 
anti-representation 33-space 9? is an 2l*-module. For let 8 denote the set of 
endomorphisms corresponding to the elements of 21 and 33 the set corresponding 
to the elements of 33. Since a — > a of S and b — * b of 33 are homomorphisms, the 
correspondence between the element 2)a l 6, of 21* and the endomorphism 
of 2133 = 3321 is a homomorphism. Thus 92 is an 2I»-module. On the other 
hand, any 2[»-module which is a 33-space when regarded relative to 33 is an 
anti-representation 33-space of SL 

In a similar manner, we may show that the theory of ordinary representations 
is equivalent to a theory of representation Si-spaces where these are defined by 
the conditions 1., 4. and 

2'. Si is a left 21-module such that lx = x for all x and 1 the identity of 21. 

3'. (ax)b = a(xb ) if x e 91, a e 21 and b c 332 
We introduce the algebra 21' anti-isomorphic to 21. Then we may regard 91 as 
an 2T-module relative to the product xa r = ax (a a r in the anti-isomorphism). 
Thus SR is an anti-representation 33-space of 21' and is therefore an 21*-module. 
Conversely, any 21*-module which is a 33-space is a representation 33-space of 21. 

We suppose now that 33 is simple. Then we recall that 33 is a direct sum of, 
say, m 33-isomorphic irreducible right ideals 3 and that 33 — ©« where © is a 
division algebra. 33 itself is a free cyclic module with 1 as a basis. Any 33- 
module 91 in which xl — x for all x is a direct sum of irreducible modules 33- 
isomorphic to the irreducible right* ideals 3f. Hence 9i is a free cyclic module if 
*.Tid only if it is a direct sum of m irreducible submodules and 92 is a 33-space if 
and only if it is a direct sum of h = Nm irreducible 33-modules. Then if ® is 
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any subspace of 3i, 3i = 2 6 5' where 2' is also a subspace. Thus if y \ , • • • ,y u 
is a basis for 2, there exists a basis for 9f that includes the y t . Using this result 
we may prove, as in the case where 33 = that the condition that an anti- 
representation be reducible is that the anti-representation space 9f contains a 
proper 33-subspace invariant relative to the endomorph i sms a. The condition 
that the anti-representation be decomposable is that 9? = 9ii © 9?2 where the 
9w are anti-representation subspaces of 9f. A sufficient condition for complete 
reducibility is that be a completely reducible 2l$-moduIe. As we have seen 
in Chapter 4. if 31$ is semi-simple, then any 2t$-module such that xl = x, for 
all x, is completely reducible. Hence if 31$ is semi-simple, any anti-representa- 
tion of 31 by matrices with elements in 33 is completely reducible. 

If 33 = X is a division algebra, any irreducible 3>module such that 9t© 0 

is a free cyclic module. The 35-spaces defined in this section are simply the 
vector spaces over 35 that we have considered before. Hence in this case any 
Sls-module 9t in which xl = x for all x and (9 1:3)) is finite, is an anti-representa- 
tion X-space of 3. As above, the condition (9u35) finite is equivalent to the 
condition that 9i be finitely generated relative to 21a. In particular, the irre- 
ducible 2f®-modules are anti-representation 3)-spaces. These modules are 
therefore the irreducible anti-representation X-spaces of 21. As we have seen, 
any irreducible Ska-module is 2l£-isomorphic to an irreducible right ideal 3? of 
21® — the radical. The size of the matrices determined by $ is the di- 
mensionality (or rank) of 3 over 3). The number of non-isomorphic irreducible 
2I®-moduIes in which xl = x for all x, and hence the number of classes of irre- 
ducible anti-representations ^ 0, is equal to the number of simple two-sided ideals 
in 2fx — 


6. Direct products and composites of fields. As an application of the above 
theory we shall now obtain the structure of 21$ for 21 a separable field over 
and 33 an arbitrary field over 4>. Suppose first that 33 contains a subfield iso- 
morphic to the least normal field over $ containing 21. Then if (X:$) = n, 
it is well known that there exist precisely n distinct isomorphisms a — > a (t) , 
i = 1, • - - , n, between 2t and subfields of 33. 3 Thus we obtain n anti-homo- 
morphisms between 21 and matrices with elements in 33, and, since thesg are one 
dimensional, they are irreducible and dissimilar. It follows from the general 
theory that 21$ — 5ft the radical, is a direct sum of at least n ideals. Since 
the dimensionalities of these ideals over 33 is ^ 1 and (21$ : 33) = n, it follows that 
■ft = 0 and that there are exactly n simple ideals in 21$ , each one dimensional 
over 33. Now if 33 is arbitrary, we take a field £ ^ 33 and containing a field 
isomorphic to the least normal field containing 21. Since (2[$)<s = 2lc, 21$ is 
semi-simple. 

Theorem 3. If 21 is a separable field over (2t:$) = n, and 33 is any field 
over then 21$ is semi-simple. If 33 contains a subfield isomorphic to the least 
normal field (Plaining 21, the irreducible representations of 21 by matrices in 33 
are all one-rowed . 


* Cf. van der Waerden’s Modeme Algebra , vol. 1, p. 115 or 2nd. ed., p. 102. 
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By the structure theory of semi-simple rings, 31® is a direct sum of fields, say 
gi © * * - © g« . If 1 = 61 + * • • -r is the corresponding decomposition of 
the identity of 31® into the identities of the g x , then the set of elements 
e t a, a in 31, is a subfield of g t isomorphic to 2L Similarly, g x contains the sub- 
field e x 33 isomorphic to 58. Since (e x 20(e*58) = = g, , the field g x is 

generated by these two fields. 

Suppose now that we have any two fields 3[ and 33 over # and two isomor- 
phisms a—*a s and 6 — » of 31 and 33, respectively, into subfields SI 5 and 33 r of a 
third field g. Then we call the system (g, S , T) a composite of 3t and 33 pro- 
vided that g = [21 s , 33 T ], the smallest subfield of g containing 31 s and 33 r . 4 
We shall regard the two composites (g, S, T) and (g', S', T') as equivalent if 
the isomorphism a s —+a s ,b T b T may be extended to an isomorphism between 
g and g'. It is evident that such an extension, if it exists, is uniquely de- 
termined. 

We have seen that if 31 is separable, then 31® = gi © - * - © g, . The map- 
pings a — > a s% s= aei , for a in SI, is an isomorphism between 31 and the subfield 
SI 5 * of g* . Similarly b — > b Tx ss bei is an isomorphism between 33 and 33 r \ 
Moreover, g x = (2l s ‘)(» r ‘) = [2l s \ 33 n ], and therefore (g> , 5. , 2\) is a com- 
posite of 31 and of 33. 

We wish to prove the following 

Theorem 4. The composites (g x , Si , I*), i = 1, - - - , f, are inequivalenL 
Any composite of the separable field 31 and the field 33 is equivalent to one of the 
( ). 

To prove that (g» , Si , T t ) and (g, , S 3 , T 3 ) are inequivalent if i j* j, we note 
that e x has the form + * • - + a r b r , a k in 21 and b k in 33, and, since c\ = e z , 
e t - = (aiei)(6ie x ) + • • • + (a^Qy^i) = af‘&^ + • - - + a s r x bl\ If (g x , S x - , T x ) 
were equivalent to (g,- , S 3 , Tj), the required isomorphism would map e» into 
af ] bi ] + - • - + apbr* = (ajbi + - * * + ajb r )e 3 = e x e i — 0 and this is impossible. 
Now suppose that (g, S, T ) is any composite of 2t and 33. Then the mapping 
2a6 — * 2a s b T is a homomorphism between 21® and the subalgebra 2[ s 33 r of g. 
Since the only ideals of 21® are the ideals g tl © — © g» r and since g has no 
zero-divisors, the ideal mapped into 0 by the homomorphism is one of the form 
g x © • • * © g t — i © gi+i © - - * © g* = 8* - Hence 2t s 33 r is isomorphic to 
g — 8* and thus to g x . This implies that 3I 5 33 r is a field and so 3l s 33 r = 
[21 s , 33 r ] = g. Moreover, the isomorphism defined by our homomorphism is 
the mapping Xa s b T — > 'L(a S{ )(b Tt ). Hence (g, S, T ) and (g», S t - , T x ) are 
equivalent. 

We have seen that if 33 contains a field isomorphic to the least normal exten- 
sion of 21, then t = n and each g* is one dimensional over 33. Hence g x = 33 Si 
is isomorphic to 33- 

Theorem 5. If 21 is separable over #, (21:#) = n and 33 contains a field iso- 
morphic to the least normal extension of 2[ over #, then 2t® = 33i © * * - © 33» 
where 33 x = 33. 

4 If both fields SI and S3 contain transcendental elements, this definition requires modifi- 
cation. Cf . Chevalley [9]. 
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That these theorems do not hold when both fields are inseparable may be seen 
from the following example: Let 31 = $(x) where $ has characteristic p and 
x p = £ is in $, but x is not in $. Suppose that S3 is the field $(y), y p = £. Then 
Sa contains the element z = x — y 0 which is nilpotent. Since 31a is commu- 
tative, z generates a nilpotent ideal and so 21a is not semi-simple. 

7. Central simple algebras. We take up now the main topic of this chapter, 
namely, the theory of simple algebras. Throughout our discussion we shall 
exclude the trivial zero algebras. With this agreement we may state the 
fundamental structure theorem in the following way. 

Theorem 6 (Wedderbum). Any simple algebra 31 over $ is a direct product 
$,X2) where 2) is a division algebra and conversely, any algebra of this form is 
simple. If 31 = X 2) = X 8? where % is a division algebra, then m = m' 
and and g are isomorphic. 

We shall also require 

Theorem 7. <& n = $ r X . 

This is an immediate consequence of the computations of 6, Chapter 2. 

A simple algebra 31 is central if its center consists of the multiples la, a in 
$. 5 For example, is central simple. A central algebra is in a sense the 
opposite of a commutative algebra and we shall see that the theory of direct 
products for these algebras is considerably simpler than that for commutative 
algebras indicated in the preceding section. 

If 31 = X 3) = where ® is a division algebra, we have seen that the 
center & of 8 is contained in 3). Hence 8 is central if and only if 3) is central. 
If 8 is any simple algebra, S, the center, is a field and 8 may be regarded as an 
algebra over 6. Obviously 8 is central over S. 

Suppose now that 8 is an arbitrary algebra with an identity and that 33 is a 
central simple algebra. We wish to show that the two-sided ideals of 8» may 
be put into (1 — 1) correspondence with those of 8. First, let 3o be a two- 
sided ideal of 8. Then 3 = $o33 = is a two-sided ideal of 8s . Let x x , , 

x n be a basis for 8 over $ such that Xi , • • • , x r is one for So over <h. Then if 

_n n 

8, bi = 0, is in $. If 6 r+ i = •••== b n = 0. Hence 

1 1 

r 

(8 A 3) consists of the elements X and (I A 3) = 3« . It follows that 

1 

3o« = 5o* if and only of 3o = 5o . 

Now let 3 be an arbitrary two-sided ideal in SI X 33, 3o = (21 A 3), and let 
%i , — , x n be a basis for 3 such that X\ , — , x T is one for 3o • Evidently 3o 
is a two-sided ideal in 33 and 3o* ^ 3- Suppose that 3 0 » < 3 and let xj>i + • • • 
+ x n b n be an element of 3 not contained in 3o* * Then £ r+ i& r+ i + • * * + 
xj) n has this property also, and so at least one of the bj , j = r + 1, - - • , n, is 

s I am indebted to Professor Albert for suggesting this term as a substitute for the 
overworked term “normal” formerly used in* this connection. The term “centralizer” 
that we shall use later is also due to Albert. 
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5 ^ 0. Now let x tl bi x ,b, t ^ 0, i, = r -j- 1, - • • , n, be an element 

of for which s has the least positive value. The elements 

b(x is b tl + - - • + ■£.,&»,), + * • • + Xi t b lt )b 

are in -3 if b is any element of 58. It follows that the first components b, t of these 
elements together with 0 form a two sided ideal 0 in 33 and hence, since 35 
is simple, is arbitrary. Thus 3 contains a:,, -f x tl b'* + x ti b', and 

hence it contains 

b(Xi 1 + x it bz + - • • + x, a b',) — (x,^ + x, t bi + - • - x H b',)b 

= Z Xiiibb', - b'ib). 

/« 2 

Since $ is minimal, 66/ = b\b and so, by the centrality, b' 3 = c Thus $ 
contains x H + x tt fc + • • • + which is evidently in 31. This contradicts 
the fact that x x , - - - , x r is a basis for % = (21 A 3). We have therefore proved 

Theorem 8. If 31 is an arbitrary algebra with an identity and 33 is a central 
simple algebra , then the correspondence 3o — * 3o» is (1 — 1) between the two-sided 
ideals of 31 and the two-sided ideals of 21$ . 

Corollary 1. If 31 is simple and 33 is central simple , then 31$ is simple. 

If 9i is the radical of 31$ , 9? 0 = 31 A 9? is a nilpotent ideal in 31 and is therefore 
contained in the radical 9to of 31. On the other hand, is a nilpotent ideal in 
3t« so that 9?J$ S 91- Hence 9t 0 = % - This implies in particular 

Corollary 2. If 21 is semi-simple and 33 is central simple , then 31$ is semi- 
simple. 

Now let c = Xib x + - - - + xjb n be an element of 31$ — 31 X 33 commutative 
with every 6 in 33. Then 2x l (66 l — 6 t 6) = 0 and 66 x = 6*6. Hence 6* and 
c e 31. It follows that the center of 21 X 33 coincides with the center of 31. 
If 31 is central simple, 21 X 33 is central simple. 

Theorem 9. If 31 is an algebra with an identity and 33 is central simple , the 
only elements of 31 X 53 that commute with all the elements of 33 are the elements of 
21. If 21 is central simple , 31 X 33 is central simple . 

8. Representation of a semi-simple algebra by matrices with elements in a 
central simple algebra. As before we restrict the discussion to the represen- 
tations of an algebra 31 in which the identity of 21 is mapped into the identity 
matrix. If 31 is semi-simple and 33 is central simple, then 31$ is semi-simple. 
As we have seen in 5 this implies the following 

Theorem 10. If 31 is a semi-simple algebra, any anti-representation (ordinary 
representation ) of 21 by matrices with elements in a central simple algebra is com- 
pletely reducible. 

We assume now that 21 is simple. Let 33 be a direct sum of m isomorphic 
irreducible right ideals. Thus 33 = where 5D is a division algebra. We have 
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seen that 2U is simple. Hence 31$ is a direct sum of r isomorphic irreducible 
right ideals and 31$ = 5- where S is a division algebra. Any irreducible right 
ideal of 8$ is a 53-module and is therefore a direct sum of, say, A 33-isomorphic 
irreducible 33-module^ It follows that 2b is a direct sum of rh irreducible 
33-modules. On the other hand, if (21:$) = n, 21$ is a 58-space of rank n. Since 
any 58-space of rank 1 is a sum of m 33-isomorphic irreducible 33-modules, 21$ 
is a direct sum of mn irreducible 58-modules. Thus rh = inn. 

Xow let 5R be an arbitrary irreducible anti-representation 33-space of 21. 
Then 3i = 2i ® * • * @ 2m where the 2* are isomorphic irreducible 2I$-modules. 
Each 2* is a direct sum of h isomorphic irreducible 58-modules. Hence 9? is a 
direct sum of fnh irreducible 33-modules. Since 9f is a 58-space, it follows that 
hm == 0 ( 732 ). Xow if m" is an integer ^m such that hrn" = 0 (m), then the 
direct sum of m" of the 2* is a 58-space. It therefore coincides with 9?. This 
implies that m" = m so that hm = mh is the least common multiple of A and m. 
The equation hm = mh shows also that the rank of 9? over 33 is A. Hence the 
size of the matrices determined by 3i is A. If 9 is a second irreducible anti- 
representation 33-space of 21, 9 1', too, is a direct sum of fh = A _1 [A, m] irreducible 
2l$-modules. It follows that 3i' and 3i are 2l$-isomorphic. Thus all the 
irreducible anti-representations of 21 by matrices are similar. Any anti-repre- 
sentation of 8 is completely" reducible into irreducible parts all of which are 
similar to the representation determined by St. These results may be stated 
as the following fundamental 

Theorem 11. Let SI be a simple algebra and 33 a central simple algebra . Set 
(21:$) = n, 33 = 3)m and 21$ = 6 r where © and @ are division algebras. Then 
7 J mn and if mn = hr and [A, m] = hm = hm, 21 has an anti-representation in 
33*' if and only if Ji | A r . Any two anti-representations of 21 in the same 33* are 
similar. 

In a similar manner we may prove 

Theorem 11'. Let 21 and S3 be as in Theorem 11 and let 21$ = (5^ where W 
is the algebra anti-isomorphic to 21 and ©' is a division algebra. Then r' | mn 
and if mn = AV and [h\ m] = h!m! = h'm, 21 has a representation in 33^ if and 
only if h! [ N. Any two representations of 21 in the same 33* are similar . 

We may obtain a somewhat sharper form of Theorem 11 by first specializing 
this theorem to the case where 33 — © is a division algebra and then extending 
the result thus obtained to the general case where 33 = © OT . If 33 = © then 
m = 1 and [A, m] = A. Hence we have the 

Corollary. Let Si be a simple algebra and © a central division algebra . Set 
(2t:$) = n and . Then n = hs and 21 has an anti-representation in ©* 

if and only if h\N. 

Now if %£> = , 21$ = S, m for 33 = © m . Hence the integer r of Theorem 

11 is equal to sm and n = hs. This proves 

Theorem 12. Let 21 and 58 be as in Theorem 11 and let 21© = <S, , @ a division 
algebra. Then s | n and if n = sh and [A, m] = Am — Jim , 21 has an anti-repre- 
sentation in 33* if and only if h\N. 
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Theorem 12'. Let 21 and 33 be as in Theorem 11 and let = 6 ^ , S' a divi- 
sion algebra. Then s' j n and if h = s'h' and [k\ m] = h'm' = Km, 21 has a 
representation in SBx if and only if h' , X. 

3ft e suppose now that SI is a division algebra and 33 = £ is a central division 
algebra. We may regard 21 X £ = G 3 as an 21-spaee. Then by a repetition 
of the argument that led to Theorem 11 we may prove that s ' d, d = (£:<f>). 
The details are left to the reader. 

Theorem 13. Let % be a division algebra and £ a central division algebra . 
Then if 21 X £ = G* where G is a division algebra . s is a common 
factor of (21:4>) = n and of (£:$) = d. If (d, n) = 1, 3 X 2 is a division 
algebra. 

9. Simple subalgebras of a central simple algebra. The theory of representa- 
tions may be applied to the study of the subalgebras of a central simple algebra 3L 
For if S3 is a subalgebra, then 6 — ► b is a representation of 35 by matrices of one 
row with elements in 21. If 33 is a simple algebra that contains the identity, 
we may apply Theorem 12'. 6 Let 21 = £ m where £ is a central division algebra, 
(33:3>) = q and 35' X £ = 33i = G*' where G' is a division algebra. Then 
q = s'K and if K = m _1 [P, m], 35 has a representation only in those 3U- for which 
V | N. Since 33 has a one-rowed representation with elements in 21, P = 1. 
Hence K | m and if we write m = h% we obtain ms ' = ql. Thus q J ms'. 

Theorem 14. If 33 is a simple subalgebra , containing 1, of a central simple 
algebra 21 = £ m , £ a division algebra , then 35 7 X £ — where G' is a division 
algebra and s' | q and q | ms'. 

Corollary. If 33 is a subalgebra , containing 1 , of a central division algebra 
£, then 33' X £ = where G' is a division algebra and q = (33:<£). 

If 33i and % are isomorphic subalgebras of 21, we may regard these algebras 
as isomorphic images of the same algebra 33. If fei — * 62 is an isomorphism 
between 33i and 33? , & — » &i and 6 — * 62 are representations of 35 by one-rowed 
matrices with elements in 21. These representations are similar. Hence we 
have the following 

Theorem 15. If 33i and 352 are isomorphic simple subalgebras containing 1 
of the central simple algebra 21, any isomorphism between 33i and 332 may be ex- 
tended to an inner automorphism in 21 . 

This, of course, implies 

Theorem 16. Any automorphism of a central simple algebra is inner . 

10. Derivations. The theorems of 9 have striking analogues in the theory 
of derivations of an algebra. If 35 is a subalgebra of an algebra 21, a derivation 

6 It should be noted that from now on we use a different notation from that of 8. Here 

St denotes the central simple algebra and 95 the simple algebra that need not be central. 
This seems desirable since in our applications 93 will usually be a subalgebra of SL 
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D of into 31 is a mapping of 35 into a part oi 31 satisfying the following condi- 
tions: 

(bi -r h'D = h D - I-Jj. (ia)D = ' bD'ja, ib-Jz^D = bi'bJDj -r (biD)b» . 

If 38 = we speak simply of a derivation in 31. It is readily seen then that if 
Di , Ds e tp, the set of derivations in 21, then Da and Di ± D« e Sp. Since 

(bibf)DiDs — -** bifJhDiD*; (biDJjife + (&xOi) (P 2 D 2 ), 

DiDi is not in general a derivation. However. 

(bifcsKAHj - DJ)x) = MUDiDo - DjDi)) + MDjD, - DtDtfb,. 

so that [Di , Ds] = DJD 2 — DsDi is a derivation. For any element d in 21 we 
may define a derivation by means of the correspondence x — > [x, d\ — xd — dx. 
A derivation of this type is called inner. 

As usual, Leibniz’s rule 

(hh}D k = UhD 1 ) + 0 (biD) (ihD*- 1 ) + - - ■ + (M>% 

is valid. Hence if $ has characteristic p ^ 0, 

(b 1 bs)D p = b 1 (b 2 D p ) + (biD p )h 
so that D p is a derivation. Similarly we prove by inductior 

bd k = d k b + (^j d k -%' + h b® 

where V = [6, d], b” = [[b, d], d], etc. Thus for $ of characteristic 0 

[6, d p ] = = [••• iib, 4^r^Td]. 

The theory of derivations to a large extent parallels that of isomorphisms. 
For example, we have the following 

Theorem 17. If 35 is a semi-simple subalgebra , containing 1, of a central simple 
21, then any derivation of 8 in 21 may be extended to an inner derivation in ’21. 

We consider the set of matrices in SI 2 of the form 



where 6 ranges over 35. This set forms an algebra isomorphic to 95 and hence 
it determines a representation of 95 by matrices with elements in 21. Let 91 
be the corresponding representation 21-space. According to the form of the 
matrices, 91 has a basis Xi , x 2 such that the 21-space SRi = x t % is invariant rela- 
tive to the endomorphisms b of 95. Since the 95a-module 91 is completely re- 
ducible, there exists a second space 9t 2 — 2/21 which is also invariant relative 
to the b and such that 91 = 91i © 9t 2 . Let y — xiOi + where the a, e 21. 
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Since x* — xidi + ya* 2 for suitable aj and a* in 8 , h as the inverse i n S. 
We may replace y by ya* . Hence we may suppose that x± = Xi d + y and y — 


x 2 — zd. The matrix relating the 31-basis x ± , y to the 8 -basis a* , x* is Q . 

The inverse of this matrix is Q 0 . Since Si = 3 ^ 0 , the matrix of the 

endomorphisms b relative to the basis x x , y has the form ^ . Hence 


'l d\/fe bZA/l _ /fe 2 0\ 

,0 lj\0 bj\0 1 ) VO bz) 


A simple computation shows that bi = b» = b and 6 D = [b, d] for all b. 
As a consequence of Theorem 17 we have 

Theorem 18. Any derivation of a central simple algebra is inner . 


11. Commuting subalgebras. If SB is a subalgebra of an algebra 8, we call 
the subalgebra of 21 of elements commutative with those of 35 the centralizer 
21(33) of 33 in 8 . As usual, we denote the algebra of right multiplications in 
2 1 by 8 r and the algebra of left multiplications in 21 by 21* . Let §3 r (33d be the 
algebra of right (left) multiplications b r (bi) in 8 determined by the elements 
b of 35. We recall that if 21 has an identity, 8 z is the algebra of 2t r **endomorphisms 
and 8 r is the algebra of 8 z-endomorphisms . The n the algebra of endomorphisms 
commutative with those of 81 and of 33 r is 8(33) r - For if C is such an endomor- 
phism, C = c r is a right multiplication. Since 2l r is isomorphic to 8 under the 
isomorphism a — > a r mapping the elements of b into those of 33 r , it follows that 
c e 21(33). If the subalgebra 95 contains the identity, the al gebra of endomorph- 
isms 2tz35r = 33r8z contains 8 z and 93 r . Hence in this case 2l(35) r may be char- 
acterized as the algebra of 2lz93r-endomorphisms acting in 8 . 

We now suppose that 8 is central simple and thaj 35 is a simple subalgebra 
containing the identity of 8. The algebra 8z33 r is x a homomorphic image of 
8 ' X 35 where 8 ' is the algebra anti-isomorphic to 8 . We have seen that 
8 ' X 33 is simple. Hence this algebra has the form @ r , @ a division algebra. 
It follows that 8z33r is isomorphic to Or and' 8z35 r = 8z X 35 r = (Sr where @ is 
a division algebra isomorphic to @. Since 18z = 8, 8 isjmitely generated 
relative to Q r . Hence, by 6 of Chapter 2 , the algebra of @ r -endomorphisms 
has the form (g« where Q' is anti-isomorphic to @ and rs is the dimensionality of 
8 over @. Thus 8(33)r = G* and 8(35) = where (£' = <£'. 

We shall now determine 8(8(35)). Evidently 8(8(35)) contains 35. On the 
other hand, if c e 8(8(35)), c T is an ^-endomorphism. Since the si-endo- 
morphisms belong to (£■ = 8z35 r , c r e 8 z X 35 r . Since c T commutes with the 
elements 8 z , by Theorem 9, c r c 35 r . Hence c e 35 so that 8(8(35)) = 35. This 
equation implies that (35 A 8(35)) is the center of 35 and the center of 8(35). 

Let ( 8 :#) = n, (@:$) = e. Thenn = ( 8 :@)(®:$) = rsc. Since 8(35) = 
(8(35) :$) = e $ 2 . Moreover, 8 ' X 35 = & so that ( 8 ' X 33:$) = n( 35:$) = 
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Hence 

n(33:#.: (31(33;:#) = eVV = n~ = ''St:#)* 
and (33:#)(21(33,:#, = 1 21:#;. 

Theorem 19. Let 3 l be a central simple algebra and 23 a simple subalgebra con- 
taining 1. Then if 31(33; is the centralizer of 23 and 31' is the algebra antHsomorphic 
to St. the following statements hold: 

1. 31(23) is simple and contains 1. 

2. 3tf'3t(33)) = S3. 

3. If 33 X St' = Sr ichere <5 is a division algebra, then 21(23) = , (S' anti- 

isomorphic to S. 

4. (2t:#) = (33:#)(2t(33):#). 

12. Subfields and splitting fields. We now let 33 = g, a field, in the above 
theorem. Then 21(g) Si g so that (21:#) - (g:#) (31(g):#) Si (g:#) 2 . We 
assume next that 31 = 3) is a central division algebra. Then we may embed 
g in a field g such that 3)(g) = g. For if 33(g) > g, we may choose an element 
b in 51(g) not in g and obtain the field gj = g(6) properly containing g. If 
33 (g.) > gi , we may repeat this process. Eventually we obtain a field g with 
the required property. Our argument shows also that if 53(g) > g, g is not a 
maximal subfield. Conversely if g is not maximal, then g < gx a larger field 
and hence 53(g) > g. Since 33(g) = g, (33:#) = (g:#) 2 . This proves 

Theorem 20. The dimensionality of any central division algebra 33 is a square. 
If (53:#) = 5 s , then Sis the dimensionality of any maximal subfidd of 33. 

If (3):#) = 8 2 , S is the degree or the index of 3) and if 21 = 3)™ , S is the index 
of 21. Evidently the dimensionality of 21 is a square n = (8m) 2 . Now if g 
is a subfield of 21 containing 1 such that (g:#) = 8m, then 21(g) = g and so g 
is a maximal sub field of 21. 

We now apply Theorem 14 to 33 = g. According to this result g' X 33 = 
where (S' is a division algebra and q = hm is a factor of ms'. Thus 8 \ s' and 
g' X 21 = where 8m | s'm. We have seen that the center of g' X 21 is 
g' and that g' g (S'. Hence 

((g' X 21):#) = (g:#)(om) 2 = ((S':#) (s'm) 2 . 

Since s' ^ 5 and ((S' :#) Si (g:#), it follows from the above equation that s' = 8 
and ((S':#) = (g:#). Hence g' = g' and g' X 21 = g'» . Since g is com- 
mutative, we may also write g X 91 = 9lg = . 

Xow we shall call a field 5 over a splitting field for a central simple algebra 
91 = if 2fo = §f» - Since (5«)* = if $ ^ g, any extension field of a 
splitting field is a splitting field. If 25* = (£, , 2fe = (55 w )* = g, m . Hence by 
the uniqueness part of Wedderbum's theorem, if gr is a splitting field for 21, it 
is one for 55. The converse, that § splits 31 if it splits 5), is clear. For if 55* = 
§5 , then 2fe = \$s m - The result that we obtained in the last paragraph is the 
sufficiency part of the following 
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Theorem 21. Necessary and sufficient conditions that a field g he a splitting 
field of a central division algebra 3) of degree o are that f = (%\Q)bc a multiple 
mo of 8 and that g be isomorphic to a subalgebra containing 1 of 2-. . 

To prove the necessity of the conditions we use the Corollary to Theorem 11. 
Since £5 = ^ X £ = gr = ga, / = mo and 5 has an anti-representation in 
Sw - Since § is a field, g is isomorphic to a subfield containing 1 of 35™ . 

The existence of a splitting field of a central simple algebra implies 

Theorem 22. If 3 is central simple and T is any field c vcr <t> (not necessarily of 
finite dimensionality ) , then Sir is central simple . 

For let § be a finite dimensional splitting field. Thei e exists a field 2 contain- 
ing g and T. 7 Then 3s = (3fe)s = ~r. . Hence (3lr/s — - Since the exten- 

sion of any ideal in 31 r is an ideal in (3r)s , 3(r is simple. Similarly 3lr is central. 

13. The Brauer group. We have seen that the direct product of any two 
central simple algebras is a central simple algebra. We shall consider now the 
structure of the direct product 31' X ?i where ?l is central simple and 3U is 
anti-isomorphic to 3b For this purpose we apply Theorem 14 to the case where 
95 = 3L We then obtain that 31' X 3 = where n = (3 1:3>) is a factor of 
s'm. By comparing the dimensionalities over we see that s'm = n and 
S' = 4>. Hence we have proved 

Theorem 23. If 31 is a central simple algebra and 31' is the algebra anti-iso- 
morphic to 3, then 3' X 3 = - 

A second proof of this theorem that is more direct is the following: Let 3L 
and , respectively, denote the algebras of right and of left multiplications in 
3. Consider 3l r 3lz = 3z3 r . The elements of this algebra are linear trans- 
formations in 3 regarded as an n-dimensional space over 3>. We note also that 
the algebra 3' X 3 is homomorphic to 3b3L and since 3f' X 3t is simple, these 
algebras are isomorphic. It follows that Slz3 r contains n 2 linearly independent 
elements. Hence 3z3 r is isomorphic to <b n and this holds for 3U X 3. 

This result enables us to define a remarkable group first discovered by R. 
Brauer. We consider the set © of central simple algebras over a fixed field <t>. 
Two elements 3 and 95 of © are said to be similar (21 — 7 95) if their division al- 
gebras 35, 3) in the representation 3 = 3) m , 95 = S'm are isomorphic. Since 
3) is determined in the sense of isomorphism by 3, the relation of similarity is 
well-defined. Evidently this relation has the properties of an equivalence and 
hence it determines a decomposition of © into non-overlapping sets {3}, 
{95}, — . ({3} denotes the set of algebras similar to a fixed 3.) The elements 
of the Brauer group ©($) are the sets {3}. Multiplication is defined by 
{3} {95} = {3 X 95}. This is single-valued. For if 3 = ~ 3 = ©IV 

and 95 = 3>S? ~ « = then 3 X 95 - (® C1) X S> (2) ). a n s and 3 X 95 = 
(3) (1) X ® (2) )« 1 « f - The central simple algebras 3) (1) X 35 C2) and 3) C1) X 35 (2) 
are isomorphic and hence their division algebras are isomorphic. The class of 

* More precisely, containing subfields isomorphic to g and r. 
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matrix algebras (3 ~ 1) acts as an identity in By the above theorem 
{%]{%* } = {1} so that {3'] = Since direct multiplication is com- 

mutative and associative, ®($) is a commutative group. 

If P is a field over $ the mapping {3} {3?} is a homomorphism between 

@(3>) and a subgroup of @(P). For (St X 33)? = 3? X 33?. 

Our principal objective in 14-16 is the theorem that every element of @(3>) 
has finite order. Thus far we have had to refer only to results obtained else- 
where in this book. However, we must now call on a part of the theory of com- 
mutative fields. In particular we shall use the results of 6 which have until 
now served only as illustrations of the theory of direct products. 

14. Separable subfields. We suppose that has characteristic p ^ 0 and 
that 5) is a central division algebra of degree p. If a is any element of © not in 
<t>, is a subfield of dimensionality p over 4>, and if 6 is an element of © not 
in <£(a), then the algebra generated by a and 6 is ©. Now suppose that a is not 
separable over <£ so that a p = a e<£. Consider the derivation x — » x' = [x, <j]. 
If x € 4>(a), x' 9 * 0. However, x lp) = [x, a p ] = 0. Hence there is a k ^ 1 such 
that x ik} ^ 0 but x (jL ~ 1} = 0. If we set b = j ( w) (/ ) )” 1 , we obtain b' = 1 and 

if we set c = o6, then c' = a. Thus [c p , a] = [c[ - - • [c, a] --•]] = a. Hence 
[c p — c, a] = 0 and c p = c + g(o) where g(a) e $(a). Evidently g(a) commutes 
with c and with a and hence g(a) = y e$, and c is a separable element. 

Lemma. If © is a central division algebra of degree p and characteristic p and 
if © contains an inseparable element over 4>, then © also contains a separable ele- 
ment not in 

We note that the element b satisfies an equation of the form b p = ft since 
[b p 7 a] = 0. The elements feV, i, j = 0, • * - , p — 1, form a basis for © and the 
following relations determine the multiplication: 

a p = a, b p — /?, ba — ah = 1. 

Similarly, we may use a and c as generators with the following relations 

a v — a, c p = c + y, o^ea == c + 1. 

Since c + 1, c + 2, - - - , c + (p — 1) satisfy the equation t v = < + y, 4>(e) is a 
cyclic field over 4> with the generating automorphism c —> c + 1. 

The above lemma may be used to prove the following 

Theorem 24. Any central division algebra © over 4> contains a maximal 
separable subfield . 

If $ has characteristic 0, there is nothing to prove. Hence we suppose that 
has characteristic 0. Let ai in © be separable and ($(ai):$) = > 0. 

If SB is the algebra of elements commutative with those of then (©:$) = 
S 2 = ($(ai):$)(33:$) = rj> for b = (33:<£). The field 4>(ai) is the center of 33. 
If 33 contains an element a* separable over $(ai) and ($(«i , 02 ) -^(«i)) = r 2 > 0, 
then $(ai , a*) is separable of dimensionality r x r 2 over This process leads to a 
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maximal subfield separable over <3? or to a central division algebra whose sub- 
fields, properly containing the center, are all purely inseparable. Let 3) be 
such an algebra and $ its center. If g = <£(ai , , ■ • * , a*) is a maximal sub- 

field of 3), each a % satisfies an equation of the form a? n% = a* . Hence 5 con- 
tains a subfield go such that (g: g 0 ) = p and g = g 0 (a), a? e go . The elements 
commutative with those of go form a central division algebra 35 of degree p over 
go . Since 35 contains the element a such that a 4 g D but a p e g 0 , it follows 
that 35 contains an element c such that c p — c = g(a) e g 0 but c 4 g 0 . Then 

(c p - c) pm = c p " +x - = (c pm ) p - (c p “) = g(a)*“ 

is in <£ if m is sufficiently large. Hence c pn is separable over and c p * i $ since 
c p7n = c pWl 1 + g(a) pm l , c pm 1 = c pm 2 + g(a) pn *, • - - implies that 
$(c pm , go) — go) > go * Thus the assumption that a 3) possessing only 
purely inseparable subfields exists leads to a contradiction, and hence the 
theorem is proved. 

15. Crossed products. If 3) is a central division algebra of degree 8, let g be 
a maximal separable subfield of 3). Then g may be extended to a field $ nor- 
mal, separable and of dimensionality v = 8m over 3>. We have seen that $ is a 
splitting field and hence is contained in 3) m , a central simple algebra similar to 
3). Furthermore, $ is a maximal subfield of 3) TO . Let 1, &,**-, V be the 
elements of the Galois group © of $ over $>. Since the automorphism k — » 
in $ may be extended to an inner automorphism in 3) m , there is a non-singular 
element u s in 3)» such that u^ l ku s — k s , or ku s = usk s for all k in $. The 
element u^u a u T commutes with all k and hence Usu T = UstPs.t , p in £. By the 
associative law we obtain 

__ u 

P8,TUPT,U — PST,UPS,T 

so that p = {ps,r} is a factor set. Consider now the crossed product $(©, p) of ® 
with its Galois group ©, and having the factor set p. 8 Evidently it is homo- 
morphic to the subalgebra 35 of 3) m consisting of the elements 'Luaka - Since 
j?(@, p) is simple, $(©, p) is isomorphic to 35 and since ($(©, p) :<&) = **, 35 = 3)» . 

Theorem 25. Any central simple algebra is similar to a crossed product $(©, p). 

This theorem enables us to apply the theory of crossed products to that of 
central simple algebras. We recall the definition that the factor sets p and <r 

are associates if there exist elements pa in $ such that ps t T = <rs,r . Thus 

Pa pt 

if vs is a second set of elements in 3> m = $(©, p) such that vj'kva = k s , then 
uj l v s c St and v s — Uapa - Then if v s v T = Vsr<rs,T , p and <r are associates (p ~ <r). 
With these definitions we have the following 

Theorem 26. $(©, p) ~ 1 if and only if p ~ 1. 

8 Since the correspondence is the identity, we may use this simplification of the notation 
of Chapter 4. 
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If the conditions are satisfied, we replace u 3 by elements v 8 = nap 8 to obtain 
votr = Vst . It follows from 18 , Chapter 4 , that $(©, p) is isomoiphic_to . 
Conversely, suppose that &( 0 f, p ) ~ 1 . Then $(©, p) is isomorphic to $(©, 1 ) 
and hence $(©, p) contains a field isomorphic to St and elements v 8l such that 
every element has the form Xv 8 l k™, k ll} in $i and 

( 4 ) k m v Sl = v 8 l k lmi , = «s 1 t 1 , 

Si in the Galois group of $1 . We may suppose that Si is the automorphism 
ki — > (£ 5 ) i where k — > fa is a" particular isomorphism between $ and $1 . This 
isomorphism may be extended to an automorphism a — » ai in $(®, p). If = 
(ug) i , we have 

i (1) « 5l = Usjc ^ 81 , Us x Ur x = U 8 iTi PsIt . 

If we compare with ( 4 ), we obtain p C1) ~ 1 and hence p ~ 1 . 

We consider now two crossed products $i(@i , pi) and $2 (©2 , ^2) where ®i = 
$2 and, say, £1 — ► £2 is an isomorphism between $1 and $2 . Let /Si and S 2 be 
the corresponding automorphisms of the Galois groups ®i and ® 2 in the sense 
that kf 1 — > £f 2 . We wish to obtain the form of $i(@i , pi) X ^(@2 , <r 2 ). 

Evidently $i(®i , pi) X $*(®2 , <r 2 ) contains SiXfe. The latter is a direct 
sum of v fields isomorphic to $1 . If e* is the identity of one of the components, 
the elements of the component have the form , £2 in $ 2 , i-e. $1 X $2 = 
ei$2 © * - - © e *$ 2 . Similarly e&t = e»$i - The correspondence £1 — > £2° 
obtained by writing ejc! = ejci^ is an (anti-) representation of $1 in $ 2 and we 
have seen that we obtain in this way all of the irreducible representations (in 
the sense of similarity, which in this case means identity) of $1 in $ 2 . On the 
other hand, we have the v distinct representations £1 > Jcp where S 2 ranges 

over ©2 . Hence £2^ = £f* and the idempotent elements are in (1 — 1 ) corre- 
spondence with the elements of @2 . We may therefore denote e* as e 3t and note 
that 

= 1 , e^e r a = 0 if & 5^ T % , = e s±3 

^(£1 - £?) = 0 . 

The mappings a: — ♦ and rr — > ui\xu Tl are automorphisms of $1 x&. 

Since the simple components of a semi-simple algebra are uniquely determined, 
the elements v^ t e Si v Ti and Ur\ 6 8 t u Tl are again e’s. Since v Tl commutes with fci 
and ffFjfepr, = Jfef* , 

Vrle^Oa - ki lT *) - 0 . 

Hence v^\e s j) Tt — es,r, and similarly, u^e^un = e r -i Sl . 

We now define e s , r = v^v Tr er t and verify that 


€b,t6u,v — &T,u€8,V, ^63,8 = 1 - 

These matrix units may be used to write &(©! , pi) X fe(@ s , <r 2 ) = 33 , where 
S is the set of elements commutative with the es tT and is isomorphic 
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to ei.i(£i(©i > pi) X <72))€i,i = 33. By the relations noted above 

$1.1 Usja* = ua x v s% e lt i = w s eSQ and h = h& i = k 2 e ltl = e S. Then 

w s w T = WstPu3 1 .t 1 02s s ,t 1 , = iDsfc 5 

where k = k± and k s = fef 1 . We have shown that 59 contains the crossed pro- 
duct £(©, pi<X2) and since its dimensionality over $ is y 2 , 33 coincides with the 
crossed product. Hence we have proved the following 

Theorem 27. Let £i and £ 2 &£ isomorphic separable normal fields over $ and 
ki-^hzan isomorphism between them. Then $i(@i , pi) X *£2 (@2 , <r 2 ) ~ £(<§. pi&») 
where £ is isomorphic to the £* and ft r - — * fc* is an isomorphism between St% and £ 
swcft 2fea£ *1 = fe . 

This theorem has the following significance: Let p s , r and 0 StT be factor sets 
and define t s ,t = ps,T<rs,T as the product factor set. The set of factor sets forms 
a commutative group relative to this multiplication. The factor sets of the form 

Ps.t — ^ orm a subgroup and two factor sets that belong to the same coset 

PsPt 

relative to this subgroup are associates. If is the factor group whose ele- 
ments are the classes of associate factor sets and the subgroup of the 

Brauer group over $ consisting of those classes of central simple algebras that 
have £ as a splitting field, then, by our theorem, £>& and @*(3>) are isomorphic. 
We prove next 

Theorem 28. If £(@, p) has index 5, then p 5 ^ 1. 

Let £(©, p) — 3)„ where 33 is a central division algebra. Then 3) m = 3i © 

• * • © 3« where the 3’s are isomorphic irreducible right ideals and hence have 
the same dimensionality when regarded as vector spaces over £. Since 
(35 m :£) = v and = v = ^m 2 , = v and (3‘£) = 5. The ele- 

ments u s define semi-linear transformations in 3 over £. Hence if Xt , • • * , jt* 
is a basis for 3 over £ and x x u 8 = , p in £, then the matrices M s = 

( jijis ) satisfy the equations M T Ml = Mstp&.t . If we set det M s = ps , we 
obtain ps.tps.t ~ psPt * Hence p < ^ / 1. 

16. The exponent of a central simple algebra. The results of the last section 
imply 

Theorem 29. If % is a central simple algebra of index 5, then {St} 1 = 1, i.e. 
the direct product of 5 algebras isomorphic to 2 is of the form . 

For we have seen that 31 ~ £(©, p) and 81 X • • - X ~ £(©, p 3 ) if St* = St. 
Since p* ~ 1, Sti X — X 81^ 1. 

Thus the order of each element of the Brauer group is finite. If e is the order 
of {St}, we call e the exponent of the central simple algebra *81. The above 
theorem implies that the exponent is a divisor of the index of St. 

Theorem 30 . If p is a prime factor of the index of 31 , then p is a dwisor of 
the exponent of 31. 
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If § is a field containing we have seen that the correspondence between 
{?[} and { Sfe} is a homomorphism between the Brauer group over $ and a 
subgroup of the Brauer group over g. Hence the exponent eg of 2g is a divisor 
of that of 2. Now let 2 ~ $(©, p) = 2X* where (£:#) = v = 8 m - Let p* be 


the highest power of p dividing v and ® p a Sylow subgroup of order p* of ©. 
Corresponding to ® v there is a subfield g of $ such that ($:g) = p*. Consider 
$(©, p) 3l where gi ^ g. Since $(©, p)g, has the splitting field = $ and 
(&:&) = v\ the degree of $(©, p)g x is p*, £ ^ a, and hence eg x = p u where 


u S L Thus e = O^), = 0(p), unless u = 0. Now, if u = 0, 5?(®, p)g x ~ 1 
and hence (&:$) is divisible by 5. Since (gr.$) = ~ and Q^,p^ = 1, this is 


impossible. 


We prove finally the following theorem which in most considerations of central 


division algebras yields a reduction to the case of prime power degree. 


Theorem 31. If 35 is a central division algebra of degree 8 = pi 1 ••• p\ l where 
the p x are distinct primes , then $ = Si X ••• X where 35 t - has degree pY and 
is uniquely determined in the sense of isomorphism by 2). 


Let e = pl l - - • pi , 0 < U ^ s t , be the exponent of 2). By the usual group 
theoretic argument, {£)} = {35i} {St} where {2),-}*** = 1. We may sup- 
pose that 3)i is a division algebra. Then its degree is pY , s'* ^ U . Since the 
degrees of the 2), are relatively prime, the direct product SDi X * • - X 2)z is a 
division algebra and since it is similar to the division algebra S, S ~ X 
• - ■ XSi and $i = s* . Now if 2) = 2)i X * - - X Si = @i X * • • X@z where 
@i has degree pY , then 2)! 1 ~ if = epT u . Since (q x , p**) = 1, there 
exist integers a, , b % such that qum + pl% = 1. Then (2)f’)° m ~ (©S'T*** , 3D, ~ <£-* 
and since both ate division algebras, 2),- == . 


17. Central division algebras over special fields. If a is any element of an 
algebra 2, a satisfies an equation <p(a) = 0 where <p{t) is a polynomial 9^0 in 
$[f]. For let o° = 1 if 2 has an identity and a 0 = 0 otherwise, and consider the 
sequence o°, a 1 , a 2 , - - - . There are only a finite number of linearly independent 
elements in* this sequence. Hence there exists an m, 0 < m g ^ the dimen- 
sionality of 2, such that a n — a m_1 ai + * • - + a°a» . Thus <p{a) = 0 for 
<p(t) = t m — f w-1 a i — where £° = 1 or 0 according as o° = 1 or 0. 

Now let m be minimal. Then the a 1 with i < m are linearly independent 
so the a,- used in expressing a m in terms of the a*, i < m, are uniquely determined. 
It follows that the corresponding polynomial <p(t) = yjf) is the only polynomial 
of degree m with leading coefficient 1 having a as a root. Moreover, it is clear 
that m is the least degree for the polynomials <p(t) 0 such that ip(a) = 0. 

By the division process we may show also that Ha(t) is a factor of any <p(t) such 
that (p (a) = 0. We shall call yjf) the minimum polynomial of a. 

If 2 is a division algebra, yjf) is irreducible. For if yjt) = ii a) (t)p m (t), 
then fi a) (a)ii 2) (a) = 0 and so either p (1) (a) = 0 or m 0 > (o) = 0. Because of the 
minimalit y of the degree of fia(t) either m ( i> (0 or p (2) (t) is of degree 0. Now if 
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$ is algebraically closed, the irreducible polynomials are ail linear and so for 
any a, we have a — la = 0 or a = la. This proves 

Theorem 32. The only division algebra over an algebraically closed field 
is itself. 

Suppose that $ is a real closed field. It is well known that the only algebraic 
extensions of $ are itself and $(i), i = — l. 9 Let % $ be a central division 

algebra over 4>. If (2l:f>) = m > 1, there is a maximal subfield 2) of 21 
such that (2 t#) — m. Hence 2 = $($) and m — 2. Since <£(£) is normal, 
21 is a crossed product and so there is a second element j in % such that f~Hj = —i, 
f = 1/L The element 0 is negative and j may be normalized so that / = — 1. 
Hence 21 has the basis 1, i, j , fc = ij with 

i == -1, J — -1, IJ = -3h 

and 2t is Hamilton’s quaternion algebra. As is well known, an 21 of this form 
is a division algebra. If 21 is a division algebra over $ that is not central, the 
center of 21 is the algebraically closed field <£(z). Hence by Theorem 32, 21 = <£(z). 

Theorem 33 (Frobenius). The only division algebras over a real closed field 
3> are 3>, 3>(i) and the quaternion algebra <£(z, j). 

Now let $ be a finite field and 21 a central division algebra over 4>. We denote 
the multiplicative group of elements ^0 of 21 by 2T. If 2 is a maximal subfield, 
2', the set of elements 9 * 0 of 2, is a subgroup of 2T. Any element b 0 may be 
embedded in a maximal subfield and since any maximal subfield has the form 
vT 1 2w, b e vT^'u for a suitable u. Thus 21' is a sum of subgroups conjugate to 
2'. Now the conjugates of a subgroup of a finite group include all the elements 
of the group only if the subgroup is the entire group. Hence 2' = 2T and % 
is commutative. Thus 21 = $. 

Theorem 34 (Wedderbum). The only central division algebra over a finite 
field 4* is itself. 

This, of course, means that every division algebra over a finite field is com- 
mutative. Moreover, since any division ring may be regarded as an algebra 
over its center, this theorem holds also for arbitrary finite division rings. 

18. Minimum polynomial of an algebra. In the remainder of this chapter 
we consider algebras that are not necessarily simple. We shall define a special 
class of semi-simple algebras called separable, and shall give a constructive 
criterion for an algebra to belong to this class. If $ has characteristic 0, every 
semi-simple algebra is separable so that in this case our criterion will be one for 
semi-simplicity. We shall also obtain a structure theorem, due to Wedder- 
bum, which to a certain extent reduces the study of arbitrary algebras to that 
of semi-simple and of nilpotent algebras. 

We consider first the theory of the minimum polynomial of an element a of 

9 See van der Waerden’s Modeme Algebra, vol. 1 p. 228 or 2nd. ed. p. 237. 
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an arbitrary algebra Suppose that we have a (1 — 1) representation x — * X 
of 2 by matrices in the matrix algebra , such that if 2 has an identity, then 
1 — > 1 the identity of $.v - 1# Let 2 denote the set of matrices representing 2 
and let A be the matrix corresponding to a. Then we assert that the minimum 
polynomial Ha(f) of a is the minimum polynomial of the matrix A regarded as 
an element of the algebra . For it is clear that (f) is the minimum poly- 
nomial of A regarded as an element of 2. Our assumptions imply that if 2 
has an identity, then this identity is the identity of . Hence, in this case, the 
minimum polynomial in 2 of A is the same as its minimum polynomial in . 
Now suppose that 2 does not have an identity and let pu(0 = f” — — 

• • • — lttm-i be the minimum polynomial of A in . Then 1 a m = A m — 
A^ai — * • • — Aa«_i belongs to 2 and must therefore be 0. Thus the con- 
stant term of fi A (t) is 0 and hence pu(f) js the minimum polynomial in 2 of A. 
Now we recall that the minimum polynomial of a matrix A is the last invariant 
factor of the matrix (It — A) belonging to - Hence n a (t) is the last in- 
variant factor of (If — A), and if /(<) is the characteristic polynomial 
det (If — A), then y^(f) is a factor of /(f). Since /(f) is the product of all of the 
invariant factors, and each invariant factor is a factor of the last one, any ir- 
reducible factor of /(f) is a factor of na(t). 

Let xi , • • • , x, be a basis for 2 over <$, and set P = $(£1 ,---,£«) the field 
obtained from $ by adjoining the indeterminates £,- . We form the algebra 
2 P and shall call the element Xifc. + * • * + £„£„ of 2 P a general dement of 2. 
Now suppose that x,- — ► X,- in the (1 — 1) representation of 2 in . Then 
Say y, — > SX.-y* , y in P, is a (1 — 1) representation of 2 P in P satisfying the 
condition that 1 — ► 1 if 2 P has an identity. 11 We may therefore apply the above 
considerations to 2x»fi . We see then that m(t, £), the last invariant factor of 
(If — 2X.&), is the minimum polynomial of 2xi£ t - and is a divisor of the char- 
acteristic polynomial 

/(f, £) = det (f - 2X£ = t N - f^Wf) + ••• + (-l)VG). 

Since the coefficients of f(i, f) are polynomials in the £* , it follows from Gauss 7 
lemma that the coefficients of m(t, £) are polynonrials in the £ 7 s. 12 We have 
shown also that m(t, f) and f(t, f) have the same irreducible factors in P[£], dif- 
fering at most in the multiplicities of these factors. From the definition of 
m(t, £) as the minimum polynomial of 2X& in Sip , it is clear that m(t, £) depends 
only on and not on the particular representation used. We shall call this 
polynomial a minimum polynomial of the algebra St. 

10 Throughout this discussion we may use anti-representations in place of ordinary 
representations of the algebra SL 

11 If an extension Hp of an algebra 9 has an identity, then Si has an identity. (This follows 
from the well-known theorem that a set of linear equations with coefficients in $ have a 
solution in an extension field P if and only if they have a solution in $. The details of the 
proof are left to the reader. 

11 See Albert, Modem Higher Algebra , p. 37. 
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Let yi , • • • , y n , y x = 2x,p,, , be a second basis for 31 and let m'(t, i?) be the 
minimum polynomial determined by the general element 2y,jji . If we use the 
field 2 = $(£, if), we may compare m(t, f) and m‘{t, if). Now we recall that 
if a .1 , — ,a T are linear!}' independent elements in an algebra 31, then they 
remain linearly independent in any extension 8 S of 8. It follows from this that 
the minimum polynomial of an element of an algebra is unchanged when the 
field over which the algebra is defined is extended. Hence m(t, if) and m'(t, ij) 
are the minimum polynomials of 2x,|,- and 2yw , respectively, in the algebra, 
2ls . Since y, = 2 x,fi„ , 2y,tn = 2x,^ where = 2 . Hence m(t, f) = 
m'(t, it). In this sense m(t, If) is an invariant of 21. 

We write 

m(t, & - f - r'TOf) + ... + (-i ym. 

If the |’s are specialized in say £,• = a; , we obtain a polynomial m a {t) — 
m(t, a), called the principal polynomial associated with the element a — 2 
of 21 Y Using the relation m(t, £') = m'(t, i;) we see that m a {t) does not depend 
on the choice of the basis. Hence this is true also for the functions T(a) = T(a) 
and N (a) = N (a) which we call respectively the principal trace and the principal 
norm of a. The equation m(x(if), f) = 0 is equivalent to n polynomial identities 
Pi{if) = 0 obtained by expressing m(x(f), £) as 2Xip,(|). Hence we have 
m(a, a) = 0. It follows that m«(f) is divisible ‘by Pa(t). Since /(f, a) and pa(i) 
have the same irreducible factors, m a {t) and p «(f) have the same irreducible 
factors. 

The matrix (T{x,xf)) is called a discriminant matrix of X. A change of 
basis replaces this matrix by a cogredient one ( M’TM , M non-singular). The 
det ( T(xjCj )) is a discriminant of 8. The discriminants differ by square factors 
7*0 in$. 

We consider now the problem of computing the minimum polynomial m(t, £). 
First let 8 = $ r . Here we use the representation of 8 by itself. If the 
are indeterminates, f(t, £) = det {It — (£„•)) is irreducible in P[f], P = $( &/).“ 
Hence m(t. If) = f{t, if). By a similar argument we treat 8 = $ r ( f @ © 

~ <3?. A general element of 8 is 



Using this representation we obtain, m(t, £) = Ufk(t, £ tt) ) where/, is the char- 
acteristic polynomial of (If — (? <A> )). 

Now let 8 be arbitrary. We note that m(t, £) is unchanged if 8 is replaced 
by 8r , r an extension of <£; for 2x£, is also a general element for 8 r . Hence 
it suffices to determine m(f, £) for 8 r where r is the algebraic closure of $. We 

» See L. E. Dickson, Algebras and Their Arithmetics, p. 115. 
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suppose that x 
has an identity. 


(5) 


— » X is a (1 — 1) representation of Sir such that 1 
We may take this representation to have the form 


' X m 

0 X ( *\ 

v y 


1 if Hr 


where x — > X ln are irreducible representations some of which may be the 0 repre- 
sentation. Now we recall that if is the radical of Sir , then Hr ~ 91 = r® 
® • • • G r® where the F® are division algebras. Since T is algebraically closed, 
it follows from Theorem 32 that r* ; ^ F. The representation x -> X® is a 
representation of one of the r r ’s. Hence if this representation is 7*0, the set 
of matrices X® is the complete set of matrices having the same number of rows 
and columns as X' 4 '. Hence it is possible to express the matrix units e® of the 
A-th block as linear combinations of the matrices X®. It follows that the 
characteristic polynomial f h (t, £) of (If — 2X®£.) is irreducible, and conse- 
quently, m(t, |) = |), a product of certain of the/*’ s. Since m(t, £) is the 

last invariant factor of (If — X), m(t, f) is divisible by each of the distinct /*’s. 
We wish to show now that the representations x — > X® include all of the irre- 
ducible representations of Hr - For this purpose we recall that if is a 
particular irreducible left ideal in r® , then the representations of Hr determined 
by the s ideals 3®» k = 1, • - * , s, constitute a complete set of inequivalent 
irreducible representations of Hr- If H® denotes the two-sided ideal in 
Hr mapped into r®, the representation of H® determined by S®, l^k,is the 
0 representation. Hence if the representation determined by 3® does not 
oecur among the constituents x — > X®, then the elements of H® are represented 
in (5) by matrices whose diagonal blocks are all 0. Evidently such matrices 
form a nilpotent algebra and since the representation of H® is (1 — 1), H® 
is nilpotent contrary to the relation H® — (SR A H®) = T®. We remark 
finally that if H has an identity, then none of the representations x — ♦ X® 
are 0. Hence m(t, £) is divisible by t if and only if H does not have an identity. 

If Mt, {) = t ni - r*- l T®(£) + --- + (-1)*‘JV®(|), T®(£) is the trace of 
2X®|, and IV® (|) is the determinant of this matrix. Evidently, T(£) = 
12 T (k,) ( ’£) and N(£) = II 2V Ci,) (|). Using the properties of T® and IV® and the 

fact that HXt a t — * is a homomorphism, we obtain the following impor- 

tant relations for the principal trace and the principal norm: 


T(a + b) = T(a ) + T(b), T(aa) = T(a)a, T(db ) = T(ba) 

N(ab ) = N(a)N(b), N(a*) = N(a)a\ 

Of course, N(a) = 0 if 81 does not have an identity. 

Examples. 1) If 31 is a separable field, let P be the minimum normal exten- 
sion of 3L Then 3f P = P (1) © - - - ® P (n) where n = (31:$). Hence m(t, f) 
has degree n and so it coincides with the characteristic polynomial of the matrix 
of the general element in the regular representation. 
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2 ) Let SI be the purely inseparable field of characteristic p ^ 0 of the form 
$(. x i 7 ’ ‘ ' > *•) where x? — y t in $ and (2I:4>) = p r ‘. Then the elements 
xl 1 - • • xt m , 0 g k, < p, form a basis for SI and if x = Ex * 1 • • • x^ l ... tm 
then m ( t , 0 = f - EtJ 1 • • - y^g, 

19. Separable algebras. If SI is a separable field over ( 2 I:$j finite, we 

have seen that Sir is semi-simple for any extension field T of 3 >. Now let 31 be 

inseparable of characteristic p, a an inseparable element and o(i) = (t p f - 1 - 

+ ••• + fi T its minimum polynomial. Since 1 , a, - ■ • . a p ' _I are 

linearly independent in SI, they are linearly independent in Sir - Hence 

b = a r + aT'yi + • • - + y r 0 for anv -y, in T. We suppose that T is al- 

1 

gebraicallv closed and choose y t = p* . Then b p = 0 and so Hr is not semi- 
simple. These facts lead us to define a separable algebra over $ as an algebra 21 
over # such that Sir is semi-simple for arbitrary extension fields r of 3>. As an 
extension of our result on fields, we have 

Theorem 35. A necessary and sufficient condition that 21 be separable over 3> 
is that 21 = 2li © — © H* where 2b is simple and has a separable center S, 
over <i>. 

Necessity. By definition, if 21 is separable, 21 is semi-simple and hence H = 
2lx © • - • © where each 2 U is simple. The center S* of H* is separable. For, 
otherwise, one of the Si , say Si , contains an inseparable element and hence if T 
is the algebraic closure of <£, then Sir contains a nilpotent element 6 5 ^ 0 . Since 
6 is in the center of 2 lr , the principal ideal & 2 lr is nilpotent, contrary to hypoth- 
esis. 

Sufficiency . Since 2lr = 3ti r © • • • © 2hr, it suffices to consider the case 
where 21 = Hi is simple and its center S is separable. Let P be a field isomor- 
phic to the least normal extension of S. We have seen that S X P = 
P (1) © - * * ©P (r) where P (,) is isomorphic to P and r = (&:#). Let 1 = ei + 

• - * + e r where e 5 e P 0) . Then P (i) = efi and so for any c in S, e t c = 

where p (0 € P and where the correspondences c — > p (4) are the distinct, irreducible 
(anti-) representations of S in P. Now let Xi , - • • , x n (n = v) be a basis of 
21 over S and 

( 6 ) XiXy = XX&Hi' , 

Oka* in ©. Then if c x , • • * , Cr is a basis for £ over the elements x % Cj form a 
basis for 21 over 4>. Thus every element of 21 X r has the form 2x t Cjyij , y t j 
in P. If we express the elements cy in terms of the cy , we obtain a unique ex- 
pression 2z t efYij for each element of 21 X P. Since e 3 ek = 0 for j 5 ^ k, 21 X P = 
Hi © - * * © Hr where Hy is a two-sided ideal with the basis = 

X\e 3 ; , x { n = x n ej over P. By (6), = ^x^yiil' - Thus Hy is a 

central simple algebra over P, isomorphic as an algebra over $ to (H over £) P . 
Now if r is any extension of we form an extension 2 containing P and F. 
Then Hz = (H P )x = Hiz © - * - © H r s and the Hyz are central simple. Since 
Hz = (Hr)z , Hr is semi-simple. 
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A second criterion for separability of an algebra is given by 

Theorem 36. A necessary and sufficient condition that 9t be separable is that 
Us discriminants A be j^O. 

We note first that A = det (T(XtXj) J = 0 if and only if there exists an element 
z 0 in SI such that T(za) = 0 for all a. For if A = 0, the equa- 
tions 2 T(xa,)£j — 0 have a solution (&,*-•,{«) ^ (0, • • • , 0), and hence 
the element z = 2x,£, 0 satisfies T{x t z) = T(zx,) = 0 for i = 1, - • • , ». 

It follows that T(za) = 0 for all a. The converse is evident: If T(za) = 0 
for all a then T(x^) = 0 and so the equations 'ZT(x,x J )^ j = 0 have a non-trivial 
solution. Then A = 0. Now suppose that St is not separable. Then there 
exists a field T such that Str has a radical 91. If z « 91, za e 91 for all a in Str - 
Now let x —* X be a (1 — 1) representation of Sir by matrices. Then if z — > Z, 
a—* A, the matrix ZA = X is nilpotent. If we use the form (5), we see that 
each Xi is nilpotent and hence each T {,) (X) = 0. Then T(X) = 27** (X) = 0 
and so {, F(za ) = 0 for all a and A = 0. Now let SI be separable and let T be the 
algebraic closure of <£. Then Sl r = 1*2? © • • • © where r (<> 9* r. Then 
Sir is the algebra of matrices 



where the f’s are arbitrary and, as we have seen, T(X) is the ordinary trace of x. 
If wg use the basis , i k , jt = 1, ••• ,«*; k = 1, ••• ,t, for Hr 
where is a matrix basis for ri**, we obtain by a simple computation 
det (T^M.) = ±1. 


20. A theorem of Wedderbum. 

Theorem 37. Let SI he an algebra with the radical 91. Then if % = 91 — 91 
is separable, there exists a sub-algebra © of SI such that 91 = 91 + ©, 91A© = 0. 14 

Suppose first that 91* 0. Then (91 — 91*:$) < (9:$). Since (91 — 91*)' — 

(91 — 91*) = 91, (91 — 91*) is the radical of (St — 91*) and the latter algebra satisfies 
the hypothesis of the theorem. We may assume that the theorem has already 
been established for algebras of dimensionality < (Sl:4>). Hence there exists 
a sub-algebra ©x of 91 that contains 91* and such that 

(91 — 91*)= (@x- 91*) + (91 -91*), n (©x - 91*) A (91 - 91*) = 0. 

These equations are equivalent to 

(7). 91 = ©i + 91, @i A 91 = 91*. 

14 This theorem is due to Wedderbum for fields 4> of characteristic 0. Moreover, the -proof 
in the general case is a rather trivial modification of Wedderburn’s argument ([8] or 
Dickson [8]). 
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Since 21 . 91 = (Si + 91) — 91 s Zi — (Si A 91) = Si T 91 2 , the radical of 
©i is 91 s and Si satisfies the condition of the theorem. Since Si A 91 = 9?', 
(Si:$) < (2[:3>) and so there exists a subalgebra S ' of S: such that 
©i = © + 5ft 2 , © A 5ft 2 = 0. Then by (7), U = © + 5ft and $ A S? = 0. 

Suppose next that 8 = #£* © ••• © #» t } where # ( ° ^ $ and let u k be the 
identity of #»* . We may choose an idempotent element u k raw* so that u k ui = 0 
if kr*l. Then UjMu k - {u k %u k A 5ft) = (u h %u k -b 5ft) - 5ft = #£\ Hence 
is primary and its radical is A 31 = u*5ftwi . It follows that u k %u k 
contains a subalgebra ©* = #»*\ Since u*Mz = 0 if k Z, ©*© z — 0 and so 
© =e ®i + - - - + ©* = ©i © - - - 0 St is semi-simple and its dimensionality 
is Sn| . Hence © A 31 *= 0 and by comparing dimensionalities we see that 

® + = a. 

Finally, let 21 be any algebra for which the assumption of the theorem holds 
and for which 3l 2 = 0. If T is any extension of #, 2lr — 5ft r == (8)r 
and the latter algebra is semi-simple. Hence 5ft r is the radical of Sir - 
If r is the algebraic closure of #, Sr — 3lr = r£ } © • • • @ where T Ck) = T, 
The matrix units of the simple components of Sr are expressible in terms of a 
basis & , * * - , Vr of S as , Wi in F. Since there are only a finite number 
of w J s involved in these expressions and each w is algebraic over #, they generate 
a finite extension P of #. Evidently S P is a direct sum of matrix algebras over 
P and Sp — 5ft P = P»i © - * - ©P^, and by what has already been proved, 

= 5ft P + ©, © A 5ft P = 0 where © is a subalgebra of 2I P . Let po = 1, pi, ' * * , p* 
be a basis for P over # and Xi , - - - , x* a basis for 21 over $ (P) such 
that x r+ i , • * • , x» is a basis for 5ft over# (P). Then x t = y x — Zi where y* c © 
and Zi e 5ft P . The elements yi , • - • , y r form a basis for © and y x = re* 4- ZSz^p,- 
where € 5ft. We set a;* = x» + z t 0 . Then x k , * - - , x r , x r -n , • - • , x« is a 

a 

basis for 21 over# and y% = x\ + z\ where z x = Zi*P* - Hence x'-x* = Sx^y**/ + 

£—1 

»fj , 7 iit in * and v i} in 9 1. It follows that y+y,- = Sy* 7 *, f + in 91 P , and 

since the y, e = 0. If we substitute the expressions x { + z( for y, , this 

relation becomes 

x'iXj + x\z, + z'iXj = 2(a4 + Zk)yttj . 

If we expT eaa each term as Za,p, and compare the coefficients of po ^ 1, we ob- 
tain x(x(- = 2x' k y kij . Thus the totality of elements 2x(a,- , ain$, is the required 
algebra ©. 



CHAPTER 6 


MULTIPLICATIVE IDEAL THEORY 

1 . Quotient rings. It is a well-known discovery of Emmy Noether’s that 
the fundamental factorization theorem for the ideals of a maximal domain of 
algebraic numbers may be deduced from some very simple properties of these 
domains. These properties are embodied in the theorem: If o is a commutative 
domain of integrity, then the ideals o) are factorable in one and only one 
way as products of prime ideals if and only if o satisfies the following conditions: 

XI. o is integrally closed (in its quotient field). 

N 2 . The descending chain condition holds for the ideals containing any 
fixed ideal p^O. 

N3. The ascending chain condition holds for all ideals. 

In this chapter we shall consider the extension of this result to non-commuta- 
tive rings. The contents of this theory’' are due mainly to Speiser, Brandt, 
Artin, Hasse and Deuring; the axiomatic foundations to Asano. Many of the 
results of this chapter have been anticipated in our discussion of principal ideal 
domains. We shall also need to refer to the theory of principal ideal rings 
that we have developed in 15-16 of Chapter 4. 

We begin with a ring o having an identity. An element a of o will be called 
regular if it is neither a left nor a right zero-divisor. The first restriction that 
we shall impose on o is that it have a (right) quotient ring , i.e. a ring 51 containing 
o such that 1 ) every regular element of o has an inverse in 31 and 2 ) every element 
of 31 has the form a 6 -1 where a and b are in o. It is a simple matter to obtain 
a condition on o that 31 exist. For this purpose we consider any pair of elements 
a and b in o with b regular. Then 6” 1 is in 31 and hence 6 _1 a has the form ai&r\ 
ai and bi in o. Then bai = ab± . A necessary condition for the existence of 31 
is therefore that for any pair of elements a, 6 in o, 6 regular, there exists a co mm on 
right multiple m = ab± = ba x such that 6 i is regular. 

Conversely, suppose that this condition holds. As in Chapter 3, we consider 
the pairs (a, b) of elements a, 6 in o such that b is regular. If (c, d) is a- second 
pair of this type and m is any multiple of the form dbi = bdi such that b x (and 
hence di) is regular, then we regard (a, b) as equivalent to (c, d) ((a, 6 ) ~ (c, d)) 
if adi = cbi . We note that if this condition holds for a particular m, it holds 
for any n — db* = bd 2 such that 62 and <h are regular. For we may determine 
regular elements e 2 and e x such that b x e^ = b^e x . Then d x ez = d 2 e x and adz = c 6 2 . 
It follows directly from this that the relation ~ is symmetric, reflexive and 
transitive. As usual, we denote the set of pairs equivalent to (a, b) as a/ 6 . 

If m = db x = bd x and b x and d\ are regular, we define a/6 + c/d as {ad x + 
c6i)/m, and if n = bc x = c&i , 6i regular, we define ( a/b)(c/d ) = ac x /db x - The 
functions thus defined are single-valued and they turn the set 31 of "fractions” 
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a/b into a ring. We leave the verification of these facts to the reader. The 
ring SI has an identity 1/1 and contains a subring, consisting of the elements 
a/1, that is isomorphic to o. We shall identify this subring with o and write 
a for a/1. Then if a is not a zero-divisor in o, it has the inverse a~ l = 1 fa in 2 [. 
Since any element of 21 has the form (a/1) (1/6) = a6 _1 , 2[ is a right quotient 
ring of o. 

We note next that the quotient ring is uniquely determined in the sense of 
isomorphism. For it is readily verified that if o and o' are isomorphic under 
the correspondence a — > a', then their quotient rings % and' %' are isomorphic 
under the correspondence alT 1 — > a'^') -1 . Finally, we remark that if S is a 
quotient ring of a ring o, any regular element of 21 has an inverse in 2t. 

2. Orders and ideals. Once the condition that o have a quotient ring has 
been determined, it is more convenient to shift our attention from o to 2L Thus 
we suppose that 21 is given as any ring with an identity in which every regular 
element has an inverse. For example, 21 may be any ring satisfying the de- 
scending chain condition for left and for right ideals. 1 We consider the subrings 
o of 21 defined by the following 

Definition 1 . An order o in 21 is a subring containing 1 and having the property 
that every element of 21 has the form aV 1 for suitable elements a and b in o. 

It may be remarked that this definition is one-sided since we do not require 
that the elements of 21 be representable in the form b^a, b, a in o. The latter 
condition will be satisfied, however, for the orders with which we shall be pri- 
marily concerned in the sequel. 

The orders Oi and 02 are equivalent if there exist regular elements , fo , Ot > k 
in 21 such that a 1 oJb 1 ^ 02 and 020262 g Oi . Evidently this relation is symmetric, 
reflexive and transitive. We shall restrict our attention to the orders that are 
equivalent to a fixed order o 0 , and for simplicity, we use the term "order” in place 
of "order equivalent to Oo We remark that in order to prove that a subring 
o' containing the identity is an order it suffices to show that there exists an order 
o and regular elements a, 6, a' and 6' such that aob S 0 ' and a'ob' S 0. For if 
z is any element of 21, there exist elements p,q in 0 such that a^za = pq' 1 and 
so z — (ap6)(ag6)~\ 

Definition 2. A subset a of 21 is a (fractional) right o-ideal if 1) ao S a, 2) 
a contains a regular element and 3) there exists a regular element a in 21 such that 
act S 0. 

Left o-ideals are defined in a similar fashion. If a is both a right o-ideal and 
a left o-ideal, it is a two-sided o-ideal. If a is any regular element, the set a = ao 
is a right o-ideal. For 1) and 2) are clear and 3) holds since a *a = o. An ideal 
of this type is called principal. In terms of this definition the conditions 2) 
and 3) may be replaced respectively by 2') a contains a principal right o-ideal 
and 3 7 ) a is contained in a principal right o-ideal. 

i For in this case, if a is not a left zero-divisor then the mapping * -»• ax is an ^iso- 
morphism between St and the right ideal «*. By the descending chain condition for right 
aH — ?(. Hence there is an element b such that ab — 1. Similarly, an element 6 
exists such that b'a — 1. It follows that b • b 1 . 
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Now let o be an order and let a be a right o-ideal. Consider the set Oi of ele- 
ments x such that xa g a. 2 Evidently, Oz is a subring of % containing the 
identity. Since there exist regular elements a and b such that bo ^ a ^ ao, 
boa -1 ^ Oz and since Oi(bo) ^ ao, Oib ^ ao and Oz ^ aob *. Thus Oz is an order. 
Since a _i a g o, aa^a g a and so aa _1 g oz , a g Oza. Finally, b is in a so that 
ozb a. This shows that a is a left Orideai. 

In a fimdfar manner if a is a left o-ideal, the set o T of elements y such that 
< 12 / g a is an order and a is a right o r -ideal. Hence if we begin with a right 
o-ideal, we may determine first Oi and then use the fact that a is a left Orideai 
to show that the set o r of y f s such that ay ^ a is an order and that a is a right 
Or-ideal. Evidently o g o P . 

Theorem 1. If a is a right (left) o-ideal , the set of elements x such that xa ^ a 
is an order o i and the set of elements y such that ay ^ a is ah order o r . The set a 
is a left Orideai and a right o r -ideal. 

The orders c* and o r are respectively the left order and the right order of a. 
If a ^ o r , a ^ Oz and conversely. In this case a is called integral. If a is a 
principal o-ideal ao, ao r g ao and so o r = o. Similarly Oz — aoa -1 . 

If a is a right ideal with right order o r and left order Oz , let a -1 denote the set 
of elements z in 31 such that aza ^ a. Evidently the elements z may also be 
characterized by either of the equations az S Oz or za ^ o r . If c and d are 
regular elements such that do r ^ a ^ co r , then afOrC -1 ) a = (ao r ) (c -1 a) ^ 
(ao r )o r = c and a~ x d S o r . Then OrC -1 ^ aT 1 ^ OrdT 1 and since a -1 is a left 
o-module, a -1 is a left o r -ideal. Similarly a -1 is a right Orideai. 

Theorem 2. If a is an ideal with right order o r and left order o* , then the set 
of elements z in 8 such that aza ^ a is a left o r -ideal and a right Orideai. 

The ideal a” 1 is called the inverse of a. Since a -1 is the set of elements z such 
that za ^ o r , it follows that if b is a second ideal with right order o r (left order 
oz) and a ^ b, then aT 1 ^ IT 1 . If a = ao, o r = o and if z is in a -1 , za = b is in o. 
Hence z = ba -1 and a -1 = oa” 1 . 

3. Bounded orders. We shall see that a fundamental concept of the present 
theory is one that we have already encountered in our study of principal ideal 
domains, namely, that of a bounded ideal. If a is a right (left) o-ideal, a is 
bounded if it contains a two-sided o-ideal. It should be remarked that the present 
definition applies to any ideal, integral or not, and that it is unnecessary to 
state explicitly that the two-sided ideal is since this requirement is contained 
in our new definition of an ideal. If all ideals in o are bounded, we say that o 
itself is bounded . In this section we shall investigate some of the properties of 
bounded orders. 

Since any ideal contains a principal ideal, in order that o be bounded it clearly 
suffices that every principal o-ideal contains a two-sided o-ideal. Suppose that 


2 Unfortunately, our notation here is the same as that for the ring of left multiplications. 
For this reason we shall not use our old notation for the latter system in this chapter. 
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o is maximal in the sense that there exists no order (equivalent to o) properly 
containing o. 3 Then we have the following theorem. 

Theorem 3. If o is a maximal order , the following conditions on o are equiva- 
lent: 1) o is bounded , 2) every integral right (or left) o-ideal contains a two-sided 
o-ideal , 3) for every regular c, oco is a two-sided o-ideal and 4) for every regular 
element a there exists a regular element b such that ob ^ ao (or bo S ao). 

Suppose that for any regular element a in o, ao contains a two-sided o-ideal a. 
Since o is maximal, both orders of a coincide with o. Hence (ao)* 1 — oaT 1 g cT l 
and oa *o a \ This implies that od~ x o is contained in a right (left) principal 
o-ideal and so oa _I o is a two-sided o-ideal. If c is an arbitrary regular element, 
c has the form baT 1 with b and a in o. Then oco = o6a“ J o ^ oa“ x o and oco is a 
two-sided o-ideal. We have therefore proved that 2) implies 3). Now suppose 
that 3) holds. If a is an arbitrary regular element, the two-sided o-ideal a = 
o a -1 o contains oa"" 1 and a _1 o. Hence a -1 ^ (o a -1 ) -1 = ao. Since a” 1 is a two- 
sided o-ideal, it contains a principal left o-ideal ob. Similarly oa contains 
a"" 1 and a suitable h' o, 5' regular. Thus 3) implies 1) and 4). Since 2) is an 
obvious consequence of 1), the conditions 1), 2) and 3) are equivalent. Finally 
we prove that 4) implies 1). Let ao be an arbitrary principal ideal and 6 a 
regular element such that ao ^ ob. Then ao ^ obo and the latter is a right o- 
ideal. Since o is maximal, the left order of oho is o and so oho is also a left 
o-ideal. This shows that 1) holds and the theorem is completely proved. 

The following theorem shows that if o is a bounded maximal order, then the 
condition that every x of 31 has the form db~ l may be replaced by the dual 
requirement that every x has the form c _1 d, c and d in o. 

Theorem 4. If o is a bounded maximal order , every x in % has the form (T 1 d 
with c and d in o. 

We know that any x of 31 may be expressed as oZT 1 , a and 6 in o. Since b 
is regular, ho ^ a ^ oc where a is a two-sided o-ideal and c is regular. Since o 
is maximal, the left and the right orders of a are o and hence oh -1 ^ o~ 1 ^ c"*o. 
Thus ab~ l = c _1 d for a suitable d in o. 

Theorem 5. Suppose that o is a bounded maximal order . Then if o' is any 
order and 3ft is a set such that a'ffib' ^ o' for suitable regular elements a' 7 h', there 
exist regular elements c and d such that cWl ^ o and ^ o. 

Since o' is equivalent to o, there exist regular elements a and b such that 
aSJlb ^ o. Hence aSJZ ^ oh” 1 ^ o6 _1 o ^ c'o. Thus 2R ^ co for c = a _1 c'. 
Similarly 2JZ S od for a suitable regular d. 

We use this result to prove 

Theorem 6. If o is a bounded maximal order , every maximal order o' (equiva- 
lent to o) is bounded . 

Let a be any regular element in o' and suppose that b and c are regular elements 
such that hoc ^ o'. Then ao' ^ (ab)oc and (ab)o ^ oh' for a certain regular 6'. 

* Examples of bounded maximal orders will be given later. 
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Hence ao' g ob'c. If we apply the preceding theorem to 2ft = o', we obtain the 
existence of a regular element c 9 such that o'c' g o. Then ao' ^ o'c'b'c and o' 
is bounded as a consequence of Theorem 3. 

4. The axioms. We now impose the following conditions on our order o: 

I. o is maximal. 

II. The descending chain conditions hold for the integral one-sided o-ideals 
that contain any fixed integral two-sided o-ideal. 

III. The ascending chain -condition holds for integral two-sided o-ideals. 

IY. o is bounded. 

If % is a field, any ideal in the old sense, which is not zero, is an ideal in the 
sense of this chapter. Hence the conditions II and III are equivalent respectively 
to Noether’s conditions N2 and N3. We recall now the meaning of Nl. Sup- 
pose that 91 is an algebra with an identity, of finite dimensionality over the 
underlying field and let g be an order in #. Then g is any subring of $ con- 
taining 1 and having <£ as its minimal containing field. An element a of 21 is 
called g - integral if it is a root of a polynomial in g[Z] having leading coefficient 1. 
If % = 3>, o = g is integrally closed if every element of 9( which is o-integral 
belongs to o. In order to discuss the relation between this property and I 
we require the following general condition. 

Theorem 7. If g satisfies the ascending chain condition for ideals , then a 
necessary and sufficient condition that an element a in % be g - integral is that all of 
the powers a k be contained in the same finitely generated ^-module (in 91). 

If a is integral, a m = a m ~ 1 y 1 + - • - + ly m where the y % are in g. It follows 
that all a k belong to the g-module (1, a, • - - , a m_1 ) generated by a\ 0 S i ^ 
m — 1. Conversely let 2)? be a finitely generated g-module containing all o\ 
Since the ascending chain condition holds for the ideals of g, 2ft satisfies the 
ascending chain condition for g-modules. Hence for the chain (1) g (1, a) g 
(1, a, a 2 ) g • • • there exists an integer m such that (1, a, * * • , a m ~ x ) = 
(1, a, * • • , a m ). It follows that a m = a m-1 7 i + * • * + ly m for suitable y* in g. 

We may now show that if III holds in an order o of a field 91 = 4>, then the 
conditions I and Nl are equivalent. For let a be integral. Then all the powers 
of a and hence o[aJ, the set of polynomials in a with coefficients in o, belong to an 
o-module (cti , - - • , Or) generated by elements a* of 91. We may write a* — bid -1 
where b f , d are in o. Hence o[a] g odT 1 and so o[a] is an order (equivalent to 
o). Since o[a] ^ o our condition I implies that o[a] = o, i.e. a e o. Thus 0 is 
integrally closed. Suppose, coqversely, that 0 is integrally closed. Then if o' 
is any order, 0 ' g 0 b for a suitable b in 91. Hence the elements of o' are o-inte- 
gral and so o' g 0 . We have therefore proved that 0 is maximal. Hence if 
91 is a field, the assumptions I, II and III are equivalent to Nl, N2 and N3* 

We return to the general case of an arbitrary 91 and consider some consequences 
of our axioms. First, we remark that any ideal of 0 in the old sense, which 
contains a two-sided o-ideal 0 , is an integral o-ideal. Since these i dpu ls are in 
(1 — 1) correspondence with the ideals of the difference ring 0 — a, condition 
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II is equivalent to IF: If a is an integral two-sided o-ideai, the descending chain 
conditions hold for the (ordinary) one-sided ideals of o — a. 

We recall that for any ring with an identity the ascending chain conditions 
for one-sided ideals are consequences of the descending chain conditions. Hence 
the former hold for o and consequently we have 

V. The ascending chain conditions hold for the integral one-sided o-ideals 
that contain any fixed integral two-sided o-ideal. 

Evidently this implies III. However, we have preferred to state III as a 
separate assumption since in many important instances, it holds while II fails. 

If a and b are integral right (left, two-sided) o-ideals, it is clear that a + b 
is also of this type. If a and b are integral two-sided o-ideals, ab contains a 
regular element and so ab is an integral two-sided o-ideal.‘ Since the inter- 
section a A b^ ab, it follows that a A b is an integral two-sided o-ideal. 

Definition 3. An integral two-sided o-ideal p o is a 'prime ideal if for any 
pair of integral two-sided o-ideals a, b such that ab = 0(p), we have either 
a = 0(p) or b = 0(p). 

If ab = 0(p), then a'b' = 0(p) for a' = a + p and V = 6 + p. Since a' = 0(p) 
implies a = 0(p), in order to ascertain whether or not p is prime it is sufficient 
to test the integral ideals a 5 * 7 , b 7 containing p. Thus if p is maximal in the sense 
that no two-sided o-ideal ^ o, p exists between o and p, then p is prime. This 
remark is the trivial part of the following important theorem: 

VI. An integral two-sided o-ideal p 5^ 0 is prime if and only if it is maximal. 
When the condition holds, 0 — p is a matrix ring over a division ring. 

The property of maximality is equivalent to the property of simplicity of 
the difference ring b = 0 — p. Now suppose that p is prime. Since 0 satisfies 
the descending chain condition for left ideals, it has a radical f and there exists 
a two-sided o-ideal r in 0 such that r = r — p. The ring o — r is isomorphic 
to b — r. Hence 0 — r is semi-simple. Now ? = 0 for a suitable s. Hence 
r* = 0(p) and since p is prime, r = 0(p). This shows that b is semi-simple. 
Either b is simple or there exist two two-sided ideals a, b 5^ 0 in b such that 
ab = 0. This implies that there exist two-sided o-ideals a, b contained in 0 
such that ab = 0(p) but neither a nor b = 0(p). Hence 0 is simple and p is 
maximal. The second part of the theorem is, of course, a consequence of the 
fundamental structure theorem for simple rings. 

If 0 — p = bjb , b a division ring, then k is the capacity of the prime ideal p. 

5. Orders in an algebra. Let 31 be a separable algebra over 3>, (X:$) = n, 
and suppose that g is an order in 3>. We consider the problem of embedding $ 
in an order 0 of 3l. 4 If 0 is such an order, let 55 — 0$ be the smallest sub-algebra 
of 31 containing o. Then if 6 is an element of 0 which is regular in 31, 6 is regular 
in 55 and hence its inverse is in 55. It is therefore clear from the definition of 
an order that 55 = 81, and so 0 contains a basis U\ , * - • , u* of 31 over $. On 
the other hand, if 0 is any subring of 21 that contains g and contains a basis 

4 For the present the word “order” is used in the original sense. The choice of the 

equivalence class of orders will be made later. 
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ui , * - * , u* of 21 , then o is an order. For, any element of 2 f has the 
form (Zu. ytly " 1 where the 7,, 7 are in g and since 2^,7* is in 0, this element 
has the form by~ l . 6, 7 in 0. 

Theorem 8. A necessary and sufficient condition that a subring of 21 containing 
g be an order is that it contain a basis of 21 over 4 >. 

We may, of course, take Mi = 1 to be one of the elements of the basis. We 
now assume that g satisfies the conditions I and III (or Nl, N 3 ) and we suppose 
that 0 is an order having only g-integral elements. In order to investigate 
orders of this type we require the following theorems. 

Theorem 9. If a and b are g- integral and ab = ba, then a Az b and ah are 
Q-integral. 

m — 1 m ' — 1 

For if a m = X) a V* and b m ' = 23 with the 7 s and the if s in g, then all of 
0 0 

the powers (a + b) k are contained in the g-module generated by a x b 3 , 0 ^ i ^ 
m — 1 , 0 ^ j ^ m' — 1. Hence by Theorem 7 , (a + b) is integral. A similar 
argument applies to a — b and ab. 

As an immediate corollary we have the result that if 21 is commutative, the 
set of g-integral elements is a subring of 21 . This remark may be used in the 
general case to prove 

Theorem 10. If a is a ^-integral element , g satisfying I and III, then the 
minimum polynomial y a {t), the principal polynomial and the characteristic 
polynomial f a {t) in any (1 — 1) representation of 21 all belong to g[£]. 

Let tp{t) in g [£] be a polynomial with leading coefficient 1 having a for a root, 
and suppose that SB is a root field over $ of <p(t). b Then <p(t) = II(£ — a t ) in 
93 ft] and since is a factor of <p(t), n a {t) = Il'ft — af) a product of certain of 
the factors (t — aj). The elements a 5 are g-integral in 93 and hence the coeffi- 
cients of na(f) are g-integral. Since g is integrally closed, y a (t) is in g ft]. The 
results for m a {t) and f a (t) follow from this since the roots of these polynomials 
are the same except for multiplicities as those of n a (t). 

Suppose, as before, that 0 is an order containing g and consisting of g-integral 
elements. Let u±= 1, v * , • * - , Un be a basis of 21 contained in 0. r £hen by 
replacing the Ui , i > 1, by certain multiples urr* , 7* in g and returning to the 
original notation, we may suppose that the constants of multiplication yta 
in u v Uj = Hu k yktj are in g. It follows that the totality of elements "Luyii , m 
in g, is an order Oo ^ o. 6 Suppose that d = Xu t 8 i is in 0. Then by the preceding 
theorem the principal traces T(u t d) and T(u t Uj) belong to g. We have the equa- 
tions 


T{urf) = 2T(uiUj)8j 

5 $ = * (ai , - - * , a») where = U{t - a*) in »[<]. Cf. Albert’s Modem Higher Algebra , 
p. 156. 

6 Incidentally, this argument shows that orders of the type considered here do e xis t. 
For, we may start with an arbitrary basis u % , U\ = 1 , for which the multiplication constants 
are in 9 and take Oq to be the set of elements 'Sunn , in g. Then Oo is an order. 
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which, since A = det (T(u t Uj)) ^ 0, give as an element of gA~ : . Thus o 
is a submodule of the finitely generated g-module OoA~\ Since the ascending 
chain condition holds for the ideals of g, any submodule of a finitely generated 
g-module is finitely generated. 7 In particular o has this property. Conversely, 
if o is any order containing g and o is finitely generated over g, then by Theorem 
7, all the elements of o are g-integral. 

Theorem 11. Suppose that o is an order containing g. Then a necessary and 
sufficient condition that o contains only g - integral elements is that it be a finitely 
generated ^-module. 

Now if 2 ft is any g-module generated by a finite number of elements vi , - - * . t - , 
we may write v 5 = (2u l v 1] )v~ 1 , v t] , and v in g. Then 9ft ^ o &T 1 S oiT 1 . In 
particular, if o' is any order of g-integral elements and o' contains g, then o' ^ 
oj> - 1 for a suitable v. By symmetry there exists an element ft in g such that 
oV " 1 ^ o and so we have proved the following 

Theorem 12. Any two orders o and o' of g- integral elements containing g are 
equivalent. 

If we refer back to the proof of Theorem 11, we see that the element A does 
not depend on o but rather on the basis u x , - • • , u n . Hence our argument 
shows that if o' is any order containing o and containing only g-integral elements, 
then o' g OoA -1 . Moreover if o' is any order equivalent to o, o' ^ aob, a finitely 
generated g-module, and so all the elements of o' are g-integral. Thus any o' 
containing o and equivalent to o is contained in OoA~ x ; it follows that there exists 
a maximal order o' equivalent to o and containing o. 

Theorem 13. If o is as in the preceding theorem , then o may be embedded in a 
maximal order o' equivalent to o. 

Let @ denote the ring of g-integral elements of the center S of 3t. Then if o 
is an order containing only g-integral elements, by Theorem 9, o® is an order 
containing © (and hence g) and containing only g-integral elements. If o itself 
contains g, we have seen that o and o® are equivalent. Hence if, in addition, 
o is maximal, then o = o© and o contains ©. 

Theorem 14. Any maximal order o that contains g and contains only g - integral 
elements contains all the g- integral elements of the center of 2L 

Let o' be an order equivalent to o, an order that contains g and contains only 
g-integral elements. Then we have seen that o' ^ aob y a finitely generated 
g-module, and consequently that all the elements of o' are g-integral. Now 
let SI be commutative and let o be the totality of g-integral elements. Then o 
is an order, and if o' is any order equivalent to o, its elements are g-integral and 
so o' | 0 . 

Theorem 15. If % is commutative , the totality o of ^-integral dements of 91 is a 
maximal order. Any order equivalent too is contained in o. 


7 Theorem 3, Chapter 3. 
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If o' ^ aob and o is an order containing g, then o'g ^ aob also. Hence if o' 
is equivalent to 0, o'g is equivalent to o and if o' is m ax i m al, then o' — o'g. To 
sum up; if g satisfies I and III, the orders o that have the properties: 1) o con- 
tains g and 2) o contains only g-integral elements, belong to a single equivalence 
class. All orders of this class have property 2 ) and all maximal orders in the 
class have both properties. For the remainder of this section we assume that 
g satisfies I and III and that o satisfies 1) and 2). 

If a is a right ideal, a ^ ao a principal o-ideal and so a is a finitely generated 
g-module. Since a contains a regular element b, it contains a basis v% = but , — , 
v n — bu n of ft. The identity 1 = , p* in <£, and hence there is a relation 

of the form rj = 2 v t 7 j t with 17, 77* in g. Thus 77 is in the intersection a A fi and 
q A 0 ^ 0 . Evidently a A g is a g-ideal. We note also that the ideal 170 = oy 
is a two-sided o-ideal contained in a and so a is bounded. 

Theorem 16 . Any order 0 in $1 is bounded . 

Suppose next that a is an integral two-sided o-ideal. We consider the differ- 
ence g-module 0 — a and note that it is finitely generated. Since it is annihi- 
lated by Oo = cl A g, it may be regarded as a (g — ao)-module. We have seen 
that Oo t* 0. Hence if g satisfies condition II, g — Oo satisfies the descending 
chain condition for ideals and therefore 0 — a satisfies the descending chain 
condition for (g — ao)-sub-modules. It follows that the descending chain con- 
dition holds for the integral o-ideals containing a. 

Theorem 17 j If g satisfies condition II, any order 0 0/ fl satisfies this condition 
also . 

A special type of domain g that satisfies our conditions is a principal ideal 
domain. For we have seen in Chapter 3 that N2 and N 3 hold for g and N 1 
may be proved as in the case of the ring of integers by using the unique factoriza- 
tion theorem. Let 0 be an order of SI containing g and containing only g- 
integral elements. Then if Ui , , w* is a basis for % contained in 0 and having 

an integral multiplication table, we have seen that 0 contains the free g-module 
with the basis u* and 0 is contained in the free g-module having the basis UiA 1 
where A = det (T(ujUj)). It follows that 0 is a free g-module with a basis of n 
elements. 

Theorem 18 . If $ is a principal ideal domain y any order 0 has a free basis of 
n = (X:$) elements . 


6 . Factorization of two-sided ideals. We return now to the general case of 
an arbitrary ring 3 [ and an order 0 in 8 that satisfies conditions I-IY. 8 Our 
first aim is to prove the existence and the uniqueness of factorization of any 
integral two-sided o-ideal as a product of prime ideals. If we examine the 
argument of 5 , Chapter 3 , we see that the decisive step is the theorem that if 
a and b are two-sided o-ideals, then a ^ b if and only if there exists an integral 

8 As a matter of fact we shall require in this section only conditions I, III, IV and VII: 
any prime o-ideal is maximal. 



FACTORIZATION OF TWO-SIDED IDEALS 


127 


two-sided o-ideal c such that a = cb. This fact will be established here as a 
consequence of the following 

Theorem 19- If a is a two-sided o -ideal properly contained in o, then a ” 1 > o. 

We require a pair of lemmas. 

Lemma 1 . Any integral two-sided o -ideal a is contained in a prime ideal . 

This is clear because of the ascending chain condition and the criterion VI. 

Lemma 2. Any integral two-sided o-ideal a contains a product of prime ideals . 

If a is prime, the lemma holds. Otherwise there exist two integral two-sided 
o-ideals of and a" containing a such that of a” = 0 (a) but of ^ 0, a" ^ 0 (a). 
Then a' > a, a" > a. If we repeat this process with a' and a" and the ideals 
arising from them, we obtain the lemma as a consequence of the ascending chain 
condition. 

Proof of theorem . Let p be a prime ideal containing a. Then if a -i = o , 
p -1 = o. Let a be a regular element in p and consider the right o-ideal ao 
contained in p. By the boundedness condition, ao contains a tw T o-sided o-ideal, 
and so by Lemma 2 ao contains a product pi • - • p r of prime ideals p, . We 
suppose that the p. have been selected so that r is minimal, i.e. ao contains no 
product of r — 1 prime ideals. Since p ^ ao ^ fix ••• p r> one of the p* = P 
and pi * • • p r = bpc. Then a -1 bpc g o and a -1 b g (oc) -1 . Since (pc)(pc) -1 g o, 
p(c(pc) -1 ) g o and c(pc) -1 g p -1 = o. Thus (pc) -1 g c -1 and since (pc) -1 ^ c“\ 
we have (pc) -1 = c -1 . This implies that a -1 b g c -1 . a -1 be g o and be g ao. 
Since be is a product of r — 1 prime ideals, we have a contradiction to the 
minimalit y of r. An important consequence of this theorem is 

Theorem 20. If a is a right (left) o-ideal, a -1 a = o (aa - 1 = o). 

The set a -1 a is contained in o and is therefore an integral two-sided o-ideal. 
Since o is maximal, the orders of a -1 a are o. Now (a -1 fl) -1 (a -1 a) g o and so 
(a -1 a) -1 a - 1 g a -1 . Hence (a -1 a) -1 ^ o and so by the preceding theorem a -1 a = o. 

We may now prove the important 

Theorem 21. If a is a right o-ideal contained in a two-sided o-ideal b, there 
exists an integral right o-ideal c such that a = cb. 

Since a ^ b, c = ab -1 g bb -1 = o and c is an integral right o-ideal. Since 
b -1 b = o, cb = ab -1 b = a. 

We may now carry over the discussion of 6, Chapter 3. We obtain then 
1) the commutativity of multiplication of integral two-sided o-ideals and 2) the 
unique factorization of any integral two-sided ideal as a product of prime ideals. 
By Theorem 20 the two-sided o-ideals form a group G(o) under multiplication 
with o as the identity and a -1 as the inverse of a. Now if a is any two-sided 
o-ideal, there exists a regular element a in o such that aa g o, or (ao)a g o. 
The ideal ao contains an integral two-sided o-ideal b and so ba — c g o. Thus 

9 For there exists a regular element b = a —1 c, a and c in o, such that a ^ bo. Hence 
a g a -1 co g a -1 o and aa g o. 
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a = JPc where 6 and c are integral and G( o) is generated by the integral ideals 
contained in it It follows, of course, that G(o) is commutative. Every a in 
G(pj has a unique representation in the form n? 1 • * * p? e where the g t ^ 0 and 
the p, are distinct prime ideals. Hence we have proved the fundamental 

Theorem 22. The two-sided o -ideals form a commutative group G(o) under 
multiplication. G( o) is a direct product of the infinite cyclic groups generated by 
the prime ideals of o. 

7. The structure of o — a. Let a = pi 1 • • * p** where the p t are distinct 
primes and the e x are > 0. Then if we set a* = ap7*% we obtain o = ai + • • • +a, 
and a* A (&i ~r — -f- a t _i + a t _i + — + a,) = a. This follows directly from 
Theorem 21 and the unique factorization theorem. Hence o — a = a x ® - - • 
©a, where a, = a, — a. We have the relation o — pt* = (<*» + pt 1 ) — p l l ~ 
a* — (a, A pt‘) = a t . We note also that if a = p e , p a prime, then o = o — a 
contains the nilpotent ideal p = » — p e and b — p is isomorphic to o — p a simple 
ring. It follows that p is the radical of 5 and o is a primary ring. 

We wish to prove that for arbitraiy a, o — a is a principal ideal ring. Because 
of the direct sum decomposition it suffices to take a = p e , and by Theorem 41 of 
Chapter 4, our theorem will be proved if we show that the radical p = p — p* 
of o — p e is a principal right ideal and a principal left ideal. Now the ideals of 
o have the form 6 = b — p e when b is an integral o-ideal containing p e . Hence 
by Theorem 21 any right (left) ideal 5 of 5 that is contained in p has the form 
cp (pc) where c is a right (left) ideal. The theorem will therefore follow from 

Theorem 23. Let O be a primary ring and let $ be its radical. Then if every 
right (left) ideal of C contained in $ may be written in the form (9$&) where 6 
is a right (left) ideal , $ is a principal right (left) ideal. 

We recall that C is a matrix ring Cot where Do is completely primary. The 
radical of is Co A and ^3 = Se^o if C\j form a matrix basis 

for C = 2e l7 -Co * e suppose first that = 0. Let w be an element 

0 in $o and consider the right ideal wZ). Evidently wD S $ and so 
toC = ©P, 6 a right ideal. Since ((£ + $)?3 = 6^3, we may suppose that 
6 > % Consider the simple^ ring O = C - $ and the right ideal S = 

S — ^3 in it. We know that S has the form u£) where u is an idempotent ele- 
ment 5 * 0. Now the cosets e t , = e xj + $ form a matrix basis for Q and O = 
where So = (Co + $) — $ is a division ring isomorphic to .Co — % . 

It follows that there exists a regular element q in £ such that u = f 1 ^ e it q. 

Any element q in the coset q is regular in C and because of the form of S, 6 
consists of the elements of the form (q~ 1 e t q)x + z where x is in C, z is in ^3 and 

~~ . Hence w = q e t y 7 with y 3 in and gw — ^ e t y 3 . If we write 

q = Xe ti q xi , q xi in Co , this equation implies that q i3 w = 0 for i = t + 1, * • - , n. 
Since every element of Co that is not a unit is contained in % , these q i3 are in 
% . This contradicts the fact that q is regular, unless t = k, i.e. u = I. Then 



BOUNDED o-MODULES 


129 


£ = — C and v ]3 = w$2 is a principal right ideal. If ^3 2 9 ^ 0, we consider 

C — 23“ and note that it satisfies the hypothesis of the theorem. Moreover 
its radical <P* = 2® — satisfies 2?*' = 0. Hence ^ is principal. This 
implies that 2$ = w£ + ip 2 . Then ip 2 = h? 2$ + $ 3 , 2? 3 = -f $ 4 , - - * and 
so ip = u?C. In a like manner we prove that ^ is a principal left ideal. 

As we have seen, this implies 

Theorem 24. If a is an integral two-sided o-ideal , 0 — a is a principal ideal 
ring . 

8. Bounded o-modules. The preceding theorem enables us to obtain the 
structure of any finitely generated o-module 9ft that is bounded in the sense that 
its annihilating ideal contains a regular element. Then the annihilating ideal a 
is an integral two-sided o-ideal and SO? may be regarded as an o-module, 0 = 
0 — a. Since 0 is a principal ideal ring satisfying the descending chain conditions 
for one-sided ideals, the results of 15-16, Chapter 4 are directly applicable. 
We obtain in this wny that 9ft = 9fti © • • • © 2ft« where 2ft* is an indecomposable 
cyclic o-module (or o-module). 

If we call the annihilating ideal a the bound of 2ft, then in order that 2ft be 
indecomposable it is necessary’ that its bound be a prime power. This follows 
directly from the decomposition of 0 = 0 — a as 5i © * • - © 5* where a* = 
ap7‘* — a and a = p? • - - pt* is the decomposition of a into powers of distinct 
prime ideals. Evidently if 2ft and s ft are bounded and o-isomorphic, they have 
the same bound. On the other hand, if 2 ft and 2? are indecomposable and have 
the same bound p c , then both of these modules may be regarded as (0 — p*)- 
modules. Hence by 16 Chapter 4, 2)2 and 91 are (0 — p e )-isomorphic. It 
follows that 2 ft and 91 are o-isomorphic. We recall also that an indecomposable 
bounded o-module 2ft has only one composition series and its length is the ex- 
ponent e of the prime p in the bound p e of 2)1. Any submodule and any differ- 
ence module of 2ft are indecomposable. 10 

Now let 2ft be arbitrary and suppose that 9ft = 2fti © • - * © 9ft„ where the 
2ft* are indecomposable and ^ 0. If the bound of 2 ft* is p7 , P* a prime, then by 
the Krull-Schmidt Theorem we see that the ideals p? , - • - , p« are invariants 
of 2K. If 2ft and 91 are two o-isomorphic bounded modules, then they have the 
same invariants. On the other hand, if 2ft and 91 have the same invariants, we 
may suppose that the subscripts of the indecomposable components have been 
chosen so that 2 ft* and 91* have the same bounds Then 9ft* and 91* , and conse- 
quently 9ft and 91, are o-isomorphic. 

For the applications to ideal theory it is more convenient to deal with the 
dual decomposition of 0 as a direct intersection. Here we consider submodules 
9 Jl'i 7 * 2ft such that 0 = 2ftx A ••• A 2ft'* , 9ft • + (2ftl A A 9ft*-_i A SWUi A 
... a 2ft!) = 2ft and 2ft — 9ft* is indecomposable. We recall that if 2ft = 
9fti © • • - © 9ft* where the 9 ft.- are indecomposable, then we obtain a dual 

10 In general, any submodule (difference module) of a bounded o-module 3)1 is bounded. 
Its bound is a divisor of that of Oft. 
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decomposition of 0 by taking 3)2* = 2Ki -r * * • + + 2)2»-ri + 2 . 

Conversely, any set of 9 )2* lead to a set of 2)2* by means of the definition 2/2* = 
2)2i A ■ * - A 2J2*_i A 2)2*+! A - • * A . It follows from what we have shown 
that 9)2 is completely determined in the sense of o-isomorphism by the bounds 
of the modules 3)2 — 9)2* (o-isomorphic to 3)2*) where the 9)2* are the components 
of the dual decomposition. 

9. Decomposition of integral o-ideals. The significance of the assumption 
that the integral right (left) o-ideals are bounded may now be seen. If b is an 
integral right o-ideal, the boundedness of b implies that the o-module 3)2 = 
o — b is bounded. For if a is a two-sided o-ideal contained in b, a is contained 
in the annihilator of 9)2. The bound of 9)2 is the join of all two-sided o-ideals 
contained in b. We shall refer to this o-ideal also as the (right) bound of b. A 
similar definition holds for the left bound of an integral left o-ideal. 

Corresponding to the dual decomposition of 9)2 = o — b we obtain right 
o-ideals q* (i = 1, * * * , u ) such that 

qi A — A q* = b, q* + (qi A — A q*-i A q.^-i A — A q tt ) = o 

or, if we use the customary notation [ , ] for the intersection and ( , ) for the 
join, then 

(1) [qi> • • • ? qJ = b, (q* , [qi , • • ■ ? q»-i , q*-ri > * * * > q«]) == °- 

The dual components of 9)2 and 9)2* = q* — b. Since 9)2 — 9)2*- is indecomposable, 
o — q* , which is o-isomorphic to (o — b) — (b — q t ) = 9)2 — 9)2* , is indecom- 
posable. The bound of 9)2 — 9)2* is the bound of the ideal q* . Evidently the 
converse also holds: Any decomposition of b as a direct intersection of ideals 
(in the sense of equation (1)) such that o — q* are indecomposable o-modules 
yields a decomposition of 0 in 9)2 = o — basa direct intersection of submodules 
9)2* such that SD? — 5D2* are indecomposable. It follows from the general theory 
that if b is a second integral right o-ideal and b = , $3 , - - - ] is a direct inter- 

section such that the 0 — q* are indecomposable, then a necessary and sufficient 
condition that 0 — b and 0 — b be o-isomorphic is that the bounds pi 1 , P2 1 , • - * 
of ifi , $2 , - * - be the same (except for order) as those of qi, q 2 , — . As in the 
case of principal ideal domains, we call b and 5 (right) similar if 0 — b and 0 — 5 
are o-isomorphic. Then we have the following 

Theorem 26. If b = [qi, q2, * * * ] and b = [iji , q 2 , • * - ] are decompositions 
of the integral right 0 -ideals b and b as direct intersections of ideals q* and q* such 
that 0 — q* and 0 — - q* are indecomposable then a necessary and sufficient condition 
that band 5 be similar is that the aggregate of bounds of the q* be the same as that of 
the q,- 

If a = p! 1 4 * - p V is an integral two-sided o-ideal and the p* are distinct primes, 
a = [pi 1 , • • - , pJ 4 ] and (p!\ [pi 1 , • • * , ptil 1 , pt+tS • - •]) = 0. Moreover if p is 
a prime ideal, 6 = 0 — p e is a primary ring whose radical is p = p — p*. Since 
b — p = hi where b is a division ring and k is the capacity of p, 0 is a direct 
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sum* of k isomorphic indecomposable right ideals. It follows that there are 
exactly k ideals in any decomposition of p* as a direct intersection [01,02, • • • , q*3 
where the 0 — q, are indecomposable, and all of the q* are similar. Thus the 
q» all have the same bound which is therefore p e . Now in the general case of an 
arbitrary integral two-sided o-ideai a = pf 1 • • * t e / , we obtain a decomposition 
of a = [pi 1 , — , pj‘] as a direct intersection by decomposing the pj* in this way. 
Hence we have 

Theorem 26. Let a = pi 1 • • • p be an integral two sided o-ideal and pi a prime 
of capacity ki , P* ^ p,* if i 9* j. Then a is a direct intersection [qn , • • • , q^i ; 
* • • ; qi* , • • • , q*. J where the 0 — q*,- are indecomposable , and for a fixed j any 
pair q tJ - , q*/,- are similar and have the bound p s ? 3 . 

As an immediate consequence of the theory of modules we have also 

Theorem 27. If q is an integral right o-ideal such that 0 — q is indecomposable , 
then 0 — q has only one composition series and its length is e if the bound of q is 
p e , P a prime. „ AU the composition factors of 0 — q are 0 -isomorphic. If q' is an 
integral right o-ideal containing q, 0 — q' is indecomposable . 

From Theorems 26 and 27, we obtain the 

Corollary. If p is a prime ideal with capacity k, p is a direct intersection 
[qi , * - - , qt] where the q t - are maximal right 0 -ideals, are all similar and have 
p for bound . 

10, Normal ideals. In order to obtain a satisfactory factorization theory for 
one-sided ideals it is necessary to consider simultaneously all of the maximal 
orders 0 equivalent to a fixed order. This important remark was made first by 
Brandt for orders in an algebra. From now on we assume that all the maximal 
orders satisfy conditions II, III and IV. It may be recalled that IV holds for 
all maximal orders if it holds for one of them. 

Definition 4. An ideal a-* is called normal if both its left order 0,* and its 
right order 0* are maximal. 

In the next two sections we shall develop a factorization theory for normal 
ideals. Here we establish the fact that this theory is valid for arbitrary right 
(left) 0-ideals of a maximal order 0 by proving that any such ideal is normal. 

Lemma 1. Let b be an integral right o-ideal 5^ 0 hoeing the bound p, a prime 
ideal . Then there exists an integral left o-ideal c with the (left) bound p such that 
p = cb. 

Consider the right ideal b — p = 5 in the simple ring 0 = 0 — p. Since 
5 ^ 0 , the left ideal c of left annihilators of the elements of 5 is 3 ^ 0. If c is the 
integral left o-ideal corresponding to c, then c 5^ p and p 2 cb ^ p. Since 
cb is a two sided o-ideai, either cb = p 2 or cb = p. If the former equation holds, 
for each y in c we have yp ^ p 2 and on multiplying by p~\ yo ^ p. This con- 
tradicts the fact that there exist y ’ s in c that are not in p. Hence cb = p. 

Lemma 2. If bis an integral right o-ideal properly contained in 0 , then b _1 > 0 . 
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Let q be a maximal right o-ideal so that o > q > 6. Then the bound p of q 
is prime. If a is a regular element of P, ao = cp where c is a right o-ideal. By the 
preceding lemma, p = bq for a suitable left o-ideal b containing p but p^p. 
Hence ao = cbq, o = a _A cbq and so a -1 cb g q _1 . If cf 1 = o, a~ x cb ^ o, cb ^ ao = 
cp and cbp _: ^ c. Thus bp -1 is contained in the maximal order o. It follows 
that b ^ (p -1 j _1 = p. This contradiction shows that q _1 > o and hence b -1 > o. 

Lemma 3 . If bis a right o-ideal , o maximal , then b -1 is normal . 

Let o' be the left order of b, o" the right order of b _1 and o* any order contain- 
ing o". Clearly o* S 0" ^ o'. Consider the set b~ 1 o*b. Since (b _1 o*b)(b _1 0*b) 
S b _ 1 0*0'0*b = b” i o*b, b" 1 o*b is a subring of 8 . It contains 0 since b -1 0*b 
^ b _1 b = 0. Now if a and b are regular elements of b _1 and b respectively, 
ao*b g b _1 o*b and 6(b“ 1 0*b)a g bb _1 0*bb -1 g o'oV — 0*. This shows that 
b _i o*b is an order and so because of the maximality of 0, b _1 o*b = 0. It fol- 
lows that b _1 o* ^ b _I and since 0" is the right order of b -1 , 0* = 0". This 
proves that 0" is maximal and b _1 is normal. 

Theorem 28 . If b is a right (left) o-ideal and 0 is maximal , then b is normal . 

First let b be integral and let 0 > bi > fh > • • • > b m = b be a chain of 
right o-ideals corresponding to a composition series for 0 — b. Now b ”* 1 > 0 
and hence (b -1 ) -1 < 0. Since b^bb ” 1 = ob ” 1 = b"~ l , b S (b -1 )" 1 . Hence if 
m = 1 , b = (b "‘ 1 )” 1 by the maximality of b. Then the theorem follows from 
Lemma 3 . We assume now that the theorem holds for integral ideals b' for 
which the length of 0 — b' is less than m. Then b m _i is normal and if o' is the 
left order of b«_i , 0' is maximal and b M _ibii = o'. We wish to show that 
o' > b«b^i and that b m b“li is maximal in o'. Evidently 0' = b m , x bmii S 
b«xbix and if 0' = b m b~_ 1 , o'b*_i = b^b^iib^i = b«o = b m contrary to the 
inequality b m _i > b« . Next let c be a right o'-ideal such that 0' > c ^ b m b^i . 
Then o'b^ = b»_i g cb^ ^ b m and either b m _i = cb,*_i or cb m ~i = b m . If 
b«t— 1 = cb«_i , 0' = co' = c. Hence cbm_i = b m and c = b TO b^ii . This proves 
that b m b^Lx is a maximal right o'-ideal contained in 0' and by what we have 
shown, b m Kii is normal. Since, as is readily seen, the left order of b m b^ii 
coincides with that of b m , b w = b is normal. If b is not integral, there exists a 
regular element a such that ab ^ 0. Since ah is an integral right o-ideal, its 
left order is maximal. Now if 0* is the left order of b, ao*a -1 is the left order of 
ab. Since ao*a ~ 1 is maximal, 0* is maximal. 

11 . Brandt’s groupoid. In order to obtain an extension of Theorem 22 that 
is applicable to one-sided ideals we require the concept of a groupoid which we 
now define. A system G is a groupoid if a product in G is defined for certain 
pairs of its elements subject to the following conditions: 

1. For each element a tJ , there exist uniquely determined elements e* and e,* 

in G such that the products eia^ and a tj €j are defined and = a tJ - . 

These elements are respectively the left and the right unit of a*, . 

2 . If e is a unit for any element of (?, then 6 is its own left unit and hence its 
own right unit. 
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3. The product ab is defined if and only if the right unit of a is the left unit of b. 

4. If ab and be are defined, ( abjc and a (be) are defined and (ab)c = a(bc,. 

5. For any element a t7 with the left unit e t and the right unit e 3 there exists an 
element with left unit e 7 and with right unit e { such that a XJ a~ 7 = e % and 
ri^ 7 a x j = ej . We call a^ 7 the inverse of a xi . 

6. For any pair of units e t and e 7 there exists an element a,/ having e x as left 
unit and e 1 as right unit. 11 

Example, Let Go be an arbitrary group and let G be the set of n X n matrices 
(n finite or infinite) having one element in Go and the remaining elements 0. 
We denote the matrix having the element a of Go in its z-th row and j-th column 
by a„ and w T e define a X2 bji = (ab)^ . It may be verified that G is a groupoid. 
The units of G are the elements e t = 1 1X and the inverse of a is ( ar 1 ) J » . 

In an arbitrary groupoid G it is readily seen that the inverse a -1 of an ele- 
ment a is unique. We note also that (a -1 )" 1 = a and if ah is defined, Zr^a -1 
is defined and ( ab ) _I = b^arK If ab is defined and e is the left unit of a 7 then 
e is the left unit of ab. For e(ab) = (ea)b = ab. 

Let e be a unit and let G(e) denote the set of elements a of G that have e as left 
unit and as right unit. It is readily verified that G(e) is a group relative to the 
composition of G. If e and e r are units and c is an element having these respec- 
tively for left unit and right unit, then the mapping x — * <T x xc is an isomorphism 
between G(e) and G(e'). If G(e) is commutative, this isomorphism is inde- 
pendent of the choice of the element c. For if d is a second element with left 
unit e and right unit e', then ccT 1 is in G(e). Hence (cd~ 1 )x = x(cd~ 1 ) for any 
x in G(e) and so c~ l xc = dT 1 xd. In this case we call x in G(e) and x f = c~ x xc 
in G(e') conjunctive. 

We consider now the set G of normal ideals. Let a and b be normal and 
suppose that the left order of a is o' and the right order of b is o. Then there 
exist regular elements a and b such that a ^ o'a and b ^ bo. Hence ab ^ 
o'abo and since (Theorem 5) there exists a regular element c such that o' ^ oc, 
ab ^ ocabo. We have seen that ocabo is a two-sided o-ideal and so there 
exists a regular element d such that do ^ ocabo ^ ab. This shows that ab 
is a right o-ideal and in a similar manner we prove that ab is a left o'-ideal. 
Since o and o' are maximal, the orders of ab are o' and o and so ab is normal. 

We define the product ab of normal ideals a and b to be proper if for any pair 
of normal ideals a', b' such that a' ^ a and b' ^ b and either a' > a or b' > b, 
we have a'b' > ab. We wish to show that G is a groupoid relative to proper 
multiplication. Condition 1 holds for any normal a*/ and its left and right 
orders o» and o 3 . Condition 2 is evident. We consider 3 in the following 

Lemma. If a and b are normal , ab is a proper product if and only if the right 
order of a is the left order of b. 

n It may be remarked that if G is any groupoid, we may adjoin an element 0 to G 
and define 0a « 0 — aO and ab * 0 if ab is undefined in G. The extended system is a 
special type of semi-group called completely simple (cf. A. H. Clifford [3]). For the 
present applications the definition given in the text seems to be the appropriate one. 
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Let o be the right order of a and o' the left order of b. If o' 5* o, ao' is a normal 
ideal properly containing a. Since (ao')b = a(o'b) = ab, ao is not a proper 
product. Conversely suppose that o = o' and let a' be a normal ideal containing 
a such that ab = a'b. Then a'bb -1 = abb -1 or a'o = ao = a. Thus a ^ a' 
and so a' = a. 

Condition 4 is now evident. If a,/ is normal, we set a ]t ~ aTj and we obtain 
5 by Theorem 20. If o and o' are arbitrary orders, o'o is a normal ideal having 
o' and o as its orders. This proves 6 and hence 

Theorem 29. The normal ideals form a groupoid G with respect to the operation 
of proper multiplication . The maximal orders are the units of G and the inverse 
ideal cT 1 is the inverse of a in G. 

We prove next the following extension of 6. 

Theorem 30. If o and o' are maximal orders , (oo') -1 is an integral ideal with 
the right order o and ike left order o'. The ideal (oo') _1 contains every integral 
ideal a that has o for right order and o' for left order . 

Since oo' is normal, (oo') _1 is normal and has the left order o' and the right 
order o. Since o ^ (oo'Xoo') -1 ^ (oo') -1 , (oo') -1 is integral. Now let a be any 
integral ideal with the right order o and the left order o'. Then oo'a g oa ^ o 
and so a S (oo') -1 . 

The ideal (oo')" 1 is called the distance ideal from o to o'. 

We recall that the group C?(o) of two-sided o-ideals is commutative. Hence 
if c is an ideal with left order o and right order o', the mapping a — > c -1 ac = a' 
is an isomorphism between G( o) and G( o') independent of c. As in the case of 
an abstract groupoid, we call a and a' conjunctive. Evidently a is a prime p 
or a prime power p € if and only if a 7 = p' or p' fi , p' a prime of o'. 

12. Necessity of conditions I-IV. Let 9 be a ring with an identity in which 
every regular element has an inverse, and suppose that G is a set of additive 
subgroups a, b, * * • of 21 that form a groupoid relative to a composition that 
coincides with ordinary multiplication 12 of additive subgroups w hen it is defined. 
We assume the following conditions: 

1. Every a in G contains a regular element. 

2. Every unit o of G is an order in 21. 

3. For each unit o in G, every integral right (left) o-ideal is in G and Has o 
as its right (left) unit. 

4. For any pair of units o and o' there is an a contained in o A o' having o 
as its right unit and o' as its left unit. 

We note then that if a is in G and o is its right (left) unit, a is a right (left) 
D-ideal. For a is a right o-module and if a is a regular element in a, a contains 
ao. Since a -1 a = o, h~ l a S o if 6 -1 is a regular element in a -1 and so a ^ bo. 

Theorem 31 (Asano). If the above conditions 1-4 hold, then the units of G 
form a set of equivalent orders satisfying conditions I-IV . The set of units of G 

B We recall that if a and ft are additive subgroups, ah is the smallest additive subgroup 
containing all ah, a in a and h in ft. 
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includes aU the maximal orders equivalent to these orders. The groupoid G consists 
of the normal ideals relative to these orders with the growpoid composition as proper 
multiplication. 

Equivalence. Let o and o' be two units of G and let a be an ideal having o 
as right unit and o' as left unit. Then o' — (too. 1 ^ nob if a is regular in <x and 
b is regular in a 1 . Similarly, o ^ co'd for suitable regular c and d. 

Boundedness of integral ideals. If a is in o, ao is integral and hence belongs to 
G. Let o' be the left unit of ao in G and let a be an ideal contained in o A o' 
and having o as its left unit and o' as its right unit. Then ao = o'(ao) ^ c(ao) 
a two-sided o-ideal belonging to G. 

Maximality. Suppose that o is a unit in G and that o* is an order equivalent 
to o and containing o. Then there exist elements a and b such that o* ^ aob. 
If 6 = dc 1 with d and c in o, o* ^ aoc -1 . We have seen that oc contains an 
integral right ideal go and so gr -1 oc ^ o and g^o ^ oc" 1 . Hence o* ^ aoc** 1 g 
ag-'o. Thus if A -1 = ag” 1 , ho* is contained in o and is therefore an integral 
right o-ideal. By 3, Ao* is in G and has o as its right unit. If p denotes the 
inverse of Ao* in G, then oAo* = o. Since (o*) 2 = o*, this implies that oo* = o 
and o* ^ o. Hence o* = o. 

Ascending chain condition. Let tti ^ a 2 ^ * - - be an ascending chain of 
integral right 0 -ideals. The join a of the o* is an integral right o-ideal and hence 
belongs to G. We have aid -1 ^ a^a -1 g • - - g acf* 1 = o' the left unit of a. 
The join of the a*a _1 is o'. Since 1 is in o', it is contained in one of the a x -d"’ 1 , sav 
cucf 1 . Then o' = a m a _1 = a*+iO “ 1 = - - • . By multiplying by a we obtain 
o» — a m +i = • * • . 

Restricted descending chain condition . Let bi bt ^ - - - be a descending 
chain of integral right o-ideals all containing the two-sided o-ideal a. The 
b* and a are in Gaud we have the relation o ^ br 1 b 2 . Hence bi" 1 = obi* 1 ^ brV 
^ B7 1 if o' is the left unit of b* . Thus bT 1 ^ bi* 1 ^ ^ a -1 and abl* 1 ^ 

abi* 1 ^ * - - is an ascending chain of integral left o-ideals. It follows that ab* 1 — 
aKn-i = ••• for a suitable index m and hence b* 1 = b^i = ••• and b m = 

bm+i = — . 

Now since any integral o-ideal is bounded and o is maximal , any o-ideal is 
bounded. Hence each unit o satisfies the conditions I— IV. If a is any element 
in G, a is an ideal relative to its units and since the latter are maximal, they are 
the orders of a. It follows that the inverse of a in G is the ordinary inverse 
ideal. Hence the operations in G are the ones previously defined. It remains 
to show that every maximal order o' equivalent to an o in G is in G and every 
normal ideal having orders in G is in G. Let o' be maxim a l and suppose that 
o' ^ aob. Then oo' ^ oaob ^ oc for a suitable c and so oo' is a left o-ideal. 
Its orders are evidently the maximal orders o and o'. Since the inverse ideal 
(oo') -1 is the set of x’s such that (oo')* ^ », (oo') -1 is contained in o. It follows 
that (oo') -1 b elongs to G and since its left unit in G is its left order, o' is in G. 
Finally, let 6 be any ri ght o-ideal, o in G and let a be a two-sided o-ldeal contained 
in b. Since a = aiO* 4 where ai and a^are integral two-sided o-ideals, a is in G. 
5Tow c = b -1 a is contained in o and hence belongs to G. Hence b -1 = at -1 is 
in 0- and b = (b -1 ) -1 is in 0. 
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Example. We let o be a principal ideal domain and 21, its quotient ring. 
Consider the set G of additive subgroups of the form aob, a and 6^0. If a; is 
an element of 21 such that (aob)x = aob. ( objx S o b and bx = yb, y in o. Hence 
x is in 6“ 1 o& and, conversely, if x is any element in b _1 ob, (aob)x ^ aob. It follows 
that if aob = a'ob\ b~ A ob = (b , y 1 6b\ Hence if we specify thaL b l ob is the 
“right unit” of aob, b _1 ob is uniquely determined in G. Similarly if we define aoa~ J 
to be the “left unit” of a = aob , this element does not depend on the choice 
of a in the representation of a. VTe consider only those products (aob) (cocZ) 
where the right order b” 2 ob of aob is the same as the left order coc -1 of cod. 
Then bco = o be and (aob) (cod; = abcod is in G. The set b _1 oa"' 1 may be charac- 
terized as the totality of elements x such that (aob)x is in the left order aoa -1 . 
Hence if we define (aob)” A as b -1 oa _ \ this element is uniquely determined by 
aob and satisfies (aob) (aob)” 1 = aoa” 1 , (aob)” 1 (aob) = b~ l 6b. Every right or 
left a _1 oa-ideal (integral or not ) is principal and hence belongs to G. Finally 
for any pair of units a _1 oa and b _1 ob in G there is an element b -i oa having these 
respectively as right and left units. Thus G is a groupoid that satisfies condi- 
tions 1, 2 and 3. We show now that if every integral o-ideal is bounded, the 
condition 4 holds. In this case if a = be -1 , b, c in o, is any element in 21, there 
is an element c* in o such that c*o = oc* and c -1 c* is in o. This is clear since co 
contains a two-sided o-ideal c* o = oc* and so c* = cc\ c' in o and c -1 c* = c'. 
It follows that aoc* = ac*o is integral and has aoa -1 as its left order and o as its 
right order. Since the order b _1 ob is isomorphic to o, it satisfies the same condi- 
tions as o and so by a similar argument we may show that for any pair of orders 
a -1 oa and b _I ob there is an a -1 oa-left, b _1 ob-right ideal contained in these orders. 
This shows that the present discussion is applicable directly to the principal 
ideal domains in which every integral ideal is bounded. 

13. Factorization of normal ideals. We consider now the question of factori- 
zation of the integral elements of the groupoid G. If o » and o, are maximal 
orders in G, we denote the normal ideals having o, as left order and 0y as right 
order by a t y , b XJ , — . The following is the fundamental lemma. 

Lemma. A necessary and sufficient condition that b k] - a„ (b jk ^ ay x ). is that 
a t y = Cable, (fly* = b/*Gu) where c** (c**) is integral. Equality holds if and only if 
c* = 0* (c** = o k ). 

If a*/ = Cabi, with in o*, then a tJ ^ bj^ . By the preceding lemma, a v — b*y 
only if k = i and c** = o x . Conversely if b iy ^ a tf , % = = Cabt,- 

where c** = a XJ b*/. Then c** ^ a x yaly — o t and so c* is integral. 13 

Suppose that a# is integral and properly contained in o, . Let Oy > a Xl y > 
tttjy > • * - > a im j = a»y be a chain of integral right Oy-ideals corresponding to a 
composition series for Oy — a,y . The composition factors of the series are then 
o r isomorphic to the modules a ljfc _jy — a ll7 - . By the lemma, we have a lJfe y — 
and hence a x/ = p % Phi (Pi 13 = a Xl y). The integral 
ideals are m ax i m al in their orders. For otherwise p^-i = x %k fiu h ^ 1 

33 More generally, if 5jti ^ a l3 , we have a t y = c,ibizbz; where c ik = a hJ (ota x] )~‘ l and bzy = 
b kt a »y are integral. 



FACTORIZATION OF NORMAL IDEALS 


137 


where r lJb i is integral and ^ o* L and is integral and ^ o t<c _ : . Then > 

$i*k-i a 'k-i 7 > contrary’ to the irreducibility of — a xjtf . It follows 

that the bound of in Ox*-! deft bound in o* t/ is a prime ideal. It is 

also clear that we may retrace our steps in the above argument: If a,, = 
p*x m -iPi*-i*m -2 * ‘ * pi l7 is any factorization of ct„ into maximal integral ideals 
i j then o, ^ p tl , &x 2 ii &iu 3> - - * > a-., corresponds to a composition 

series for o, — a*/ . 

In order to discuss the relation between different factorizations of a,- wo 
require an extension of the concept of isomorphism that is applicable to modules 
relative to different orders of 2t. Let 2 ft,- and 2ft* be respectively o,- and o*- 
modules that are finitely generated and bounded. Then we shall say that 3ft,- 
and 2ft* are conjunctive if the invariants of 3ft, and 2K* may be paired into con- 
junctive pairs. If j — k y this is equivalent by 8 to ordinary isomorphism. 

Theorem 32. If c,, is an integral ideal and b,* is any ideal . then 5Dt 2 = o, — c*y 
and 9ft* = b,* — c t ,b,* are conjunctive. 

We note first that these modules are lattice isomorphic. For any submodule 
of 9ft, corresponds to an ideal bn such that o,- ^ b 2 , ^ c„ . Then b,* ^ b z ,b,* ^ 
Cx,byjfe and by multiplying by bj* we see that equality holds in the second set of 
equations only if it holds in the first set. Moreover, any submodule of 9ft* has 
the form u z * — c t ,b,* where liz* is an o*-module contained in b,* . It follows that 
Uz* is a right o*-ideal and hence is normal. Then by the lemma, u z * = b z ,b,* 
where b Z y is integral. Thus our correspondence between the submodules of 2ft,- 
and those of 9ft* is (1 — 1) and, since it preserves order, it is a lattice isomorphism. 
If Cjj is the bound of 9ft, , it is readily seen that the bound of 2ft* is the conjunctive 
ideal c** = b^* q>b,* . Hence if we decompose c x y as a direct intersection [c t „- , — , 
Cx,,] of o, -right ideals such that o j — c lr y is indecomposable, then the bound of 
ty — c» r , is conjunctive to that of by* — Cx r ,b,-* . We recall that the bounds of 
the o,- — c* r , are the invariants of 9R, . On the other hand by the lattice iso- 
morphism, 0 in 9ft* is a direct intersection of the modules 9ft* r> = c» r ,b,* — 
Cx,-bf* and the difference modules 9ft* — 9ft* T> are indecomposable. Since 9ft* — 
9ft* r) is isomorphic to b,* — Cx r ,-b,* , its bound is conjunctive to that of o,- — exp- 
and so the invariants of 9ft,- are conjunctive to those of 9ft* . 

Of course a like discussion may be made for left modules. Now we shall call 
the integral ideals b*,- and c* z right similar (left similar ) if the module o,* — b x y 
(left module o»- — b*y) is conjunctive to Oz — c *z (o* — c*z). In the next section we 
shall show that two ideals are right similar if and only if they are left s im i lar . 
We may therefore drop the modifiers “right’ 7 and “left” in these terms. We 
now state the fundamental factorization theorem. 

Theorem 33. Any integral ideal a*,- may he factored as a product 
pix m - 1 Pi m - 1 i »-2 -- - Piu of maximal integral ideals. If a i} - = pii^p*.-,*^ P*,y 
is a second factorization of this type , then the number of factors n = m and the 
p’s and p n s may be paired into similar pairs . 

We have seen that a factorization of a»y as p*-^, - - • px,y corresponds to a 
composition series for o, — a»y whose composition factors are isomorphic to 
certain modules a iM y - P;*u-i<Lw - By the preceding theorem these are 
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conjunctive to the modules — p - Our theorem is therefore an imme- 
diate consequence of the Jordan-Holder theorem. 

The “necessity” part of the following theorem is an immediate consequence 
of Theorem 27. 

Theorem 34. A necessary and sufficient condition that oy — q»,- be indecompos- 
able is that q,j have only one factorization as a product of maximal integral ideals . 
If the condition holds , then the maximal factors of q v - are all similar . 

To prove the sufficiency, suppose that q ;y = [q**,* , q* 2 y] and (q* u - , q» 2 y) = o 2 . 
Then q* 7 = r ^q^ = where the ris are integral ideals. Hence if q^y 

q ti and q, 2J q t2 , we have two distinct factorizations of q, 7 . 

The following corollaries are evident. 

Corollary 1. If o, — q t y is indecomposable and q ki is a factor of q t] , o i — q*i 
is indecomposable. 

Corollary 2. The module 0/ — q, 7 - is indecomposable if and only if the left 
module o* — q,y is indecomposable. 

We recall that if o x — q* 7 - is indecomposable then its (right) bound has the form 
p 77 where py 7 is prime and e is the length of a composition series of o* — q tf . 
Evidently e may be characterized as the number of maximal factors in a fac- 
torization of qif . This together with the corresponding result for left modules 
yields 

Corollary 3. If o§ — q* 7 is indecomposable arid the bound of q tj is pyy , pf 
a prime , then the left bound of q i7 has the form p;; , p„ a prime. 

If p 3 j is a prime ideal, o } — p 77 is a simple ring and hence the composition 
factors of the module 0/ — pyy are all isomorphic. This implies the following 

Theorem 35. If p 77 is prime , all the maximal factors of p 77 are similar . 

We show finally that the order of the similarity classes of maximal ideals 
appearing in a factorization of any integral ideal is arbitraiy: Thus if a*,- = 

- - * p ni * where the p's are maximal and if the class of p^*-! is 
Ck , there exists a factorization of a# as pt^-i * - * p* l7 where the corresponding 
similarity classes C[ , * * * , C' m is any prescribed permutation of Ci , •••,(?». 
Evidently it suffices to prove the following 

Theorem 36. If p# , py* are maximal integral ideals, then pyypy* = p'uptk 
where pa and pi* are similar and p& and p'u are right (left) similar . 

If o* — piypyt is indecomposable, p*y and p y* are right similar. Hence we may 
take p [i = pa, pa = Py*. Otherwise we have p*py* = [p; t * , pi 2 *], (pi 7 * , 
pi^) = at - Then we may suppose that pi 2 * is similar to p;y and pi 2 * is similar 
to pyt . Since pyypyt = x %il pi t k = r ; ; 2 pi 2 * , we may take pit = pi x * and p'u = . 


14. Similarity of normal ideals. If a# is any integral ideal, its bound % is 
a two-sided oyideal of the form by*(t;y , by; integral, and having the property that 
it is a divisor of any ideal of this form. A similar characterization holds for the 
left bound On . Thus a;; is a divisor of a#by; and the number of maximal factors 
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of (in does not exceed that of , or that of a :7 By sy mm etry the numbers 
of maximal factors of a tt and of a u are equal and so g„ == . Then a„ = 

is conjunctive with a w . We may use this fact to prove the following 

Lemma. If a tJ - and b k i are right similar and o r * — c t - is indecom posable, then 
a X f and b k i are left similar . 

Since o* — a l3 - and Ok — h k i are indecomposable, it suffices to show that these 
left modules have conjunctive bounds, i.e. the left bound of c XJ is conjunctive 
to that of hki . By assumption the right bound of a.; is conjunctive to that of 
bti - Since the two bounds of an ideal are conjunctive this result is clear. 

Now suppose that Oy — a*/ is decomposable and let a,, = [a a J2J ], 
(a il7 ‘ , a x - 2 y) = o 7 . Then a t7 = = a tti a lsJ . The intersection a-* = 

[a'ixt , a,-**] contains a x y and so a X7 = a^-Cii - Since c Li = a7ia i; - ^ a'l; 1 ** = a n3 
and similarly c*y ^ a i2 y , we have c*, = o 2 - , or a t: - = [ai* , a tH }. Next 
let (a ltl , a,* t2 ) = c 1? . Then c7i a x y ^ — a n , and c7/a t y ^ a< 2J which implies 

that c t z = o x . Thus a Z7 is a direct intersection of the Or-left ideals a ££l and a'- 2 . 

We have seen that o, 2 — a tiz and a il7 — a XX2 a J2J = a J2 y — a- 7 are conjunctive. 
Since Oy — a XlJ * = (a nJ - , a l2 y) — a nJ - is o r isomorphic to c, 23 — [a XlJ , a ijtJ ] = 
a*- 2 j — a* 2 , it follows that o X2 — a lt - 2 and 0/ — a Xi y are conjunctive. Hence 
a HJ and a xx - 2 = a ^yoT, 1 / are right similar and by symmetry', these ideals are also 
left similar. Likewise a x - 23 and a xll are similar. 

We consider now the general case where a x y = [a llJ , * * - , a Xtf y] and where, if 
bk rJ denotes [a n y, , a x _ lf , a x - r+1 y, **• , a £ .y], then (a^ J? b* rJ ) = o 2 . We 
write a x y = a zk ,h kr7 = b XXr a Xr y and shall show that a.y is a direct intersection of 
the o x -left ideals a xfcr . This has been proved above if s = 2. Hence we may 
suppose that it holds for a decomposition into (s — 1) components. It is readily 
seen that b x£r = a £ ya XrJ = [ft*s.y> 3 ft*,y]£» r i ~ ? * " ” ? 

[a Xa , a^JaT^j and if we delete the term (a iqi A a» r y)a7 r 1 y , q 5^ r in the last 
expression we obtain . Since (&*,,- , [a lff3 - , a,,,]) = [(b il3 , a l?3 ), a, r3 ] 

by Dedekind’s law, and (b* ?3 - ; a iqj ) = o,-, we have (6t 5 y, [a,-,,- , a, rJ ]) = a,., . 
Hence (b^aT?,- , [a, 93 , a ir j]a7 r l j) = o, , and so the decomposition of bt\ into the 
[a,-,,- , a. r y]a7 r 1 , , q s<* r, is direct. Since h'u r = a'* r (b fcr ,n7^), we conclude from 
the induction hypothesis that b £xr is a direct intersection of the Deleft ideals 
a[ kq . Since a XJ - is a direct intersection of an b r and b £lr , a XJ - is a direct intersection 
of all the a x -*/s. We state this result as 

Theorem 37. If a XJ - is a direct intersection of the right Oj-ideals a XrJ - and b kr3 
denotes [a XlJ * , • - - , a Xr _ x /, a, M / , - - - , a x<i ], ifeew a XJ is a direct intersectionof the 
Oi-left zdeals a% 7 bk T3 Q ik T • 

Since ft x/ = [a irJ - , b iri ], (a Xr y, b kr7 ) = Oy, the ideal a Xr y is similar to a ikr = • 

In conjunction with the lemma this implies 

Theorem 38. If a i} = [a xi y, • - - , a ir y] = [a ih , - - * , a tjr ] are direct decomposi- 
tions of a,y into oy aright ideals and o r left ideals such that Oy — a tJfc y and o x — a x y A 
are indecomposable , then the divisors a* i2 and a x -^. ?/iay be paired into pairs that are 
right and left similar . 
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Evidently this implies 

Theorem 39. Any two ideals which are right (left) similar are also left (right) 
similar. 

We shall prove finally that two two-sided ideals are conjunctive if and only 
if they are similar. For this purpose we require the 

Lemma. If p i% and p 3} are conjunctive prime ideals then their capacities are 
equal . 

We factor pa as P*;*-^*-!**-, * - * p where the p t rlr _ x are maximal. Then 
since k is the length of a composition series for o* — p*y , k is the capacity of 
pa . We may suppose that p j3 = qapuqf* where qy, is a maximal integral ideal. 
Now consider pi^qjl . If p^y = qyy , we evidently have py^qj * 1 = Oy = q^Piii 
where p 31 y = q^ y is a maximal integral ideal. On the other hand if p n y 5^ q' 3l y , 
(p tli , q Jt ) = o t and so [p,**- , qyj is a direct intersection of p n * and q , % . Then 
[pfii , <ul = aiinJJiji = Phrfji and so again p. It q 7 * = q'/TfiViiS where p' and q / 
are maximal. Thus p jy = qyypiy*—! * * * Q/in P/ii ~ q/* P***—! * * ■ 

/_i / / /_i / / /—1 // / / 

P***a*bs*aPj*JiPjii ~ **' — *'* P*i 5 — qii qiikPikik - 1 P/ii = 

q^tiy . Since qjy is maximal, rzy = qzypy^ has k' + 1 maximal factors if k’ 
is the capacity of py, . On the other hand, the factorization rzy = qz* tPy***-! — 
pyj y shows that rzy has k + 1 maximal factors and so we^have proved that k' = k. 

Theorem 40. A necessary and sufficient condition that a**- and ay, be similar 
is that they be conjunctive. 

If a„- is an intersection of right Oy-ideals, it is clear that an is also the intersec- 
tion of the bounds of these ideals. Hence it follows directly from the definition 
of (right) similarity that if a„- and % are similar, they are conjunctive. Suppose, 
conversely, that a ti and a 3 y are conjunctive. Then the prime powers pt-,*, pyy 
of these ideals may be paired into conjunctive pairs. Now o* — pt» is decom- 
posable as a direct sum of k isomorphic indecomposable modules, k the capacity 
of pyy , and each of these submodules has the bound pt* . Hence by the preceding 
theorem oy — pyy is a direct sum of k indecomposable modules, each having 
the bound pyy . Thus pt*y and pyy are similar and consequently <t„ and a# are 
similar. 
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ERRATA 

p. iv, line 24. Read “Irvin" for “Irving". 

p. 23, line 16. Read t '^3/(F pt F„j3F for “~E-.y(F pi F 1P ) ". 

p. 23, line 30. Read “EU” for "E%’\ 

p. 24, line 11. Read “db </,[" for V, 

p. 26, line 39. Read V’ for ‘V’. 

p. 59, line 13. Read “5R B t - • - R,” for “31B. - • ■ R x ”. 

p. 62, line 40. Read “Sh” for “St". 

p. 64, line 34. Read “St - 9?” for “St = 3T . 

p. 66, lines 12 and 15. Read “9R + Sft = 2 ft” for “2ft 4- SR = 9?". 

p. 68, line 29. Read “St, for second 

p. 68, line 30. Read “St,” for “St” . 

p. 68, line 36. Read “St” for second “2ft”. 

p. 77, line 17. Read “ > ” for “ = ” . 

p. 90, line 16. Read “St»” for “SB”. 

p. 94, lines 32-34. Read “We shall simplify our former terminology by now 
calling a free 33-module a 33 -space. Since 33 satisfies the ascending chain con- 
dition for ideals, the dimensionality of any 33-space 9? is an invariant." for 
“We shall now call a 33-module 9t a 33 -space if 3? is a direct sum of a finite num- 
ber of free modules. Since 33 satisfies the ascending chain condition for ideals, 
the rank -AT of 5ft is an invariant.” 
p. 98, line 36. Read “St” for “33”. 
p. 116, line 27. Read “St” for “St”. 
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